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THE IMPACT ANALYSIS OF LATERAL RESTRAINT ON THE STATE 
OF STRESS AND STRAIN IN THE THIN-WALLED Z-SECTION BEAM  

Summary 

The behaviour of thin-walled Z-section beam subjected to gravity load for different 
variants of lateral restraints is analyzed. For the basic variant of the laterally restrained beam 
the one defined in Eurocode 3 (EN 1993-1-3:2006) is taken. The Z-section beam which is 
laterally restrained along the flange by trapezoidal steel sheeting is observed, shown as a Z-
section beam laterally restrained with linear stiff connection and rotary elastic connection. 
Variant of laterally restrained Z-section beam with a linear stiff connection, a variant of 
laterally restrained Z-section beam with rotary elastic connection and beam without lateral 
restraints are analyzed. Based on the research, analysis and comparison of the results for 
individual variants of thin-walled Z-section beams, with and without lateral restraints, is 
conducted.  

Key words: thin-walled Z-section beam; lateral restraint; linear stiff connection; rotary 
elastic connection; rotational stiffness 

1. Introduction 
Several researchers have investigated the behaviour of the roof purlins and thin walled beams 
with partial restraints provided by their supported cladding or sheeting [1-4]. The basic 
technical theory of thin-walled member with open cross-section was developed by Vlasov [5]. 
He applied the term “sectorial coordinate” for the first time and presented the subject of 
mixed torsion in a most outstanding manner. The torsion, buckling and bending analysis of 
thin-walled beams has been elaborated in a great number of studies [6-9]. The attention has 
been paid also to the laterally restrained thin-walled open cross-section beams [10, 11]. The 
resistance of beams to lateral instability can be improved through the provision of effective 
lateral bracing. Lots of studies of lateral restraint requirements have been carried out [12, 13]. 
Pavazza and Jović gave comparison of analytical and numerical results for the thin-walled 
beams subjected to bending [14, 15]. 

The behaviour of thin-walled Z-section beam subjected to gravity load for different 
variants of lateral restraints is analyzed. The Z-section beam which is laterally restrained 
along the flange by trapezoidal steel sheeting is taken for the basic variant of laterally 
restrained beam. This basic variant is defined in Eurocode 3 (EN 1993-1-3:2006) [16]. 
According to this variant, the model “A” of a thin-walled Z-section beam is laterally 
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restrained by a linear stiff connection and a rotary elastic connection which replace the lateral 
restraint of the beam by trapezoidally profiled sheeting. This partial torsional restraint may be 
represented by a rotational spring of a specified rotational stiffness CD, [17] which comprises 
the rotational stiffness of the connection between the sheeting and the beam, and the rotational 
stiffness corresponding to the flexural stiffness of the trapezoidal sheeting. Next is the variant 
of the laterally restrained Z-section beam with linear stiff connection observed (model „B“), 
variant of the laterally restrained thin-walled Z-section beam with rotary elastic connection 
with stiffness CD (model „C“), and finally the Z-section beam without lateral restraint (model 
„D“) [18-20].  

 
Fig. 1  Beam on two bearings loaded with gravity load qv  

Thereby the freely laid beam on two bearings with span l is considered, Figure 1. 
Supports of thin walled beam do not allow the rotation and lateral displacement. 

2. Thin-walled Z-section beam laterally restrained by linear stiff connection and rotary 
elastic connection (Model “A“)  

A thin-walled Z-section beam laterally restrained in the point H by a linear stiff 
connection and rotary elastic connection with rotational stiffness CD which replace the lateral 
restraint of the beam by trapezoidally profiled sheeting T 53/162.5/1 is shown in Figure 2.  

