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NONSEPARABLE WALSH-TYPE FUNCTIONS ON R¢

MORTEN NIELSEN
Aalborg University, Denmark

ABSTRACT. We study wavelet packets in the setting of a multires-
olution analysis of L2(R?) generated by an arbitrary dilation matrix A
satisfying |det A| = 2. In particular, we consider the wavelet packets as-
sociated with a multiresolution analysis with a scaling function given by
the characteristic function of some set (called a tile) in R?. The functions
in this class of wavelet packets are called generalized Walsh functions, and
it is proved that the new functions share two major convergence proper-
ties with the Walsh system defined on [0,1). The functions constitute a
Schauder basis for LP(R%), 1 < p < 0o, and the expansion of LP-functions
converge pointwise almost everywhere. Finally, we introduce a family of
compactly supported wavelet packets in R? of class C™(R?), 1 < r < oo,
modeled after the generalized Walsh function. It is proved that this class
of smooth wavelet packets has the same convergence properties as the gen-
eralized Walsh functions.

INTRODUCTION

Wavelet analysis was originally introduced in order to improve seismic
signal processing by switching from short-time Fourier analysis to new al-
gorithms better suited to detect and analyze abrupt changes in signals. It
corresponds to a decomposition of phase space in which the trade-off between
time and frequency localization has been chosen to provide better and better
time localization at high frequencies in return for poor frequency localization.
This makes the analysis well adapted to the study of transient phenomena and
has proven a very successful approach to many problems in signal processing,
numerical analysis, and quantum mechanics. Nevertheless, for stationary sig-
nals wavelet analysis is outperformed by short-time Fourier analysis. Wavelet
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packets were introduced by Coifman et al. [5] to improve the poor frequency
localization of wavelet bases at high frequencies and thereby provide a more
efficient decomposition of signals containing both transient and stationary
components.

So far most work on wavelet packets has been done in one dimension or
using separable wavelet packets in higher dimensions (i.e., tensor products of
one dimensional wavelet packets). However, separable wavelet and wavelet
packet bases both have several drawbacks for the application to fields like
image analysis since they impose an unavoidable line structure on the plane.
For example, the zero set of a separable wavelet packet at high frequencies
will contain a large number (same order of magnitude as the frequency) of
horizontal and vertical lines that may create artifacts in the reconstructed
image. Another potential problem is in the Fourier domain where separable
two-dimensional wavelet packets have four characteristic peaks making it hard
to selectively localize a unique frequency. Coifman and Meyer introduced the
so-called Brushlets in [11] to remove the “uncertainty” in frequency localiza-
tion, however the Brushlets are essentially Fourier transforms of smooth lo-
cal trigonometric bases and are therefore no longer functions associated with
a multiresolution structure. Another example of nonseparable orthonormal
bases with good frequency resolution is Donoho’s Ridgelets [7].

The aim of the present paper is to construct nonseparable wavelet packet
bases for L2(R?) with nice convergence properties. In section 1 we introduce
wavelet packets associated with the class of multiresolution analyses of L2?(R%)
for which there are associated wavelet bases generated by only one wavelet.
Section 1 is rather brief due to the fact that the construction is similar to the
well known one dimensional theory of wavelet packets. The wavelet packets
constructed provide the same large number of orthonormal bases as wavelet
packets in one-dimension, and they provide a good platform for doing image
analysis using the well known “best basis” algorithm of Coifman and Wicker-
hauser. The paper [3] contains several numerical experiments with the wavelet
packets of Section 1.

In Section 2 we study a special type of multiresolution analysis that gen-
eralizes the well known Haar multiresolution analysis from L?(R). Section 3
contains results on a special wavelet packets construction that can be consid-
ered the multidimensional generalization of the Walsh system on [0,1). We
prove that this multidimensional generalization share the two most impor-
tant convergence properties of the classical Walsh system: the new system
is a Schauder basis for LP(R%), 1 < p < oo, and the expansion of every
LP-function in the system converges pointwise a.e.

Section 4 contains the main result of the present paper. There we consider
a class of smooth wavelet packets, called Walsh-type wavelet packets, which
shares a number of properties with the Walsh functions from Section 3. In
Theorem 4.10 (and Corollary 4.11) it is proved that the Walsh-type wavelet
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packet expansion of a function from LP; 1 < p < oo, converges pointwise a.e.
More restricted results in the one dimensional setting were considered by the
author in [15].

Periodic versions of the smooth wavelet packets of Section 4 are considered
in Section 5, and finally Section 6 contains some explicit examples of filters
that can be used to generate C*(R?) wavelet packets for any k > 1.

1. NONSTATIONARY WAVELET PACKETS

We begin by recalling some facts about multiresolution analyses associ-
ated with a general dilation matrix that we will use later in this section to
define the wavelet packets we have in mind. The reader can find a more
extensive discussion of the topic in [21].

Let A be a d x d-matrix such that A : Z¢ — Z¢. If the eigenvalues of A all
have absolute value strictly greater than 1 then we call A a dilation matrix.

ExaAMPLE 1.1. The 2 x 2 matrices

L] -

are examples of dilation matrices with determinant +2. The first matrix is
known as the quincunx dilation matrix.

We can define a multiresolution analysis associated with a dilation matrix

A.

DEFINITION 1.2. A multiresolution analysis associated with a dilation ma-
triz A is a sequence of closed subspaces (V;)jez of L*(R?) satisfying
(1) ‘/J C ‘/j+17 \V/j € Za
(ii) UjeZ Vj= LQ(Rd) and mjeZ Vj= {O},
(i) feV; & f(Az) € Vjpa, VjeZ,
(iv) there exists a function ¢ € Vi called a scaling function such that the
system {¢(- — ) },eza is an orthonormal basis for V.

The wavelet spaces W, associated with such a multiresolution analysis
are given by W; = V11 N VjJ-, and one can easily check that f € W; &
f(A) € Wjyq and L2(RY) = @D,z Wj. A family of wavelets associated with
the multiresolution analysis is a collection of s functions {¥"}?_; for which
{U"(-—5)|y € Z4}3_; is an orthonormal basis for Wy. Suppose |det A| = q. It
turns out that the number of wavelets needed to generate such a basis for Wy
is exactly ¢—1. This makes the case |det A| = 2 especially interesting since the
wavelet basis is generated by only one function just as in the one-dimensional
case. We will use the notation Py, and Py, to denote the orthogonal projec-
tions onto the closed spaces V; and W;, respectively. One can show that Py,
and Py, extend to bounded operators on L (R9), 1 < p < oo, provided that
the scaling function has a minimum of decay at infinity, see e.g. [21].
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Let {V;}jez be a multiresolution analysis of L?(R%) associated with a
dilation matrix A satisfying |det A| = 2. Suppose (®,¥) is an associated
scaling function/wavelet pair. Then there exist 27Z%-periodic functions mg
and my such that

D(&) = mo(DE)P(DE)
U(€) = my(DE)D(D),

with D = (A*)71. Since |det A| = 2 we can find I' € Z? satisfying Z¢ =
A*Z4 U (T + A*Z?). Then it is easy to check that the matrix

{mo@ m0(§+27TDF)]
mi1(€) mi(§+2nDT)

is unitary a.e. for & € R?. This observation leads to the following definition.
We let A and T be related as above.

