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SOME SYMMETRIC (47,23,11) DESIGNS

DEAN CRNKOVIC AND SANJA RUKAVINA
Faculty of Philosophy, Rijeka, Croatia

ABSTRACT. Up to isomorphism there are precisely fifty-four symmet-
ric designs with parameters (47,23,11) admitting a faithful action of a
Frobenius group of order 55. From these fifty-four designs one can con-
struct 179 pairwise nonisomorphic 2-(23,11,10) designs as derived and 191
pairwise nonisomorphic 2-(24,12,11) designs as residual designs. We have
determined full automorphism groups of all constructed designs. One of 2-
(24,12,11) designs has full automorphism group of order 15840, isomorphic
to the group Mj1 X Za2, acting transitively on the set of points.

1. INTRODUCTION AND PRELIMINARIES

A 2-(v, k, \) design is a finite incidence structure (P, B, I), where P and
B are disjoint sets and I C P x B, with the following properties:

1. |P|=w,

2. every element of B is incident with exactly k elements of P,

3. every pair of distinct elements of P is incident with exactly A elements

of B.
The elements of the set P are called points and the elements of the set B are
called blocks.

Given two designs Dy = (P1,B1,11) and Dy = (Pa, B2, I2), an isomor-
phism from D; onto D5 is a bijection which maps points onto points and
blocks onto blocks preserving the incidence relation. An isomorphism from
a design D onto itself is called an automorphism of D. The set of all auto-
morphisms of the design D forms a group; it is called the full automorphism
group of D and denoted by AutD. A symmetric (v, k, \) design is a 2-(v, k, \)
design with [P| = |B|.
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Let D = (P,B,I) be a symmetric (v,k,\) design and G < AutD. The
group action of G produces the same number of point and block orbits (see [8,
Theorem 3.3]). We denote that number by ¢, the point orbits by Py, ..., Py,
the block orbits by Bi,...,B:, and put |P,| = w, and |B;| = ;. We shall
denote the points of the orbit P, by ro, ..., 7. 1, (i.e. Pr={ro,...,Tw.—1})-
Further, we denote by ;- the number of points of P, which are incident with a
representative of the block orbit ;. For those numbers the following equalities
hold (see [3]):

t
(1.1) > v =k,
r=1
t

Q.
(12) Z w_J'Yirﬂer = )\QJ + 5ij . (k — /\) .

r=1 "

DEFINITION 1.1. A (¢ X t)-matriz (V) with entries satisfying conditions
(1.1) and (1.2) is called an orbit structure for the parameters (v,k,\) and
orbit lengths distributions (w1, ..., we), (Q1,..., Q).

The algorithm used for constructing symmetric (v, k, A) designs (P, 5, 1)
admitting presumed automorphism group G is described in details in [3].
More about the elimination of isomorphic structures using elements of the
normalizer of the group G one can find in [2]. Here we give a short explanation
of the algorithm.

The first step - when constructing designs for given parameters and orbit
lengths distributions - is to find all compatible orbit structures (;,). Mutually
isomorphic orbit structures would lead to mutually isomorphic symmetric de-
signs. Therefore, during the construction of orbit structures we use elements
of the normalizer of the group G in the group S = S(P) x S(B) for elimi-
nation of isomorphic orbit structures, taking from each Ng(G)-orbit of orbit
structures the representative which is first in the reverse lexicographical order.

The next step, called indexing, consists in determining exactly which
points from the point orbit P, are incident with a fixed representative of the
block orbit B; for each number ~;.. In this step we also use the elements
of the group Ng(G) for elimination of mutually isomorphic structures, ap-
plying permutations from Ng(G) which induce automorphisms of the orbit
structure (7). At the end of this step, all symmetric designs with given
parameters admitting an automorphism group G acting with presumed orbit
lengths distributions will be constructed.

Symmetric designs described in this article are obtained by using the com-
puter programs written in programming language C which we have developed
following the above algorithm.

The authors will send the details on the algorithm and programs to the
interested readers.
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DEFINITION 1.2. The set of those indices of points of the orbit P, which
are incident with a fived representative of the block orbit B, is called the index
set for the position (i,7) of the orbit structure and the given representative.