 
Fig. 2  Thin-walled Z-section beam laterally restrained by linear stiff connection and rotary elastic connection 

(Model “A“)  

The total rotational stiffness of rotational spring CD, Fig. 3, is defined according to EN 
1993-1-3:2006, section 10.1.5.2. [16]: 
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The rotational stiffness CD,A [16] which comprises rotational stiffness of the steel 
sheeting and beam connection is determined experimentally. The rotational stiffness CD,C [16] 
which corresponds to the bending stiffness of trapezoidal steel sheeting can be determined 
according to the following: 

s
IE

kC eff
CD


,  (2) 

where: 
Ieff - effective moment of inertia of the cross section for the unit width of sheet, 
s - space between thin-walled beams (span of the sheet), 
k=2 - for sheets over one field, 
k=4 - for sheets continuing over two or more fields. 

 
Fig. 3  Model of rotational spring  

Axes y, z are the main inertia axes of the cross-section, while the axis x is a longitudinal 
axis of the beam. Point A is the shear centre and it coincides with the centre of gravity of the 
cross section. Displacement components of the shear centre A in the direction of the main 
axes of inertia y and z are marked  (x) and η (x), while φ (x) is a rotation angle of the cross-
section around the axis of the shear centre, Figure 2. 

Displacement of the point H in the direction of a linear stiff connection: 

0
2

sincos   h
H  (3) 

from which we obtain: 




 



cos2
htg . (4) 

An axial reactive load Hq  occurs in linear stiff connection. Projections of this load in 
the direction of the main inertia axes y, z are: 

cos Hy qq  (5a) 

sin Hz qq . (5b) 

The total load per unit length of the beam in the direction of the main inertia axes: 

 cossin  Hvy qqq  (6a) 

 sincos  Hvz qqq . (6b) 
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The reactive torsional moment is: 

HD qhCm 
2

 . (7) 

In this case, the differential equations of equilibrium for the beam assume the following form: 

 sincos  Hv
IV

y qqIE  (8) 

 cossin  Hv
IV

z qqIE  (9) 

0
2

 HDt
IV qhCIGIE  . (10) 

By applying expressions (4) and (9), Eq. (8) and Eq. (10) can be presented in the following 
form: 
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After solving Eq. (12) referring to the torsion problem and determining the function φ 
(x), Eq. (11) can be solved, which describes the in-plane bending x-z and thus the function η 
(x) shall be determined. When the functions φ (x) and η (x) are defined, the function  (x) that 
refers to the main in-plane bending x-y can be determined from the expression (4). 

In Eq. (11) and Eq. (12), Iy and Iz are the main axial moments of inertia, and It is the 
torsional moment of inertia (Saint-Venant torsional constant) of the cross section determined 
by expression: 

 
s

t dstI 3

3
1

. (13) 

Iω is the main sectorial moment of inertia of the cross section and is defined as [5, 16, 
18]: 

 
A

dAI 2  (14) 

where ω represents the main sectorial coordinate (warping function). 
The total moment of torsion Mt in the cross-section of a beam is equal to the sum of 

moments of pure torsion (the Saint Venant torsion moment) Mts and the warping torsion 
moment Mω of warping torsion [20]: 

MMM tst  . (15) 
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The Saint Venant torsion moment is defined by expression [22]: 

 tts IGM . (16) 

Saint Venant torsion shear stresses τs are distributed along the beam wall thickness 
according to the linear principle and are defined by expression [20, 22, 23]: 

n
I

M
t

ts
s  2  (17) 

where n is the distance of the observed cross-sectional point from the central plane in the 
direction of the normal n . The warping torsion moment [20, 22, 23]: 

  IEM . (18) 

At warping torsion, shear stresses due to warping τω are uniformly distributed along the 
beam wall thickness and are defined by expression [20, 22, 23]: 

tI
SM







 . (19) 

S  is the sectorial static moment of the cut-off part of cross-section defined by the 
expression [18, 20, 21]: 

 
A

dAS  . (20) 

Bimoment is defined by the expression [23]: 

  IEB . (21) 

At warping torsion, direct stresses due to warping are defined by expression: 





 

I
B  (22) 

and according to the supposition they are uniformly distributed along the beam wall thickness.  
The total normal bending stress in the main planes x-y and x-z and the warping torsion are 
obtained by superposition: 
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The components of shear stress τ0 from the transverse force and warping torsion are 
uniformly distributed along the beam wall thickness and are defined by superposition: 
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z

zy
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 ,0  (24) 

where yS and zS  are static moments of the cut-off part of the cross section with respect to the 
main central axes of inertia y, z. 