DEFINITION 1.3. Let mg and my be 2nZ% periodic functions for which

[mo (&) mo(€+ 27TDF)]
m1(§) mq(€+ 2xDT)

is unitary a.e., then we call (mg,m1) a pair of orthogonal quadrature filters
associated with (A,T).

We can now define the natural generalization of wavelet packets to the
setting of a multiresolution analysis associated with a dilation matrix A with
|det A] = 2.

DEFINITION 1.4. Let {(mép),mgp)) 221 be a sequence of orthogonal quad-

rature filters associated with (A,I"). We define the basic nonstationary wavelet

packets {w, }22 o by wo = ®, w1 = ¥, and for 28 < n < 2M1 with binary
k+1

expansion n =Yy . ;2771 we let

=1
k+1

W, (€) = [ [[m&—* <Dﬂ‘s>} o(DFH¢).
j=1

REMARK 1.5. The stationary (or classical) wavelet packets consist of the

special case of Definition 1.4, where the filters {(mép),mgp))}gozl do not de-

pend on p, and mél) and mgl) are the low- and high-pass filter, respectively,

associated with the underlying multiresolution analysis.

Let us state two most important facts about the wavelet packets from the
above definition. The two propositions below show how to extract orthonor-
mal bases from the wavelet packet construction above, and thus give us some
new (and hopefully useful) tools to signal and image processing. We have
included a sketch of the proofs for convenience. However, the reader should
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notice that everything works exactly as in the one-dimensional case, only the
multiresolution structure matters.

PROPOSITION 1.6. The basic wavelet packets
{w,(z —k)|0<n <2 kez®}
form a basis for V;. Furthermore,
{w,(x — k)|n € No, k € Z%}
form an orthonormal basis for L?(R?).

PRrROOF. Let Q, = Span{w, (- — k)}xeza, and define 6 f(x) = v2f(Ax).
Using the QMF-condition it is not hard to verify that 6Q, = Qa, ® Qan11
(see e.g. [21, p. 112]). Thus,

0 0Ny =
6290 © 60y =601 = Qs B O3
5390 S 5290 =00 B 03 = B N5 D N B N7

FQ "0 = Qo1 @ Qor 1 © -+ D Qo1
By telescoping the above equalities we finally get the wanted result
FU=" =V =Q o d @ Qs_q,

and U0V} is dense in LQ(Rd) by the definition of a multiresolution analysis.
O

The results mentioned above can be generalized considerably. The fol-
lowing construction gives us a whole library of orthonormal bases each with
different time-frequency properties.

PROPOSITION 1.7. Let {wy,} be a family of non-stationary wavelet packets
associated with the dilation matriz A. For every partition P of Ng into sets
of the form I,; = {n27,...,(n+1)27 — 1} with n,j € Ny, the family

{2j/2wn(Aj ) _k)}keZd,Im-eP
is an orthonormal basis for L*(R?).

PROOF. An argument similar to the one in the proof of Proposition 1.6
shows that
57 = Qo ® oy &+ B Qok(ny1)—1-
Moreover, the functions {27/2w,, (47 - —q)} ez« span the space §7€2, and
> 50, =P, = L*RY),
In;€P q>0

which proves the claim. O
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Our focus in the remainder of this paper will be on a special case of the
above construction that can be considered the natural generalization of the
Walsh system on [0,1) and on an associated class of smooth non-stationary
wavelet packets. The Walsh functions will be associated with dilation matrices
that admit a Haar type multiresolution analysis and thus a generalization of
the Haar wavelet. We derive some properties of generalized Haar wavelets in
LP below.

2. GENERALIZED HAAR FUNCTIONS

Let A be a d x d-dilation matrix with |det A| = 2. We are interested in
the case where there is an associated multiresolution analysis generated by a
scaling function given by the characteristic function of a set @ C RY, called a
tile. For general A and d > 3 there is no guarantee that such a set @ exists,
see [10, 9], so we have to restrict our construction to dilation matrices A which
admit such a tile. The situation is better for 1 < d < 3 since it can be proved
that a tile always exists [10, 9]. For the remainder of this paper we assume
that A is such that an associated tile @ exists.

The set @@ has many nice properties under the action of A. One can in
fact show that AQ = Q U (Q + T'g) for some I'g € Z? and we always have
|Q| =1, see [21]. Hence Q@ = A'QU A~1(Q +T'g) and

(2.1) XQ(§) = mo(DE&)Xq (DY),

where mg(€) = 2 + 2e7'@:8) . Also, note that |[A7'Q| = 1, so A~! splits Q
into two sub-tiles of equal measure. We let

(2.2) Do={Q:Q=A7(Q+7),y€Z%j>0, and Q C Q}

denote the collection of @)-dyadic sets. Note that two @-dyadic sets 21 and
Q2 with |@Q1] < |Q2| share the following important property of the dyadic
sets on [0,1), namely either Q1 N Q2 = 0 or Q1 C Q2. We also need the
unrestricted collection of Q-dyadic sets given by

D={Q:Q=A(Q+~),veZjecZ}

With this setup we can define the natural generalization of the Haar
function on [0,1).

DEFINITION 2.1. With Q and ' as above, we define the generalized Haar
function by

H(z) = xa-10(®) = Xa-1(@+14) (2)-
The Haar system on Q is given by

{xQ}U{22H(Ax —k)|j >0,k € 2%, and supp(H(A’x — k)) C Q}.
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EXAMPLE 2.2. Let us consider an example to illustrate the rather tech-
nical Definition 2.1. Figure 1 shows the twin-dragon tile () generated by the
quincunx dilation matrix

1 -1
S Rt

where we have chosen the coset representative I'g = (1,0). The differently
shaded areas show the regions (sub-tiles) A~'Q and A7'(Q + I'g) that gen-
erate the Haar function of Definition 2.1.

FIGURE 1. The twin-dragon tile @) for the quincunx dilation
matrix with the coloring indicating the two sub-tiles that
form the associated Haar function H(z).

There is a unique way to index the Haar functions by Dy. For Q € Dy
we simply let Hq denote the generalized Haar function (normalized in L?(Q))
with support equal to (2.

One would suspect that the generalized Walsh functions form an uncon-
ditional basis for LP(Q), 1 < p < 0o, and this is exactly the conclusion of the
following proposition.

