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A MIXED MOC/FDM NUMERICAL FORMULATION FOR HYDRAULIC TRANSIENTS

Vanja Travas, Sanja Basara

Original scientific paper
A mixed numerical formulation, based on the method of characteristics (MOC) and finite difference method (FDM), is proposed for the computational
simulations of hydraulic transients. To include the effects of unsteady friction, i.e. the contribution of unsteady behavior of wall shear stress, the numerical
algorithm includes the Brunone friction model. The governing water hammer equations are discretized by MOC and the discretization of the local and
convective acceleration term in the unsteady friction model is conducted by FDM. The procedure results in an explicit-implicit time marching scheme
used for predicting the unknown values of piezometric head and discharge from the known initial conditions. The resulting system of equations is resolved
in an iterative fashion. Due to its relatively low complexity, the obtained numerical algorithm is attractive for computational implementation. At the end of
the paper a few illustrative numerical examples are presented, compared with available experimental data, and discussed.

Keywords: Brunone friction model; fluid transients in pipes; method of characteristics; unsteady friction; water hammer

Mijesana numeri¢ka formulacija za hidraulike tranzijente (MK/MKR)

Izvorni znanstveni ¢lanak
U radu je predlozena mijeSana numericka formulacija, bazirana na metodi karakteristika (MK) i metodi kona¢nih razlika (MKR) te je namijenjena za
provedbu racunalnih simulacija hidrauli¢kih tranzijenata. U svrhu ukljucivanja utjecaja nestacionamog trenja tj. doprinosa posmiénih naprezanja na
stijenkama cijevi karakteristicnih za nestacionarni tok, prikazan numericki algoritam ukljucuje Brunoneov modela trenja. Osnovne diferencijalne
jednadzbe hidraulickog udara su diskretizirane MK te je lokalna i konvektivna akceleracija u nestacionarnom modelu trenja diskretizirana MKR.
Navedeno dovodi do eksplicitno-implicitne numeric¢ke sheme za predikciju nepoznatih veli¢ina piezometarskog potencijala i protoka iz poznatih pocetnih
uvjeta. Dobiveni sustav jednadzbi je rijeSen iterativnim postupkom. Obzirom na relativno malu kompleksnost, numericki algoritam je atraktivan za
raunalnu implementaciju. Na kraju rada su prikazani ilustrativni numericki primjeri koji su usporedeni sa eksperimentalno dobivenim podacima te je

prilozena diskusija.

Kljucéne rijeci: Brunoneov model trenja; hidraulicki tranzijenti u cijevima, hidraulicki udar; metoda karakteristika; nestacionarno trenje

1 Introduction

It is well known that a change in the velocity field
will cause pressure disturbance propagation through the
space occupied by the fluid. If a pressurized pipeline
system is considered, the requirement for flow
manipulation at specific locations (e.g. pump or valve)
will result in a pressure gradient that induces pressure
wave propagation known as water-hammer [1, 2]. The
obligation to study such phenomenon is obvious since the
induced pressure disturbance can cause explosion or
implosion of pipes.

With the intention to predict the consequence of
velocity variations, many authors have proposed different
numerical models for friction. Although the developed
models work well for relatively slow transients, by
comparing the theoretical predictions with the
measurements for rapid transients a disagreement in
attenuation, shape and timing of pressure traces was
evidenced [3, 4]. The main reason of these disagreements
was the inappropriate definition of the fiction factor that
in such rapid events should account for unsteady behavior
of wall shear stress. To include such effects, several
constitutive models were suggested for quantifying the
contribution of frictional forces [5, 6, 7]. The
implementation of such constitutive models in a one-
dimensional flow model was explored for different
numerical methods such as: finite difference method
(FDM), finite volume method, finite element method,
wave plan method and method of characteristics (MOC).
However, among all the mentioned, MOC is still the most
popular method and this is due to its relatively simple
implementation, efficiency and accuracy.