For the thin-walled beam Z 200/60/15/2, Figure 2, follows: α=14.750; Iy=446.36 cm4; 
Iz=22.98 cm4; Iω=3629.57 cm6; It=9.33·10-2 cm4; E=2.33·105 MPa; ν=0.31. For the thin-
walled beam subjected to the gravity load, rotational stiffness of rotational spring CD is 
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obtained according to Eurocode 3, EN 1993-1-3:2006, section 10.1.5.1. [16]. Models were 
made and used to determine the rotational stiffness CD,A provided by trapezoidal sheet 
T53/162, 5/1 which was connected with wider flange over dents with the thin-walled Z-
section 200/60/15/2 beam, Figure 4. 

 
Fig. 4  Experimental determination of rotational stiffness CD,A  

Corresponding rotational stiffness of steel sheeting and beam connection for gravity 
load is CD,A=2.64 kN/m. Rotational stiffness CD,C, which corresponds to bending stiffness of 
steel sheeting (flexural stiffness) for sheet over one field with a span (distance between thin-
walled beams) s=2 m, is CD,C=122.71 kN/m. Total rotational stiffness of rotational spring 
obtained in the experiment is CD=2.58 kN/m, according to Eurocode 3. 

In structural analysis, it is often necessary to determine the geometrical properties of 
thin-walled beam with open cross-section [24, 25]. For the Z-section 200/60/15/2, the 
diagram of the main sectorial coordinate ω is shown in Figure 5(a). The diagram of sectorial 
static moment of the cut-off part of section S  is shown in Figure 5(b). 

  
a) b) 

Fig. 5  Diagram of geometrical characteristics of Z-profile: a) diagram of the main sectorial coordinate, b) 
diagram of the sectorial static moment of the cut-off part of section  

For a given value, the differential equation of torsion (12) is reduced to the form: 

v
IV q 51075708.182178.105859.0   (25) 

The ends of the beam are freely supported and the rotation around the longitudinal axis 
is not possible. The boundary conditions are as follows: 
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when  0x :    00   ;   00  , when lx  :    0l  ;    0 l . (26) 

For the given boundary conditions (26), the general solution of Eq. (25) is: 
  

 vqkxchpxkxsh
pxkxchpxkxshpxx




61064485.9cos64485.9

cos74921.10sin98452.1sin20937.0
 (27) 

where 

10.83037
m

k     
 ; 10.81254

m
p     

. (28) 

The ends of the beam are freely supported. The boundary conditions for the function 
η(x) in Eq. (11) are: 

when 0x :    00   ;   00  , when lx  :    0l  ;    0 l . (29) 

For the given boundary conditions (26) and (29), the general solution of Eq. (11) is:  
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      (30) 

Function (x) is determined by the expression (4) and the Eq. (27) and Eq. (30). Total 
deflection in the middle of the girder span (total shear centre displacement, apropos centre of 
gravity of cross- section displacement) for load qv=2.5 kN/m: 

2 2 3.84 mm
2 2 2u
l l lf              

     
. (31) 

For load qv=2.5 kN/m, the diagram of total normal cross-section stresses in the centre 
span of the beam (x=l/2) is shown in Figure 6(a), and the diagram of the full shear stress in the 
cross section next to the beam support (x=0) is shown in Figure 6(b).  