PROPOSITION 2.3. Let {Hq}aep, be the generalized Haar system associ-
ated with the tile Q. Then {Hq}aep, constitutes an unconditional basis for

LP(Q), 1 <p < 0.
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PROOF. Let us first verify that the system is dense in LP(Q), 1 < p < oc.
Let
Ku(z,y)= Y. Ha(z)Ha(y)
QeDy:|Q|=2-7
be the kernel of the projection onto V,,. We have, for y € Q, |Q| =27™,

/Q |Kn(z,y)ldz = |Ha(y)] /Q 2" 2o (A"x) dv = |Hq(y)[2"/?27" = 1,
and similarly, for x € Q,
/ Ky (2,y)| dy = |[Ho(z)[2"/?27" = 1.
Q

Hence, by standard estimates, the projection onto V,, is bounded on L?(Q),
1 < p < 0o. Now, each V,, is spanned by a finite number of Haar functions
and xq so it suffices to show that P,f — f in LP(Q)-norm as n — oo for
every f € L*(Q) since such functions are dense in LP(Q), 1 < p < co. Let
f € L>=(Q), and suppose 2 < p < co. We have, for p~! = a/2+(1—a)/(p+1),
using the generalized Hélder inequality,

1f = Puflly < If = PaflSIf = Pafllpis-

Hence, ||f — Pnf|lp — 0 since 0 < a < 1 and ||f — P, f||p+1 is bounded by a
multiple of || f||p+1. The case 1 < p < 2 can be handled the same way. To prove
that the system is unconditional, we build the following regular martingale
on the probability space (Q, dx). Write Dy = {0, 1, ...} in such a way that
|Q.] > [Qn41], n > 0. Let By be the o-algebra generated by Qp = @ and
(). Suppose B, has been defined, then we let BB,,11 be the smallest o-algebra
generated by B, and Q,41. Let f € LP(Q). It is easy to check that the
expectation EB~ f is given by the projection onto span{xa,, Xai,-- X, },
so fn, = EBnf is indeed a regular martingale w.r.t. {B,}2%, and it follows
from Burkholder’s theorem [4] that the martingale difference sequence { f,,+1—
fn}o% converges unconditionally in LP(Q), 1 < p < co. However, {fa, —
fan—1} are just the partial sums of the expansion of f in the generalized Haar
system and the result follows. O

3. GENERALIZED WALSH FUNCTIONS

The Walsh system on [0, 1) is the system of basic wavelet packets associ-
ated with the Haar multiresolution analysis, and using the setup introduced
in the previous section we can use the same scheme to obtain a natural gen-
eralization of the Walsh system to higher dimensional domains.

Let mo(¢) = +1e71 2> be the low-pass for a generalized Haar wavelet
as defined by (2.1). We define the associated high-pass Haar filter by m1(§) =
% — %e‘“FQ’@. We have the following definition of the generalized Walsh

functions.
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DEFINITION 3.1. The generalized Walsh functions {W,}>2, are the basic
wavelet packets generated by the Haar low-pass and high-pass filters starting
from the Haar scaling function and wavelet.

REMARK 3.2. The generalized Walsh functions can also be defined recur-
sively by letting Wy(z) = xo(x) and then we define {W,,}22; by

Wanse(r) = Wa(Az) + (—1)*W,(Az —Tg),  e=0,1.

The third possible definition is to view the generalized Walsh system as the
product system on the probability space (Q,dz) defined by the generalized
Rademacher functions. The generalized Rademacher functions are obtained
by letting
ro(z) = Y H(x—k) € L®(RY),
kezd

where H is the Haar function of Definition 2.1, and we define 7, (z) = ro(A"x).
Then for n € Ny with binary expansion n = Z;io £;27 we have

Wale) = xq() [T ri(@),
§=0

which can be proved easily by induction. Notice that an easy consequence of
this definition is that

(3.1) Wi (2) Wi () = Whem (),
where & is the bitwise “exclusive or” operator.

The first thing we want to check is that the generalized Walsh system
constitutes a Schauder basis for LP(Q), for 1 < p < oo. This will be the
content of Proposition 3.5. But first, let us recall some important facts about
the classical Walsh system on [0, 1). The system is defined recursively on [0, 1)
by letting Wy = x[o,1) and

Wonge(z) = Wo(22) + (1) W, (22 — 1),  e=0,1.

Clearly, this is a special case of our new construction with d = 1. One
important fact we need is that, for 27 < n < 2711, we have

271
Wa(z) = Y Wy_as(s27 )W (27 — 5).
s=0

The proof of this fact can be found in [15], and we will in fact prove a more
general statement in Section 4. The 27 x 27/ matrix defined by (H)it1,j41 =
2=72W;(52=7), 4,5 = 0,1,...27 — 1, is called the Hadamard matrix of order
27 and it will be used in Lemma 3.4 below.

The following lemma about the generalized Haar functions is elementary
and we leave the proof to the reader.
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LEMMA 3.3. Suppose F' C Dy is a finite subset for which f =
> qer calao € Wj. Then

1/p
1£1l, = 2“”““”( > |cg|p) .

QcF

From this simple Lemma, and from the fact that the classical Walsh
system is a Schauder basic for LP[0,1), 1 < p < oo, we can deduce the
following property of the Hadamard matrix

LEMMA 3.4. Let H,, be the 2" x 2" Hadamard matriz of order n, and let
D7 be the 2™ x 2™ diagonal matriz with m ones in the upper left corner and
zeros everywhere else. Then there exits a constant C, independent of m and
n, such that

|Hpn Dy Ho || p—ir < C.

PRrROOF. Given {cj}?ll C C we form f = Zfl; cj—onp1W; and f, =
Zf;;n ¢j—on1Wj, where {W;},, the Walsh system on [0,1). We have, by
the Schauder basis properties of the Walsh system,

[ fmllp < ClIf o

with C independent of m and n. Recall that the Hadamard matrix H,, is the
change of basis matrix between the Walsh basis for W,, and the Haar basis
for the same space. Hence, by Lemma 3.3,

11l = 2272 R ()]l ev

and
| fmllp = gn{1/2-1/p) | Hn Dy Hr [Hn (c5)] e
and we conclude that
[Hn D2 HE | ep—er < C.
O

We notice that for 27 < n < 2771 the wavelet packet W, is given as a
sum of exactly 27 wavelets in W with the expansion coefficients given by
the procedure outlined in Definition 1.4. The coefficients of the generalized
Haar low-pass and high-pass filters are the same as in the one-dimensional
case, so we deduce that there is an ordering of the generalized Haar functions
{Ha}aep,,|o|=2-7 such that the wavelet packets {Wn}iz;lfl is given by the
Hadamard transform of the Haar functions w.r.t. this ordering. We can now
state and prove the following result.

PROPOSITION 3.5. Let {W,}7>, be a generalized Walsh system. Then
{Wn1}52y constitutes a Schauder basis for LP(Q), 1 < p < oo.
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PROOF. The generalized Walsh system is dense in LP(Q) since it is possi-
ble to write every Haar wavelet H as a finite linear combination of generalized
Walsh functions, and the Haar system is dense in L?(Q) by Proposition 2.3.
So, given f, = Z;ZOI cnW; for some sequence {c;} C C, it suffices to prove
that there exists a constant C' such that ||fn]l, < C| fnllp whenever m < n.
Define s,k > 0 by m = 2° + k, k < 2%, and write f,, = fas + (fin — fas)-
Clearly, fas = Py, fn so ||fosllp < C| fnllp by Proposition 2.3. All that re-
mains is to bound f,, — fos € W,. Let M, = [<Wj’H1>]?:21$,H,eWS be the
change of basis matrix from the generalized Walsh basis for W to the Haar
basis for W,. There exists an ordering of the Haar functions {Hq} o=z
such that the change of basis matrix is given by the Hadamard Transform,
and the coefficients of f,, — f2s in the Haar basis are thus given by,

25t 1

MSDan:[MS(Cj)j:QS ls
where D; is the 2° x 2° diagonal matrix with m ones in the upper left corner
and zeros everywhere else. By Lemma 3.4,

2s+171 23+171

1M Dy MIIMs(¢5) =g Mler < CIIM D3 MI[Mis(c;)5—g5 ller,

with C a constant independent of m and s. Hence, from Lemma 3.3 we deduce
that

”fm - f23||p < CHPstn”p < Cl”fn”pv

and we are done. O

For technical reasons we will need the following special class of dilation
matrices.