In this paper the water-hammer phenomenon is
approached by considering the Brunone unsteady friction
model [5] and its specific numerical implementation in
the equations obtained by MOC. The procedure results in
a relatively simple numerical algorithm.

2 Governing equations

The classical water-hammer theory [8], developed for
a one-dimensional approximation of the flow, can be
summarized in terms of piezometric head H (defined with
respect to the arbitrary datum level as the sum of pipe
elevation z and pressure head /) and discharge O by the
momentum equation [8,9]

a_H+La_Q+J=0, (1)
ox gA ot

and the continuity equation

2

OH + a 9 = )
ot gA ox
where A denotes the cross-section flow area, « is the pipe
angle inclination with respect to the horizontal level, g is
the acceleration of gravity, a the celerity of the generated
pressure wave and J the frictional head loss per unit
length (defined by some the constitutive relations for
quasi-steady and unsteady friction model). The wave
speed is given by
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where D denotes the internal pipe diameter, E,, denotes
the Young’s modulus of elasticity of pipe-wall material,
E, is the bulk modulus of elasticity of liquid, p is the
density of the liquid and s denotes the pipe-wall thickness.

2 Constitutive equations

The frictional term J can be defined by the additive
decomposition as J,+J,, where the first term represents
the contribution of viscous forces related to the quasi-
steady flow condition and the term J, represents the
contribution of unsteady behavior of wall shear stress.

2.1 Quasi-steady friction model

The frictional head loss J, associated to quasi-steady
flow conditions is quantified according to the well-known
Darcy-Weisbach equation

olo|
J, =A—=0
T 2gDA? @

where 4 denotes the Darcy-Weisbach friction coefficient.
In the present numerical formulation 4 is obtained from an
explicit approximation of the Colebrook-White equation.
Accordingly, if the Reynolds number Re defines a laminar
flow regime, 4 is explicitly obtained as 64/Re and in a
turbulent flow regime as [10]

-2
1,11
A= {— 18 log [%+ (’2/—?} J] , Q)
e s

where ¢ denotes the pipe wall roughness.
2.2 Unsteady friction model

To include the effect of unsteady behavior of wall
shear stress, the Brunone friction model is used [5]. In this
case the friction head loss J, is dependent on
instantaneous mean flow velocity and instantaneous flow
acceleration (temporal acceleration). The original form of
the model is [5]

_ k(0,0
”_2gA(at+aaxj’ ©

or according to Vitkovsky's modified formulation [6],
which additionally takes into account the correct sign of
the convective term, A is defined by the formula [6,11]

L(a—Q+a(I) j, (7)

“2g4\ or
in which © denotes an integer value

00
Ox

+1 if >0
{ o (®)

~1 if 0<0

and k denotes the Brunone friction coefficient

I : (€))

The Brunone coefficient in (9) is usually defined by using
Vardy and Brown’s [6] shear decay coefficient

0,00476 if Re <2300

C = 10
7’—41 if Re>2300 (10)
10g(14,3/R80’05)

Re

3 Numerical formulation

To obtain a computational algorithm that can be used
to perform predictions of practical importance, Eq. (1)
and Eq. (2) are transformed according to MOC [9].

3.1 Method of characteristics

Since the governing Eqs. (1) and (2) are of hyperbolic
type, the Lagrange multiplier method can be used to
obtain their linear combination that leads to ordinary
differential equations along two intersecting families of
curves in the x-f coordinate plane. By introducing the
Lagrange multiplier L, the procedure leads to

2
aﬁ.{_L@_FJ_FL a_H_{_a_@ =0 (11)
ox gA ot ot gA ox

By invoking the definition of material-time derivative
[8], which for an arbitrary quantity g and a velocity field v
is defined as D(q)/Dt=(0q/0f) + v(0q/0x), it follows that
the equality (11) will be true only if L=+1/a. The
conclusion can be used to rewrite Eq. (11) in terms of one
equation for a positive characteristic curve [8]

C*:+l%+L%+J*+J*:O, (12)
a Dt gdDt 1T "

along the line with the slope dx/d=v+a, and one equation
for a negative characteristic curve

IDH 1 D
C‘:———+——Q+Jq'+Ju‘=0, (13)
a Dt g4 Dt

which defines the solution in terms of H and Q on a line
with a slope dx/d=v—a.