 

a) b) 

Fig. 6  Diagrams of stresses: a) normal cross-section stresses in the centre span of the beam (x=l/2), b)  
full shear stress in the cross-section next to the beam support (x=0) 
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3. Thin-walled Z-section beam laterally restrained by linear stiff connection  
(Model “B“)  

 
Fig. 7  Thin-walled Z-section beam laterally restrained by linear stiff connection (Model “B“)  

Beam is restrained with linear stiff connection in the point H, Fig. 7. Displacement of 
the point H in the direction of linear stiff connection is shown by expression (3), and 
component of the shear centre displacement  is given by the expression (4). Displacement of 
the point H in the direction perpendicular to the linear stiff connection is determined as 
follows: 

 cossin v . (32) 

An axial reactive load Hq  occurs in linear stiff connection. The load’s projections in the 
direction of the main inertia axes y and z are: 

cos Hy qq  (33a) 

sin Hz qq . (33b) 

The total load per length unit of the beam in the direction of the main inertia axes is shown 
with Eq. (6a) and Eq. (6b). The reactive torsional moment is: 

Hqhm 
2

. (34) 

The differential equations of equilibrium for the beam assume the following form: 

 sincos  Hv
IV

y qqIE  (35) 

 cossin  Hv
IV

z qqIE  (36) 

0
2

 Ht
IV qhIGIE  . (37) 

Once we put the expression (4) in Eq. (36) we get: 




 cossin
cos2




 Hv
IV

z
IV

z qqhIEtgIE  (38) 
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From the Eq. (38) follows: 






 tgqhIEIEq v
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z

IV
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 22 cos2cos

sin  (39) 

When we put Eq. (39) into Eq. (35) and Eq. (37) we get: 
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Eq. (40) can be written as follows: 

  0
coscos2

sin
222 




















tgIIE
qh

tgII
I

zy

vIV

zy

zIV  (42) 

If we put the expression for ηIV given from the Eq. (42) into Eq. (41), we get: 
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After solving Eq. (43) referring to the torsion problem and determining the function φ 
(x), Eq. (40) and Eq. (42) can be solved. For certain functions φ (x) and η (x), the reactive 
load Hq  in the linear connection can be determined by the Eq. (39), and the component of the 
shear centre displacement , that refers to the main in-plane bending x-y can be determined by 
the expression (36). Thereby the expression (4) is used to verify correctness of the obtained 
results of functions φ(x), η(x) and  (x).  

For the given values, differential torsion Eq. (43) is reduced to the following form: 

v
IV q 51075708.105859.0   (44) 

The ends of the beam are freely supported and the rotation around the longitudinal axis 
is not possible. Boundary conditions are given by Eq. (26). For the given boundary conditions 
(26), a general solution of the Eq. (44) is: 

  
2

24269.024269.02

01492.0
33474.017174.004102.050648.010

x
eexqx xx

v



 
 (45) 

The ends of the beam are freely supported. Boundary conditions for the function η(x) in the 
Eq. (42) are determined by the Eq. (29). For the given boundary conditions (26) and (29), a 
general solution of the Eq. (42) is: 

  
 v

xx

qxxx
xeex







552535

4824269.0424269.04

1070740.01002855.01002083.01002270.0
101281.41004675.01002398.0

 (46) 
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Function (x) is determined by the expression (4), Eq. (45) and Eq. (46). Total 
deflection in the middle of the girder span (total shear centre displacement, apropos centre of 
gravity of cross-section displacement) for load qv=2.5 kN/m: 

2 2 3.84 mm
2 2 2u
l l lf              

     
.  

For load qv=2.5 kN/m, the diagram of total normal cross-section stresses in the centre 
span of the beam (x=l/2) is shown in Figure 8(a), and the diagram of the full shear stress in the 
cross section next to the beam support (x=0) is shown in Figure 8(b).  