DEFINITION 3.6. Let A be a d X d-dilation matriz with |det A| = 2. We
say that A is almost isotropic if there exists an integert such that A = 211,
where 14 is the d x d identity matriz.

REMARK 3.7. One example of an almost isotropic dilation matrix is the
quincunx dilation
1 -1
=3

which satisfies A% = 1615.

Fix a Haar multiresolution analysis associated with a d x d-dilation matrix
A with |det A] = 2. Let @ be a tile associate with this matrix, and let {W,}»
be the associated Walsh functions. The following operator will be fundamental
in our study of the metric properties of the Walsh wavelet packet library.
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DEFINITION 3.8. The Carleson operator G for the wavelet packet system
{wn}n is defined by

Z Z (fywn (- = k))wn(z — k)|,

n=0 keZ:|k|<N

(Gf)(x) = sup

N>0

for f € LP(Q), 1 < p < oc.

The Carleson operator picks out the partial sum with the worst pointwise
behavior at each point x € Q. It is clearly not a priori obvious that the
operator for a given system is finite at any point for general functions f, but
Theorem 3.9 stated below will be proved in Appendix A. We remind the reader
that an operator 7' mapping LP(R?) into the set of measurable functions is
of strong type (p,p) if T is sub-linear and satisfies || T f]|, < Cp| f||p for some
finite constant C,.

THEOREM 3.9. The Carleson operator associated with any generalized
Walsh system generated by an almost isotropic dilation matrix is of strong

type (p,p), 1 < p < oo.

REMARK 3.10. There are several proofs of this fact for the one dimen-
sional Walsh system, see e.g. [2, 16]. The proof we outline in the appendix is
based on a technique introduced by Thiele in [20].

The corollary below follows by standard arguments from Theorem 3.9.

COROLLARY 3.11. Consider any generalized Walsh system generated by
an almost isotropic dilation matriz. The associated Walsh wavelet packet
expansion of any f € LP(Q), 1 < p < 0o, converges a.e.

4. SMOOTH WALSH-TYPE FUNCTIONS

The expansion of LP functions in the generalized Walsh system is well
behaved as we have seen in the previous section, however, the basis functions
are not continuous which can be a problem for certain applications. The aim of
this section is to introduce a smooth analogue of the generalized Walsh system
with the same nice LP-properties. We call such functions Walsh-type wavelet
packets, see Definition 4.1 below. The main result of the section, and indeed
of the present paper, is Theorem 4.10, where we prove that smooth Walsh-
type wavelet packet expansions converge pointwise a.e. for LP-functions, 1 <
p < oo.

Let us define the class of functions we have in mind.

DEFINITION 4.1. Let {W2},>0kez be a family of non-stationary wavelet
packets constructed by using a family {(mép), mgp))}g"zl of finite filters in Def-

inition 1. If there exists a constant J € N such that (mép),mgp)) is the Haar
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low-pass and high-pass filter, respectively, for everyp > J, and wy has compact
support, then we call {W3},>0 a family of Walsh-type wavelet packets.

We have to state and prove a few technical lemmas before we can attack
the main result stated in Theorem 4.10 below. The lemmas below are well
known results in the one-dimensional case, and we just have to tweak the
proofs a little bit to make them work for almost isotropic dilation in R?¢. The
techniques used should be well know to the reader, so we will only give the
outlines of the proofs. Further details on the techniques can be found in
[12, 13, 21].

LEMMA 4.2. Let A be an almost isotropic d x d-dilation matrixz, and let
fie CHRY) N LERY), i = 1,2, be two functions for which
|fi()],|0/0x: fi(x)| < C(1 +|x|)~¢F,  i=1,2,...,d,5=1,2,
for some constant C. Suppose {f;,k = 20/2f2(A7 . —k)}jcz.weza is an or-

thonormal system for i = 1,2, and let € € £°(Z x Z) with ||e||¢g=~ < 1. Then
the operator T : L*(R?) — L2(R?) defined by

Tg= Z Ej,k<gafjlk>fj2k'
JEZ kELA

can be extended to a bounded operator on LP(R?), 1 < p < oo, with bound
independent of .

Proor. Fix the nonnegative integers s,t such that A% = 2t1;, and take
any finite sequence ¢ € Z x Z? with ||¢][~ < 1. We can write any integer j
as j =us+r with u € Z and 0 < r < s. Hence

Tg= > erle [l fin

JEL,kEZA

s—1
— Z Z 5us+7‘,k<g7 2j/2f1(2tuAT : _k)>2j/2f2(2tuArx - k)

r=0ueZ,keZ?

It follows that

s—1
||Tg||p < CZ Z Eus+T)k<g72tdu/2f1(2tuAr._k)>2tdu/2f2(2tuAr$_k) ,
r=0" ycZ keczd P

where we have used that j = tdu+1r. Now, it can be proved that each term on
the right is associated with a Calderén-Zygmund operator using a straight-
forward modification of well known estimates, see e.g. [21, 13], taking into
account the decay of f% and §/0x;f7. 0

The following Lemma generalizes Lemma 12 in [14].
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LEMMA 4.3. Let ¥ be a wavelet associated with an almost isotropic d X d-
dilation matriz A, and let H be a generalized Haar wavelet for the same
dilation. Suppose U € C*(R?) satisfies

()], [0/02; ()| < C(1 + |z)~4Te,  i=1,2,....d,

for some constant C. Then the wavelet systems generated by ¥ and H, re-
spectively, are equivalent unconditional bases for LP(R?), 1 < p < oo.

PROOF. We can use the same technique as in proof presented on pages
166-167 of [13]. The kernel for the operator P mapping one system onto the
other is given by

Ks(z,y) = Z g2V H(Ax — k)W (Aly — k).
jELkELI

Kz(z,y) is smooth in the y-variable and we can use the same argument as in
Lemma 4.2 to show that P is bounded on LP(R%), 1 < p < 2. All that remains
is to prove that P* is bounded from L*(R?) into L!_, (R?). To do this, we
take f € LY(R?) N L%(R?) and make a Calderon-Zygmund decomposition of
f at level > 0 with the twist that the decomposition is based on the Q-
dyadic sets in D, and not on the dyadic d-cubes. There is no problem making
this type of decomposition following the outline in e.g. [6, Chap. 9] since for
a.a. x € R? there is a sequence {Q;}32, C D with |Q;| = 277 for which
the Lebesgue theorem of differentiation holds. This is due to the fact that A
is almost isotropic (the eccentricity of the sets in D is uniformly bounded).
With this slightly modified Calderén-Zygmund decomposition in hand, we
can complete the proof of the lemma by following [13, p. 167]. O

We now use the lemmas presented above to obtain the first interesting
conclusion about the Walsh-type wavelet packets, the generalized Walsh-type
wavelet packets are equivalent to the Walsh functions in LP(R9), 1 < p < oc.