3.2 Domain discretization

To obtain a numerical approximation of Eq. (12) and
Eq. (13), the involved material-time derivatives DH/Dt¢
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and DQ/Dt are approximated at discrete spatial and
temporal positions. For this purpose the spatial domain is
discretized by a finite number nx of equidistant spatial
increments Ax and the temporal domain is substituted by
nt equidistant time steps Az. The discrete spatial
coordinate i is introduced as an index to denote the spatial
position of relevant quantities. On the other hand, the
exponent #n is introduced to denote the temporal position
of quantities. The time step is defined as Ax/a.

According to the introduced notations for spatial and
temporal positions, the positive characteristic C* (12) can
be approximated as [§]

n+l _ gyn n+l
L I Pl T O %/ e 8 JI=0. (14
a At gA At

and the negative characteristic C (13) as

1 Hn+1 _Hn n+l _
_ - i+l 4+ QH—l z - =0, (15)
a At gA At

To close the numerical formulation, the friction term
J must be also represented in a discrete manner. For this
purpose the quasi-steady and unsteady contribution will
be separately defined.

Except the discharge Q and head H, the Darcy
friction coefficient 4 in the quasi-steady friction term J,
(4) should be also computed at each computational
section i and at every time step n. This requires the
computation of Re;. Although this procedure should be
iterative, because /4; depends on the yet unknown velocity
v;, it is usually calculated from the known velocity at the
previous time step. The procedure for computing 4; in a
time step n from the velocity v; in the same time step will
require an iterative loop. Apart from the coefficient 4, the
discharge Q in (4) is specified depending on the line C* or
C [8.,9].

Differently from the quasi-steady friction term, the
computation of J, is slightly more complex. The difficulty
arises from the unsteady term 0Q/0t in (7). Namely, the
local acceleration is defined with respect to the change in
velocity between time steps » and n+1. To approximate
the derivative 0Q/0t, for both equations (12) and (13), in
the present numerical formulation the forward difference
approximation is used. On the other hand, the convective
acceleration 0Q/0x is discretized by the central difference
approximation. Accordingly, J; in the positive
characteristic C™ can be defined as

0L |04
2gDA?

k Q{1+1
2gA At

Jr=1"

1 1

+

(16)
i +a¢|Q‘+1 |

and for J; in the negative characteristic C as

oo,
Ji = ———F*
2gDA

n+l
k Qi " i +a¢|QI+] i—

(17)
284 At | 2Ax |]

+

Since in this manner the computation of the unsteady term
0Q/0t requires the discharge Q at the unknown time step
n+1, an iterative algorithm is required to obtain A and Q
at the same time step. Before illustrating the structure of
the algorithm, the algebraic approximation for H and QO
should be defined. The equation for H; at a time step n+1
can be obtained by multiplying Eq. (14) and Eq. (15) with
gAAt and then by combining the obtained results. In this
case H; at a time level n+1 takes the form

Hl + Hl + Q + Ql
Hin+l 1 1 +1 ( +1) (18)

2 vanidy; +07)

In a similar manner, the multiplications of Eq. (14) and
Eq. (15) with aAt will lead to

1 1| 9% Q+1+ (Hlnl Hln+1)

n+1
O, =5

(19
—gdndur +J7)

With the given boundary and initial conditions, the
variables H; and Q; inside the flow domain, i.e. between
the coordinates =2 and i=nx-1, can be obtained from the
known initial conditions at the time level n. Due to the
introduced approximation for the unsteady term in Eq.
(7), the procedure is here defined in an iterative fashion.
The criterion for convergence is simply defined by a
tolerance value fo/ used to check the difference between
discharge values O computed in successive iteration steps.
By denoting the initially assumed discharge value by O,
the structure of the numerical algorithm can be illustrated
with the next pseudo-code (algorithm 1).

algorithm 1
1 forn=1to nt

2 for i =2 to nx—1

3 initialize Q"+l o

4 initialize Q,,uu = t0!