 

a) b) 

Fig. 8  Diagrams of stresses: a) normal cross-section stresses in the centre span of the beam (x=l/2), b)  
full shear stress in the cross-section next to the beam support (x=0) 

4. Thin-walled Z-section beam laterally restrained by rotary elastic connection  
(Model “C“)  

 
Fig. 9  Thin-walled Z-section beam laterally restrained by rotary elastic connection (Model “C“)  

The beam is restrained by rotary elastic connection in the point H, Figure 9. The 
differential equations of equilibrium for the beam assume the following form: 

0cos   v
IV

y qIE  (47) 

0sin   v
IV

z qIE  (48) 

0  Dt
IV CIGIE . (49) 
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Boundary conditions for the function η(x) are given by the Eq. (29). For the given 
boundary conditions (29), a general solution of the Eq. (47) is: 

  



















121224

cos 334 xlxlx
IE

qx
y

v  . (50) 

The bending moment around the y axis: 

2

2

dx
dIEM yy


 . (51) 

Boundary conditions for the function (x) are: 

when 0x :    00   ;   00  , when lx  :    0l  ;    0 l . (52) 

For the given boundary conditions, a general solution of the Eq. (48) is: 

  



















121224
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v   (53) 

The bending moment around the z axis: 

2

2

dx
dIEM zz


  (54) 

The ends of the beam are leaning freely, and the rotation around the longitudinal axis is 
not possible. Boundary conditions for the function φ(x) are given by the Eq. (26). For the 
given boundary conditions (26), a general solution of the Eq. (49) is:  

  00  . (55) 

As follows, there is no rotation of the cross section around the x axis, because the total 
external load goes through the shear centre of the beams cross section. Rotary elastic 
connection isn't activated, and the beam acts as a beam without lateral restraints. The state of 
stress and strain fully corresponds to the state of stress and strain of beams without lateral 
restraints as model "D". 

5. Thin-walled Z-section beam without lateral restrains (Model “D“)  

 
Fig. 10  Thin-walled Z-section beam without lateral restrains (Model “D”)  
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Since the load acts in the shear centre "A", the beam is exposed only to oblique bending, 
without torsion, Figure 10, [26, 27]. The differential equations of equilibrium for the beam 
assume the following form: 

0cos   v
IV

y qIE  (56) 

0sin   v
IV

z qIE  (57) 

Normal stresses in cross section: 
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cos 22  . (58) 

The diagram of total normal cross-section stresses σx in the centre span of the beam 
(x=l/2) is shown in Figure 11(a).  

 

 

a) b) 

Fig. 11  Diagrams of stresses: a) normal cross-section stresses in the centre span of the beam (x=l/2), b) full 
shear stress in the cross-section next to the beam support (x=0) 

Shear stresses τ0 from the transverse force are uniformly distributed along the beam wall 
thickness and are defined by expression: 
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,0 . (59) 

The diagram of the full shear stress in the cross section next to the beam support (x=0) 
is shown in Fig. 11(b). 

Total deflection in the middle of span (x=l/2) is: 
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6. Conclusion 

A review of the extreme values of total normal cross-section stresses in the centre span 
of the beam (x=l/2), full shear stresses in the cross section next to the beam support (x=0), and 
deflections in the centre span of the beam are shown in Table 1. 
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Table 1  Comparison of the research results 

MODEL 
f(l/2) xmax xmax 
mm MPa MPa 

 
"A" 

3.84 99.35 13.73 

 
"B" 

4.11 165.58 17.05 

 
"C" 

9.02 116.27 11.56 

 
"D" 

9.02 116.27 11.56 

From the comparison of the results of the research, it can be concluded that deflections 
and normal stresses are the lowest in the model "A". Shear stresses are the lowest in the 
models "C" and "D", because there isn't any impact of the warping torsion. Normal stresses 
and shear stresses are the highest in the model "B" due to the high impact of the warping 
torsion, which is considerably higher than in the model "A". In the model "B" normal stresses 
from warping torsion in the most stressed point 3 of the cross-section in the centre span of the 
beam are σω=-53.61 MPa and are about one-third of total maximum stress σx=-165.58 MPa in 
the point 3 of the cross section. From the analysis of the research follows that, depending on 
the variant of the lateral restraints of thin-walled beams, lateral restraint may reduce stress and 
strain, but it may also increase stress in thin-walled beam. 
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