PROPOSITION 4.4. Let {W,}52, be a generalized Walsh systems and
{W3ree , a Walsh-type system associated with the same almost isotropic dx d-
dilation matriz. Suppose W§ € C1(R?) and

W5l ()|, 10/0x,WF ()] < C(1 + |z|) =0, i=1,2,....,d,

for some constants C,e > 0. Then there exists an isomorphism P : LP(RY) —
LP(R?), 1 < p < oo, for which PW, (- — k) = W3 (- — k).

PROOF. Let K be the scale from which only the Haar filters are used
to generate the Walsh-type wavelet packets. Let {V;} be the Haar MRA
associated with the generalized Walsh functions. Since Py, is bounded on
LP(RY) it suffices to prove that PPy, and P(1— Py, ) are bounded. One can
easily check that PPy, is bounded by brute force estimates on the kernel using
that only 2% different functions (and their integer translates) are involved.
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We turn to P(1 — Py, ). Let T : LP(RY) — LP(RY) be one of the
isomorphism from Lemma 4.3 mapping the generalized Haar system onto
some C!(R?) wavelet system generated by the wavelet W. We use the
map T to define an intermediate system {W!(z — k)}2 ) pega defined by

W@ — k) = TW,(z — k). The new system is clearly equivalent to the gener-
alized Walsh system. Let v?, = 20/2W5(A7-—k) and g7, = 2/2W] (AT - —k).
Notice that

n n
{97 1 or <ncorin (jyezxze  and  {v] g box<pcorti (jryezxzd

are both orthonormal bases for L?(R?). It follows from Lemma 4.2 that there
is an isomorphism U : LP(R?) — LP(R?) for which

Ughe = vl 2K < < 2BFL (5 k) € Z x 74,
Let n > 2N+1. We expand W5 (z — k) to get

(4.1) W@ —k) = cn i (x— k),

sEF

with 25 < @ < 25+! and F C Z? a finite set (depending on n). The
coefficients ¢, s depend only on n and the Haar filter. Thus, W!(z — k) has
the same expansion:

(4.2) Wiz —k) = ensgic, (@ — k).
seF

We conclude that UW!(z — k) = W5 (x — k) for n > 2K+ and k € Z9, i.e.,
the isomorphism UT : LP(RY) — LP(R?), 1 < p < 0o, maps W, (z — k) onto
W3 (x — k) for n > 25+ This completes the proof of the claim. O

REMARK 4.5. The previous proposition shows that the generalized Walsh-
type system constitutes a Schauder basis for LP(R%), 1 < p < co. However,
the system is bound to fail as a basis for L'(R?) since the functions are
uniformly bounded.

LEMMA 4.6. Let A be an almost isotropic d x d-dilation matriz associated
with an MRA {V;} with scaling function ® satisfying

[@(2)] < O+ [2))7",

for some e > 0. Then the Carleson operator, f — sup; |Py, f(z)|, associated
with the projections onto V; is of strong type (p,p), 1 < p < 0.

PROOF. By assumption, A% = 21, for some s,t € N, and for j € Z we
write j = su 4+ r with 0 < r <'s. Then the kernel of the projection onto V;
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can be written as
Kj(z,y)= > 20Nz —k)®(Aiy — k)
kezd
=27 Y 22 AT — k)D(2M ATy — k),
kezd
where we have used that s = td. From this and standard estimates we deduce
that
|Kj(2,y)| < C24(1 42"z — y|) =",
with C is a constant independent of j. But then it follows from [17, p. 62]
that, for f € LP(R?),

1P f ()] =

[ Kstenswdy| < s,

where M is the Hardy-Littlewood maximal operator. Hence, sup; | Py, f ()]

<
CM f(x) and we are done. O

REMARK 4.7. The idea of using the maximal function to bound the scaling
space projections is due to Tao [19].

Note that there are exactly 27 values of k € Z¢ for which the function
xq@(A”x — k) has support contained in Q. Let F; C Z¢ denote the set of such
k’s. We let Qi = supp{xq(4/z —k)}, k € F}.

LEMMA 4.8. Let fi € L3*(R?), and define {f,}n>2 recursively by

f2n+€(x) an(ACC)+(—1)€fn(ACE—F)7 e=0,1
Then forn, J €N, 27 <n < 27+ we have
hw) = ¥ (1007 [ Waeart)de) (4% - b,
keFy Q}CI
PRrROOF. Clearly, it suffices to prove that
Walz) = > (|Qg|—1/ WnQJ(w)dw) Wi(AMz — k).
kEF; Qi

However, since 27/ < n < 2771 it follows from (3.1) that W,(z) =
Wi —a7 (€)W (z). Then the result follows from the fact that each W,,_ys (),
27 <n < 2771 is constant on each set Q7 and supp{Wi(A’z—k)} = Q. O

REMARK 4.9. We will use the notation f(Qj) to denote the average
Q[ ) de.
Qfl

We can state the main result about generalized Walsh-type wavelet pack-
ets.
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THEOREM 4.10. Let L be the Carleson operator for a basic Walsh-type
wavelet packet system {W31}, associated with an almost isotropic dilation
matriz. Suppose Wy € C*(R?). Then L is of strong type (p,p), 1 < p < oo.

PROOF. Let us begin by reducing the problem. Choose N € N such that
supp(W?) C [N, N]¢ for n > 0. Fix p € (1,00) and take any

f@)= > caxWi(x—k) e LP(RY).
n>0,keZd

Define
fe@) =Y enaWi@—k),  gu(@) =) cnsWalz — k).

n>0 n>0

We have || fllp = ||gk|lp, with bounds independent of k, by Proposition 4.4.
Note that for ¢ € Z4,

fweq+b L@ >l s X [ILhErd
[k—g|<(N+1)¢

so (using the Marcinkiewicz interpolation theorem) it suffices to prove that
1L frllp < C|l fxllp, where C is a constant independent of k, since

Yoo > R < 29D

q€Z? |k—q|<(N+1)4 kezd
d d p
< C2Y N+ D) lgl
keZ4d
< C2UN +1)7|f|IP.