5 while Q, .. . >tol

6 compute Ji_ according to Eq. (16)
7 compute Ji+ according to Eq. (17)
8 compute H;Hl according to Eq. (18)
9 compute Q;’H according to Eq. (19)
10 compute Q. cidual = n“ i"“

11 update QA,-"Jrl :Qi"+1
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If the starting value for Q is assumed to be the value
from the previous time step ( Q;’” in algorithm 1), the
numerical results show that the discharge value in a time
step n+1 is reached within a few iterations.

3.3 Boundary condition at the reservoir

If one side of the pipe is attached to the reservoir, the
specification of the boundary condition at the same
location is usually very simple. Namely, on this case the
standing water in the reservoir acts as a «wall» from
which the pressure wave reflects. However, it should be
noted that this reflection is not perfect and that certain
wave energy is transferred into the reservoir.

By assuming that the water level in the reservoir does
not change during the time of water-hammer propagation,
which is reasonable since the event usually lasts a
relatively short period of time, in every time step At the
piezometric head H at the same computational section i
can be assumed equal to H,, i.e. equal to the water level in
the reservoir. On the other hand, the discharge Q at the
same location follows from the negative characteristic C’
(15). However, due to the unsteady friction term, the
procedure is conducted through iterations. Also, for the
upstream boundary condition the convective acceleration
is approximated with the forward difference so that J~ for
i=1 takes the form

I iy o
Jr = A ———t+
2gDA
1 (20)
Lk [ort-or ok -0
2g4 At | Ax

By assuming that the upstream piezometric head is
defined by H,, the resulting numerical algorithm is similar
to the previous one and is illustrated in the following
pseudo code (algorithm 2).

algorithm 2
1 initialize H™' =H,

2 initialize Q"' =Q’

3 initialize Q, . =t0!

4 while O, ..., =tol

5 compute J; according to Eq. (16)
6 compute Q["Jrl according to Eq. (19)
7 compute O, oqigar = O —Qi’m

8 update QA;’H = Ql-nJr1

3.4 Boundary condition at the valve

The boundary condition at the valve, here assumed to
be at i=nx, needs the specification of a function f(¢) which
defines the ratio between the current flow area A" and the
open cross-section area 4 of the valve. However, to
implement the boundary condition in the numerical

scheme, the predefined function fA(¢) is discretized in
equidistant time steps At.

The discharge at the valve is related to the steady
state head loss H at the same location at time =t,. By
including the discharge coefficient as c.(f), the discharge
O at i=nx for an open valve at the beginning of the
computation is defined by the well known equation

01 = (8) ay2gH]. @1)

For a smaller flow area at the valve, the same
principle as (21) can be applied by including the reduced
flow area defined as A8""'. Accordingly Eq. (21) can be
rewritten in the form

er;:rl — Cc (ﬂnﬂ )Aﬁnﬂ lng:;l ) (22)

To retrieve the equation for the discharge Q at the
time level ntl, it is wise to define the dimensionless
valve opening parameter as a ratio

= c. ﬁnH Aﬁn+l
ﬁ—a(ﬁ% - (23)

Dividing Eq. (22) by Eq. (21) the discharge Q at the valve
obtains the form

(O =%§)OE\/H,’Z§ 1 (24)

By appending Eq. (14) to the previous one, the real root
of the obtained quadratic equation is given by [8]

2
o =—2c |l Lc | +20C (25)
g4 g4 g

in which

n=0 1
and

n a n
CP = an—l +g_AQi—l - AXJ;X (27)

The piezometric head H at the valve at the time level n+1
can be computed by

Hn+1 =C _i n+l 28
nx P gA an ( )

The friction head loss contribution J * in Eq. (27) is
calculated by replacing the convective acceleration term
in the unsteady friction model by its backward difference
approximation (29).

