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Abstract. The concept of derivations as well as generalized deriva-
tions (i.e. Ia,b(x) = ax + xb, for all a, b ∈ R) have been generalized as
an additive function F : R −→ R satisfying F (xy) = F (x)y + xd(y) for
all x, y ∈ R, where d is a nonzero derivation on R. Such a function F is
said to be a generalized derivation. In the present paper it is shown that:
if R is 2-torsion free prime ring, I 6= 0 an ideal of R and F a generalized
derivation of R such that either F (xy) = F (x)F (y) or F (xy) = F (y)F (x)
for all x, y ∈ I, then R is commutative.

1. Introduction

Throughout the present paper R will denote an associative ring with
center Z(R). For any x, y ∈ R, the symbol [x, y] stands for the commutator
xy − yx. Recall that a ring R is called prime if for any a, b ∈ R, aRb = (0)
implies that either a = 0 or b = 0. An additive mapping d : R −→ R is called
a derivation if d(xy) = d(x)y+xd(y) holds for all x, y ∈ R. For a fixed a ∈ R
the mapping Ia : R −→ R given by Ia(x) = [x, a] is a derivation which is said
to be inner derivation.

An additive function Fa,b : R −→ R is called generalized inner deriva-
tion if Fa,b(x) = ax + xb for some fixed a, b ∈ R. It is straight forward to
note that if Fa,b is a generalized inner derivation, then for any x, y ∈ R,
Fa,b(xy) = Fa,b(x)y + xIb(y) where Ib is an inner derivation. In view of the
above observation, the concept of generalized derivation is introduced as fol-
lows: an additive mapping Fa,b : R −→ R is called a generalized derivation
associated with a derivation d if F (xy) = F (x)y + xd(y) for all x, y ∈ R.
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Generally we do not mention the derivation d associated with a generalized
derivation F rather prefer to call simply a generalized derivation. One may
observe that the concept of generalized derivation includes the concept of
derivation and generalized inner derivations, also of the left multipliers when
d = 0. Hence it should be interesting to extend some results concerning
to these notations to generalized derivations. Recently some authors have
also studied generalized derivation in the theory of operator algebras and
C∗ − algebras ( see for example [5]).

Let S be a nonempty subset of R and F be a generalized derivation of R.
If F (xy) = F (x)F (y) or F (xy) = F (y)F (x) for all x, y ∈ S, then F is called a
generalized derivation which acts as homomorphisms or anti-homomorphisms,
respectively.

In [2] Bell and Kappe proved that if a derivation d of a prime ring R
which acts as homomorphisms or anti-homomorphisms on a nonzero right
ideal of R then d = 0 on R. Further Ashraf et al [1] obtained this result for
(σ, τ)-derivation. In the present paper our objective is to extend this result
for generalized derivation acting on ideals in prime ring.

Throughout the present paper we shall make extensive use of the following
basic commutator identities without any specific mention:

[xy, z] = x[y, z] + [x, z]y, and [x, yz] = y[x, z] + [x, y]z

The proof of the following lemma can be found in [6].

Lemma 1.1. If a prime ring R contains a nonzero commutative right
ideal, then R is commutative.

Theorem 1.2. Let R be a 2-torsion free prime ring and I be a nonzero
ideal of R. Suppose F : R −→ R is a nonzero generalized derivation with d

(i) If F acts as a homomorphism on I and if d 6= 0, then R is commutative.
(ii) If F acts as an anti-homomorphism on I and if d 6= 0, then R is

commutative.

Proof. (i) If F acts as a homomorphism on I , then we have

(1) F (xy) = F (x)y + xd(y) = F (x)F (y) for all x, y ∈ I.
For any x, y, z ∈ I , we find that
(2) F (xyz) = F (xy)z + xyd(z) for all x, y, z ∈ I.
On the other hand

(3) F (xyz) = F (x)F (yz) = F (x)F (y)z + F (x)yd(z) for all x, y, z ∈ I.
On comparing (2) and (3), we get (F (x)− x)yd(z) = 0 for all x, y, z ∈ I , and
hence (F (x) − x)Id(z) = (0) for all x, z ∈ I . Thus, primeness of R forces
that either (F (x) − x) = 0 or d(z) = 0. If d(z) = 0 for all z ∈ I , then
d = 0, a contradiction. On the other hand if F (x) = x for all x ∈ I , then
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xy = F (xy) = F (x)y+xd(y) for all x, y ∈ I and hence we find that xd(y) = 0
i.e. Id(y) = 0. Again since I 6= 0, and R is prime we get d(y) = 0 for all y ∈ I
and hence d = 0, again a contradiction.

(ii) If F acts as an anti-homomorphism

(4) F (xy) = F (x)y + xd(y) = F (y)F (x) for all x, y ∈ I.
Replacing x by xy in (4) and using (4), we get

(5) xyd(y) = F (y)xd(y), for all x, y ∈ I.
Now, replace x by zx in (5), to get

(6) zxyd(y) = F (y)zxd(y), for all x, y, z ∈ I.
Left multiplying (5) by z, we obtain

(7) zxyd(y) = zF (y)xd(y), for all x, y, z ∈ I.
Comparing (6) and (7), we find that [F (y), z]xd(y) = 0, for all x, y, z ∈ I
i.e. [F (y), z]Id(y) = (0). Thus for each y ∈ I , by primeness of R either
[F (y), z] = 0 or d(y) = 0. Now, let A = {y ∈ I | [F (y), z] = 0, for all z ∈ I},
B = {y ∈ I | d(y) = 0}. Thus A and B are additive subgroups of I and
I = A ∪ B. But a group can not be a union of two proper subgroups and
hence I = A or I = B. If I = B then d(y) = 0 for all y ∈ I and hence
d = 0, a contradiction. On the other hand, if I = A, then [F (y), z] = 0, for
all y, z ∈ I . Now, replace y by yz to get [y, z]d(z) + y[d(z), z] = 0. Again
replacing y by xy we get [x, z]yd(z) = 0 for all x, y, z ∈ I i.e. [x, z]Id(z) = (0).
Thus primeness R implies that for each z ∈ I either [x, z] = 0 or d(z) = 0.
Hence again applying Brauer’s trick, we find that either d(z) = 0 for all z ∈ I
or [x, z] = 0, for all x, z ∈ I . If d(z) = 0 for all z ∈ I then d = 0. Now, if
[x, z] = 0 for all x, z ∈ I then by Lemma 1.1 we get the required result. This
completes the proof of the theorem.
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