We can, w.l.o.g., assume that £ = 0. Let K € N be the scale from which
only the Haar filter is used to generate the wavelet packets {WV. Fn>or+1. Let
m € N and suppose 27 < m < 27*! for some J > K + 1. Clearly, for each
x € R?,

oK+l 271

m m
doeaaWi(@) = > caoWi(@)+ Y. caoWil@)+ Y cnoWi (@),
n=0 n=0 n=2K+1 n=27J
so we have
m m
sup ch70W5(x) < sup ch70W5(x)
m>11{, = 1<m<2K+1 | 0
2741
(4.3) + sup Cn10WS(I) + sup (Myfo)(z),
J>K+1 J>K+1

n=2K+1
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where

(Myfo)(z) = sup > cn oWy (2)

J J4+1
29<m<2 ne

We use brute force to estimated the first term of (4.3)

m 2K+l _q
sup [ caoWE(@)| < D lenol Wy (@) llooX(- n.xa ()
0<m<2K+1 | /70 n—0
oK+l _q
<\folly D IWE I W3 (@) looX (- v, ().
n=0

The second term of (4.3) satisfies

2741

Z CnoW3 ()

n=2K+1

sup
J>K+1

< Cllfolly
p

by Lemma 4.6, since

2741
Z C",OWS(‘T) = PVKfO(‘r) - PVJfO(‘T)
n=2K+1
SO

2741

Y. Wi (@)

n=2K+1

sup
I>K+1

< 281}p | Py, fo(x)|.

The challenge is to prove that the third term is of strong type (p, p). Note
that

2K 1
(M fo)(z) < Z (M7 fo)(w),
=0
where
(M fo)(x) = sup S i),
27 4527 K <m <27 +(j+1)27—K

n=27 4j2J - K

so it suffices to prove that

| sup (M5 fo)llp < Clfollp.
J>K+1
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for j =0,1,...25 — 1. Fix J > K +1,0 < j < 2K — 1, and 27 + j27-K <
m < 27 + (5 4+ 1)277%. We have, using Lemma 4.8,
Z Cn,OWS(z)

n=27J 427K

m

Z { Z Cn,OWn—zl—jsz(QsJK)}WQSKH(AJKl’ - 5)|-

s€Fy_k ~n=274427-K

Define
Fm(t) = Z Cn70Wn_2J_j2J—K (t)
n=274j2/-K
and

Ft)=  sup  [Ea(d)].
m<24+(j+1)27 K
From this we easily derive the following estimate

m

Z Cn,Oqu(x)

n=27 4j2J-K

< Y F@QIT)Wik (AT Kz —5)|.

seFj_K

Then, using the fact that supp(WfKH) C [~N, N]4, we obtain the following
estimate
> Wi (@)

n=27 427K

< ||W§9K+j||oo Z F(QSJ_K)J
s€EF;_gNSj_Kk(x)

where S;_g(z) = A7 Kz +[-N — 1, N + 1]¢ C R?. Notice that S;_(z) N

Fj_k contains at most 2¢(N + 1)? points. We need an estimate of F' that

does not depend on .J. Note that for 0 < k < 277K using (3.1),

Wai yjgi—i (W)Wi(w) = Wai jor—x 1 (w),

since the binary expansions of 27 + j2/~K and of k have no ones in common.
Hence,

m

> Cn,OWn(w)},

n=27 427K

so F(w) < 2(Ggp)(w), with G the Carleson operator for the generalized Walsh
system. Thus,

[Em (W) = Wi jpr-x (W) Frn (w)| =

Z Cn,OWS(z) S
n=27 4527~ K
S J-K|—1
<Al X 1@ Gootyde

s€eFj_gNSj_k(x)
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We let Q* be the smallest dyadic d-cube centered at x containing Q7~%. Note
that |Q%| < C24(N + 1)4Q7~X|. We have

m

S aoWi@|<2AWile Y 1QIE / (Ggo)(t) dt
n:2J+j2J7K SGFJfKﬁSJ,K(z) H
(4.4) < O WS o2 (N + 1)*(MGyo) (),

where M is the maximal operator of Hardy and Littlewood. The righthand
side of (4.4) does not depend on m nor J so we may conclude that

sup (M7 fo)(z) < Cl Wik |24 (N + 1) (MGgo)(z), ae.,
J>K+1

and thus, since M and G are both of strong type (p,p) (see Theorem 3.9),
I sup (M3fo)llp < Cligolly < Cillfolly, 4 =0,1,...25 =1,
J>K+1

and we are done. O

The pointwise convergence result now follows by a standard argument (see,
e.g., [8]).

COROLLARY 4.11. Let {W?3},, be a Walsh-type wavelet packet system as-
sociated with an almost isotropic dilation matriz. The Fourier expansion of
any f € LP(RY), 1 < p < 0o, w.r.t. {W3},, converges a.e.

The basic Walsh-type wavelet packets is only one out of an infinite number
of the possible Walsh-type wavelet packet bases given by Proposition 1.7, and
it is interesting to know if we have the same convergence properties for other
bases in the library. Fortunately, it turns out that we can generalize the above
corollary to any basis in the library, and the key to this result is the possibility
of decomposing the partial sum operator for a given wavelet packet system
in the basic wavelet packets. In fact, the proof below shows that the basis
wavelet packets always have the worst metric properties of all the bases in the
library.

COROLLARY 4.12. Let P = {1, ;} be a partition of No as in Proposition
1.7. Let f € LP(R?), 1 < p < co. Define the partial sum operator for the
Walsh-type wavelet packet system associated with P by

Snf(x) = > ([ 2PWI(AT - =) 2PWE (A — k).
I, ;€P:n-j<N,keZ?
We have Sy f(x) — f in LP(R?)-norm and pointwise a.e.

PRrROOF. Consider Sy f(x). By the proof of Proposition 1.7 there is an
N < N such that

N
Snf(x ZZ (Wi (- = k)W (& — k).
n=0 keczd
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From this we obtain the pointwise bound Sy f(z)| < Lf(x), where L is the
Carleson operator for the Walsh-type system. Thus, the Carleson operator for
the wavelet packet system given by P, sup [Sn(f)(2)], is bounded pointwise
by Lf(x) and is thus of strong type (p,p), 1 < p < co. Both claims of the
corollary follow easily from this fact. O

REMARK 4.13. In one dimension, the above corollary generalizes the re-
sults obtained by the author in [15].

5. PERIODIC WAVELET PACKETS

The process of 1-periodization works well for one-dimensional wavelet
and wavelet packets due to the fact that the one-dimensional multiresolution
structure is based on integer shifts. The same is true for the general multires-
olution structure in Definition 1.2 so it should be no surprise to the reader
that we can periodize the nonseparable wavelet packets and obtain the same
useful results as in the one dimensional case. We should note that the pe-
riodic version of the one-dimensional Walsh system is the system itself, so
this case is not that interesting. However, for higher dimensional Walsh sys-
tems, periodization has the advantage that it can transform the fundamental
domain from the potentially complicated fractal tile @) to a less complicated
fundamental domain such as [0,1)%.

Let us state the results. We leave the easy details of the proofs to the
reader. Let {W,}. be a wavelet packet system in R? for which each W, €
LY(R%). For the wavelet packet W, j () := 27/2W),, (A7 (z—k)) we can define
the associated periodized wavelet packet by

WES () = xs(2)277 Y Wi (A (z — ) — k),

~ezd

where ¥ is any tile of R? such as @ itself or the fundamental domain [0, 1)%.
One can easily verify that Proposition 1.7 is still true with the obvious mod-
ification that the space Q,, be defined as the closed span of {W)7 [k € 7},

Also, notice that the dimension of span{WP, [k € Z4} is exactly 27. For pe-

riodic Walsh-type wavelet packets we obtain the periodic analog of Theorem
4.10.