1144

Technical Gazette 22, 5(2015), 1141-1147



V. Trava$, S. Basara

MijeSana numeri¢ka formulacija za hidrauli¢ke tranzijente (MK/MKR)

+ n Qi—l Qi—l‘
JE = ——
2gDA
1 (29)
k ml _ on n_on
Ql Ql +a¢|Qz Ql—l
2gA At Ax

The related numerical procedure is summarized in the
next pseudo code (algorithm 3). However, note that the
procedure is not valid if the pressure head at the valve is
zero as it can be in the case in which the discharge is
under atmospheric pressure and the minor loss across the
valve is negligible (H,,=0). In this case the computation
should involve the velocity head in the computation.

algorithm 3

1 initialize Q"' =0/

2 initialize O, = t0!
3 while Q... = tol
+ .
4 compute J according to Eq. (29)
5 compute Cp according to Eq. (27)
6 compute CV according to Eq. (26)
+1
7 compute Q:x according to Eq. (25)
_ n+l An+l
8 compute Qresidual - an _Qi
9 update Q:;l ZQ:;I

10 compute H:;l according to Eq. (28)

Obviously, to implement the boundary condition at
the valve, the function £(¢) should be defined in advance.
Moreover, by specifying different functions A(f) the
influence of the time dependent flow area reduction at the
valve on the generated pressure variation in the pipe
system can be predicted and consequently studied. To
illustrate the procedure, the following numerical examples
will be conducted for three types of function S(%).

3.5 Initial conditions

The initial conditions are defined by the piezometric
head H; and discharge O, in each computational section i
at the beginning of the computation (#=0). Regardless of
the considered pressurized pipeline system, the
distribution of H and @ at the beginning of the
computation should define a real flow situation.

4  Numerical examples

The numerical algorithm is used to compute A and O
at the valve and at the midpoint of a simple pressurized
pipeline system. The considered pressurized system is
made of two reservoirs which are connected by a pipe
with a valve at one end. The pipe length is 37.2 m, the
internal diameter is 22 mm and the wall thickness is 1.6
mm. The pipe material is copper with £,=100 GPa. The
head H in one tank is 32 m and in the other one it is 31.85
m. By including the minor head loss at the entrance, at the

exit of the pipe and at the valve, for a steady flow
condition with the valve completely open, the given water
levels in the tanks define the flow velocity of 0,2 m/s.
With the defined pipe and water characteristics the
celerity is obtained to be a=1319 m/s. The described pipe
system defines the laboratory apparatus used to study
water-hammer phenomena at the Robin hydraulics
laboratory at the University of Adelaide (for more details
see [6]). The valve closure time is set to #=0,009 s.
Within this time interval three different scenarios are
numerically simulated: sudden, linear and bilinear
reductions of the flow area in the valve. However, the
experimental data are given for a sudden valve closing.

The number of computational sections i for all
numerical examples is set to nx=100. With the computed
celerity a of 1319 m/s (3), the adopted time step is
Ar=0,00028 s. The considered temporal domain is 1 s and
is covered by nt=3546 time steps.

4.1 Sudden reduction of flow area

The almost sudden reduction of the flow area at the
valve starts at #,=0,1 second in the time domain. The
reason for that is to show that the numerical model can
handle steady flow conditions without alteration of the
steady flow variable H and Q in time, i.e. during the
period in which there are no changes in the flow area.
Namely, between =0 and #=0,1 s the flow conditions are
the same as defined by the initial conditions.