COROLLARY 5.1. Consider a system of periodic Walsh-type wavelet pack-
ets {Wh0 o }n for which Wy € CHRY). Let f € LP(X), 1 < p < co. Then

N
S FWEGOWEG o(x) — £, as N — oo,

n=0

in LP(X)-norm and pointwise a.e.
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REMARK 5.2. The result can be proved by using the compact support of
the aperiodic Walsh-type wavelet packets to bound the Carleson operator for
the periodic system by the Carleson operator for the aperiodic system.

6. SOoME ExampLES OF C*(R?) WALSH TYPE WAVELET PACKETS

We have all the machinery to obtain nice nonseparable C*(R?) wavelet
packets with good LP and pointwise properties provided that we can find
appropriate low-pass filters yielding compactly supported C*(R?), k > 1,
scaling functions associated with the given dilation matrix A. Unfortunately,
such constructions are difficult in general mainly due to the fact that not
every nonnegative trigonometric polynomial of two variables admits a spectral
factorization. We remind the reader that it is still an open problem whether
the quincunx dilation admits a C1(R?) compactly supported scaling function.
However, a construction of C*¥-wavelets, k > 1, is carried out in [1] for the
special case of a 2 x 2-dilation matrix A satisfying A? = 21, such as

(6.1) A= E’ (2)} .

We can obviously use these compactly supported scaling function/wavelet
pairs and the associated filters in Definition 4.1 to construct examples of
nonseparable Walsh-type wavelet packets of type C*(R2), for k > 1.

APPENDIX A. A PROOF OF THEOREM 3.9

We give a proof of Theorem 3.9 based on an elegant technique intro-
duced by Thiele in [20], which he used to prove the same result for the one-
dimensional Walsh system. We have made some adjustments to adapted
the proof to the present multidimensional setting, but a large part of com-
binatorics involved in the proof of Theorem 3.9 is virtually identical to the
combinatorics presented in [20] so we will only state those results and refer
the reader to [20] for the details.

First, some notation. Fix a generalized Walsh system {W,},, associated
with the tile @ generated by an almost isotropic dilation matrix A (the only
place where this hypothesis is used is in (A.2) below). The set F = @ x Ny
is called the generalized Walsh phase plane. Let € Dy (see (2.2) for the
definition of Dy) and j,n > 0. Consider sets of the form

Qx {n2/,n2 +1,...,n27" — 1} € Q x Nq.

We call such a set a tile if 27|Q2] = 1 and a bitile if 27|Q| = 2. We let 7 and
B denote the collection of all tiles and bitiles, respectively. Let P be a tile or
bitile. We use the notation P = Qp X wp to separate the time and frequency
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sets of P. For £ C F we define the following projection operator

Mpf(x) =Y (f,Wa)Wa(2).

n:(z,n)eE

The Carleson operator associated with the function b : Q@ — NN [0,2V] is
defined by IIg, where Ep = {(z,n) C Q x Ng : n < b(z)}. It is clear that
Theorem 3.9 will follow if we can prove that I, is of strong type (p,p) on
LP(Q), 1 < p < oo, with bound independent of b and N (the bound will
depend on p).

We define a partial ordering on B by saying that P < P’ if PN P’ # ()
and Qp C Qps (or equivalently wp C wp).

We fix f € LP(Q), 1 < p < oo. For each P € B we define the associated
density

dp = |logy sup ||Hp flloo |-
P<P’

Using the ordering of the bitiles we split B according to their density as follows
T, ={PeB:dp =k}

7,°** = {maximal bitiles in 73 w.r.t. the given partial ordering of B}
Tii ={P €T}, :2" <|P € T : P < P'}| <201}

7, = {maximal bitiles in 7} ; w.r.t. the given partial ordering of B}.
Each set 7y ; is called a forest, and for R € ’Tk‘gax we define the tree 7y ; p =
{P € T,;|P < R} and call R the tree top. One can easily check using the
definition of the density d that if P, P, € 7;; r and P € B is such that
P, < P < P, then P € T;,; r. We call a set of bitiles with this property
convex.

Let P = Q@ x {n,...,n’ — 1} be a bitile. We split P in to a lower tile
Ip=Qx{n,...,(n+n')/2—1} and an upper tile up = @x{(n+n’)/2,...,n'},
and let Ep be the set of all points (z,n) contained in the lower tile of P, such
that (z,b(z)) is contained in the upper tile of P.

Then we have the following combinatorial type lemma.

LeMMma A.1 ([20]). 1. The union \Jpcg Ep is a partition of Ep.

2. Let E be a disjoint union of tiles, and let p be the collection of all tiles
that are subsets of E. Then E is the disjoint union of the minimal
(mazximal) tiles in p.

3. The union of a finite convex collection of bitiles can be written as a
disjoint union of tiles.

4. Let p be a tile and E a subset of the phase plane such thatp C E. If E
can be written as a union of tiles, then E\p can be written as a union
of tiles.

We let Tp = Ilg,, and from Lemma A.1.1 we obtain the finite decom-
position g, = Y pcgTp (the sum is finite since b is bounded). For finite
subsets Z C B we use the notation T= to denote the operator ) pez 1P
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We note that any bitile in 73 is dominated by at least one maximal
bitile or else we could obtain an infinite sequence of associated time inter-
vals {Qp,}3°, C Q with |2p,| = 2* which is impossible since |Q| = 1. The
same argument shows that each bitile in 7j; is dominated by at least one
bitile in 7,**. Thus, 7 is partitioned by the forests contained in it, and each
forest is the union of its trees. The trees actually form a partition of of the
forest, which can be deduced as follows. Suppose a bitile P € 7} ; is smaller
than the two distinct tree tops Ry and Rp. Then Qp C Qg, N Qgr, # 0.
Notice that by the definition of 7y ; there are less than 27! bitiles of 7™
greater than P, but at least 2% of them greater than each of the tree tops, so
that there must be a bitile M greater than both tree tops, which means that
wy C wr, Nwg, # 0 so Ry and Ry are comparable and thus equal since they
are maximal. Hence the partition 73, = U ReTkmf"'Ec,z', r and we obtain the
corresponding decomposition of the Carleson ope’rator

HEb = E TTk,i,R'
i>0,k€Z, RET}m2

The following two Lemmas will provide the estimates on “tree operators” we
need to prove Theorem 3.9.

LEMMA A.2. For q € (1,00) there is a constant C, such that for every
tree Ty, i, r we have

||TTk,i,R||q < CQ'

PROOF. Define T; = {P S 7—]@)1‘7R|lp Nilg = (Z)} and T, = Ec,i,R\Tl-
Clearly, T, , , = T, + T, and we will handle each of the terms separately.