For each numerical example the results are given by
three diagrams (Fig. 1). The top diagram defines the
dynamics of the relative flow area reduction at the valve,
i.e. the function f(¢f). Below this diagram the temporal
variation of piezometric head H at the valve and at the
midpoint of the pipe are presented. At the bottom, the
discharges Q at the valve and at the midpoint of the pipe
are given. For all diagrams the time axis ¢ is the same.

a) !
0.9
0.
ﬂ 0.4
0.2
0
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
time [s]
b) T T T T T T T T T

H atvalve [m]
H at pipe midpoint [m

T I I
Q at valve [m”3/sg] iI'I

pRNNN G
t YUY

T
TR

1 1 1 1 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 1 Results for the case of sudden reduction of the flow area at the
valve: a) valve function (), b) temporal variations of H at the valve and
at the pipe midpoint and c¢) temporal variations of Q at the valve and at
the pipe midpoint.
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The results of the numerical example are in good
accordance with the available experimental data [6].
Apart from the obvious qualitative agreement, the
comparison of quantities, such as the reduction of
maximal pressure values in time, is also in accordance
with the experiments.

4.2 Linear reduction of flow area

The second numerical example considers the linear
reduction of the flow area. In this case the reduction of the
flow area starts at /=0 and ends at the same time =0,1 s.
With respect to the previous numerical example (Fig. 1),
in this case it can be expected that the maximal computed
pressure will be reduced because 0,1 s > 2L/a. The results
are given in Fig. 2 and accordantly it can be seen that the
maximal piezometric head H is about 40 m.

5 Conclusions

A mixed numerical formulation, which is based on
the MOC and FDM, is developed for the computational
simulation of hydraulic transients. The mixed numerical
approach arises from the fact that the governing equations
for water hammer are discretized by MOC and the
unsteady friction model is discretized by FDM (Brunone
friction model). The temporal acceleration is discretized
by the forward difference approximation and the spatial
acceleration by the central difference approximation. The
resulting system of equations is solved in an iterative
fashion. The performed numerical examples show that the
proposed numerical model is able to predict the temporal
variations of H(#) and Q(¢) retrieved from experimental
data [6]. Due to its relatively low complexity, the
numerical algorithm is attractive for computational
implementation. Moreover, the presented numerical
approach is sufficiently general that it can be easily
exploited for analysis of complex pipe systems.

a) !
0.9
0.
B od
0.2
0
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
time [g]
b) T T T T T T T T T
401~ T
30" T
H 5o E
10F H at valve [m]
H at pipe midpoint [m
o 1 1 1 1 1 1
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
C) — 5 T T T T T T I T T
8x10 [ Q at valve [m*3/s]
—5| I—— Q at pipe midpoint [mA3/
6x10 7
— 5|
4x10 [~ N
— 5|
2x10 7 -
oF A U . U e Y e U e U o U .
0 N N NS NN N N N

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 2 Results for the case of linear reduction of the flow area at the
valve: a) valve function f(f), b) temporal variations of H at the valve and
at the pipe midpoint and ¢) temporal variations of Q at the valve and at
the pipe midpoint.

4.3 Bilinear reduction of flow area

The last numerical example is performed for the
usually assumed function £ in practical cases. However,
the time in which the reduction takes place is the same as
in the previous examples, i.e. 0,1 s. This time period is
here assumed to enable the direct comparison between the
performed numerical analyses. The results are
summarized in Fig. 3.

It can be noted that the maximal obtained piezometric
value H is slightly greater that the one obtained in the
previous example (Fig. 2). This is because the velocity
decay is very rapid in the beginning of the flow area
reduction process. Namely, as can be noted from Fig. 3c,
the reduction to zero of discharge QO at the valve is almost
the same as the function f(¢). The maximum peak in H(f)
at the valve occurs within this time period.

a
)y
0.
B o
0.2
0
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
time [s]
b) 60F T T T T T T T T T B
40 L |
201" !
H at valve [m]
H at pipe midpoint [m
N 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
C) T T T T T T T T T
Q at valve [m*3/s]
I—— Q at pipe midpoint [m*3/
5x10 ]
o \/ VY, \/ \/ VN
0.7 .

0 0.1 0.2 0.3 0.4 0.5

0.9 1

Figure 3 Results for the case of bilinear reduction of the flow area at the
valve: a) valve function f(f), b) temporal variations of H at the valve and
at the pipe midpoint and c) temporal variations of Q at the valve and at
the pipe midpoint.
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