First we consider T,. Take P,P’ € T, with P # P’. We claim that
up Nup, = @. The only nontrivial case of the claim is when P and P’
are comparable, say P < P’ < R. But then P, P’, and R have a common
nonempty intersection necessarily contained in [p N Ip, by the definition of
T,. It follows that wps C wp and the inclusion is strict since P # P’. Thus
wpr C wyp so up and ups are disjoint as claimed. It follows that Tp f and Tp:
are supported on disjoint sets. Recall that for any tile p there is exactly one
generalized Walsh wavelet packet W, with time-frequency support equal to
p. Hence,

(A1)
pr(l') = XQp (:E) Z <f7 WQpr>WQ><wp = <fu WQprp>WQp><wp7
Q| Q||wp|=1
from which we get
(A.2)
Tpf(x)] < [T, f(2)] = [(f; Wi, )W, (2)] < —— [ 1)y < CM (),

Q1,1 Jaq,
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where we have used that A is almost isotropic which implies that the sets
Q1, have bounded eccentricity so there exists an d-ball B centered at x such
that @;, C B and |Q;,| > ¢|B]| with ¢ independent of p. We conclude that
> pep, ITpf(x) can be bounded pointwise by a constant times M f(x).

Next, we turn to Tm,. Pick a frequency N € g, and let Ty =
Hf(z,n)n<ny- Notice that |Tn[l; < C; by Lemma 3.5. Suppose we can
find two tiles p and p’ such that
(A.3) Ty, f(x) = (TN f)(x) = (M T f) ().

Then, using the same argument as above, we can bound T,f(z) by
2CMTy f(z) which will prove the Lemma.

Suppose T, f(z) # 0, and define E, = {n|(x,n) € P;}. We let P be a
minimal bitile in P; such that (x,b(x)) € up and let P’ be a maximal bitile
with the same property, and define p = Q,, x wp where €, is defined such that
pisatileand z € Qp, and we let p’ = up/. The decomposition (A.3) will follow
at once if we can prove that E, = {n|n < N,n € w,, and n ¢ wy} equals
E,. Given (z,n) € Ey with U € Py, then (z,b(x)) € uy and (x,n) € ly.
Moreover, U < R so wr C wy which implies that (z, N) € uy (note that
(x,N) & ly since U € P;). Hence n < N and wy C wp since wp, = Qp and
P <Uson¢€w, Also, (z,b(x)) € uy Nupr # 0 50 wy,, C wy, since U < P’
But n € wy, son ¢ wy C wy,. Hence E, C Ez. Conversely, given n € Ex,
then n < N and {(z, N), (z,b(z))} C up: but (z,n) & up,. Thus, n < b(z)
and we can find a bitile V' such that (z,n) € Ey satisfying P < V < P’ so
V' € T, r by convexity. It also follows that V' € P; which implies E, C E,
and we are done. O

LEMMA A.3. For q € (1,00) there is a constant Cy such that for every
tree Ty iR,
||TTk,i,Rf||q < C2k|QR|1/q7

where C' does not depend on the fized function f.

PrOOF. The area E of the tree 7j; r is a convex union of bitiles so
it follows from Lemma A.1.3 that E can be written as a disjoint union of
tiles. F\lp is also a disjoint union of tiles, so using (A.1) we obtain that for
P € Ty i r the projections g\, and II;, are orthogonal. Hence,

g =10, (I, +gy,) = 1,00, =11,

and we deduce that Tpf(x) = Tpllgf(x). Consequently, Tz, , ,f =
TTk,i,RHEf and ||TTk,i,Rf||q < ||TTk,1,R||q||HEf||q The support of Ilg f is con-
tained in Q. Fix z € Qp and let P be the minimal bitile in the tree
containing . Then wp is exactly the frequencies n such that (z,n) € E.
To see this we suppose (x,n) € E. Then there is a bitile P’ containing
(z,n). Since P’ and P are smaller than R, their frequency intervals both
contain a point 7 € wg. Hence P and P’ are comparable and P < P’
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by the definition of P. Thus (z,n) € P. The opposite inclusion is trivial.
Hence, I f(z) = IIp f(z) so from the densities of the bitiles in 7y ; r we get
ITEgflloo < 2%+L. Using that the support of Il is contained in Qi we get
the estimate |1z ||, < 2571|Qg|'/2. Combined with the previous lemma this
gives us T, fllq < C210n] /. 0

COMPLETION OF THE PROOF. The area of two distinct trees 7y ; g, and
Ty,i.r, from the same forest are clearly disjoint so we have, for ¢ > 0,

|TTk,if(x)|q = Z |TTk,i,Rf(x)|q7
RETmax

which combined with Lemma A.3 implies

1/q
(A.4) ||T7k,if||qscz’€( T |QR|) .

ReTmax

For P € 7" consider the bitiles R in 7,}** which are smaller than P.
The time intervals of these bitiles are contained in 2p and must be pairwise
disjoint because otherwise the frequency intervals of two such bitiles with
nonempty intersection would both contain wp and thus make two of the bitiles
in 7,7 comparable, which is clearly not the case. This observation gives us
the following estimate

> Qg <(98].
RETm%:R<P

We add this inequality up for all the bitiles P € 7,"%*, using the fact that
each R € T dominates at least 2° bitiles from 7,**, to obtain

(A.5) 20 > Qel< > |25l
ReTMex PeTmax

Next, we observe that any tile p we have the important property that
ML, £113 = |11, £]1% 12|, which follows from (A.1) Thus for any bitile P,

2P f1I3 = 2(|Mup f113 + 1T, £1I3)
= 2/Qp|(|Tup I3 + 1T £112)
> e flI5.|2p |-

From the fact that the time intervals of the bitile in 7,*** are pairwise disjoint,
we have

(A.6)
1 1
IfI5= > Imeflz> > gllﬂpflliolﬁplzgfk > 195,

PeTkmax PeTkmax PeTkmax
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where we used the definition of the density of the tiles in 7,**. We use (A.5)
in (A.6) and combine with (A.4) to conclude that

| Tz, fllg < C2F| f]|3/ 92~ R+ a,
Fix K € Z, and let ¢ > 2. We add all bitiles with density less than or equal
to K to get

2k(1-2/q)

2 2 —
SCIAL D0 =5 < ClfI 20/,
q k<K,i>0

(A7)

Z Tpf

Piap<K

from which we obtain the following weak estimate

K o 2K (=2 I1£113
(A.8) Ha:] Y. Tefla)]>25} < ClIfl3 ke =Coe

P:ap<K

To get the general result we follow R. Hunt and verify that restricted type
inequalities holds for the Carleson operator, and then use interpolation of the
restricted type inequalities (see e.g. [18, Chap. V]) to get the full result. Let
us suppose [ = xqo, @ C Q. Then | |3 = ||f]|5 for 1 < p < co. Notice that
no bitile can have density larger than 1 so taking taking K = 1 in (A.7)
immediately gives us the bound ||Tpf|l, < C| fllp, which is the required
restricted inequality. For 1 < p < 2 we put r —p = p(r — s) in (A.8) to
get

{z:] D Tefl)]> 225} <z _ oIl

2rK 2rK
P:ap<pK

Next, consider g = ZP:ap>pK Tpf. If z is in the support of ¢g then x is
contained in the time interval of some bitile with density larger than pK, and
it follows from (A.2) that M f(z) > C2PK. Hence

I/l IR

{z: |g(x)] > 2PK} < |{z: Mf(z) > C2PK}| < C S = oo

The strong estimate now follows by interpolation. O
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