A Hadamard matrix of order m is an (m x m)-matrix H = (h;; ),
hi; € {—1,1}, satisfying HHT = HTH = mlI, where I is the unit ma-
trix. From each Hadamard matrix of order m one can obtain a symmet-
ric (m — 1,4m — 1,7m — 1) design (see [8]). Also, from any symmetric
(m—1,4m—1,1m—1) design we can recover a Hadamard matrix. Symmetric
designs with parameters (m—1, %m -1, %m —1) are called Hadamard designs.

It is known that Hadamard matrices of order 48 could be obtained from
Hadamard matrices of order 12 or 24, using Kronecker product. As far as
we know, symmetric (47,23,11) designs constructed from such Hadamard
matrices of order 48 are not investigated and classified. According to [9] only
one symmetric (47,23,11) design has been constructed so far, and that had
been obtained via cyclic difference set (see [5]). Applying the [7, Teorem 4.1]

|

one gets that there are at least designs, but this article doesn’t

] ) ) 47 %232 x 112 )
give us an information about structure of designs and automorphism groups.

The aim of this article is to construct all symmetric (47,23,11) designs
having Frobenius group of order 55 as an automorphism group and to deter-
mine full automorphism groups of these designs and their derived and residual
designs. It turns out that Mathieu group M7 acts as an automorphism group
on one of obtained residual designs.

For further basic definitions and construction procedures we refer the
reader to [4] and [13].

2. A FROBENIUS GROUP OF ORDER 55 ACTING ON A SYMMETRIC
(47,23,11) DESIGN

Let D be a symmetric (47,23,11) design and G a Frobenius group of order
55, further denoted by Frobss. Since there is only one isomorphism class of
nonabelian groups of order 55 we may write

G=(po|p'=10"=1p" =p%.

LEMMA 2.1. Let D be a symmetric (47,23,11) design and let (p) be a
subgroup of AutD. If |(p)| = 11, then (p) fizes precisely three points and three
blocks of D.

PROOF. By [8, Theorem 3.1], the group (p) fixes the same number of
points and blocks. Denote that number by f. Obviously, f = 47 (mod 11),
ie., f =3 (mod 11). Using the formula f < k+ vk — X of [8, Corollary 3.7],
we get f € {3,14,25}. For f = 14 or f = 25 one cannot solve the equations
(1.1) and (1.2) for block orbits of the length 11.
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For f = 3, solving equations (1.1) and (1.2) by the method described in [3],
one can get up to isomorphism and duality exactly two orbit structures:

Osi|1 1 1 11 11 11 11 Oos2(1 1 1 11 11 11 11
1 1 0 0 11 11 0 O 1 1 0 0 11 11 0 O
1 10 1 0 11 0 11 O 1 (01 0 11 0 11 O
1 /0 01 11 0 0 11 1 {0 01 11 0 o0 11
1 |1 11 5 5 5 5 1 |1 1 0 5 5 5 6
1 |1 0 0 5 5 6 6 1 |1 01 5 5 6 5
1 |0 1. 0 5 6 5 6 1 |0 1.1 5 6 5 5
1 |0 01 5 6 6 5 1 |0 0 0 5 6 6 6
Orbit structure OS] is self-dual, and OS2 is not self-dual. O

Let G be an automorphism group of a symmetric design D, acting with
orbit lengths distributions (w1, ...,w:), (Q1,...,Q¢). Automorphism group
G is said to be semistandard if, after possibly renumbering orbits, we have
ws :Qi, for ¢ = 17...,t.

LEMMA 2.2. Let G = {p,0) be the Frobenius group of order 55 defined
above, D a symmetric (47,23,11) design, and G < AutD. Then G acts semi-
standardly on D with orbit lengths distribution (1,1,1,11,11,11,11).

PROOF. The Frobenius kernel (p) of order 11 acts on D with orbit lengths
distribution (1,1,1,11,11,11,11). Since (p)<G, the element o of order 5 maps
(p)-orbits onto (p)-orbits. Therefore, the only possibility for orbit lengths
distribution is (1,1,1,11,11,11,11).

The stabilizer of each block from a block orbit of length 11 is conjugate
to (o). Therefore, the entries in the orbit structures corresponding to point
and block orbits of length 11 must satisfy the condition 7;- = 0,1 (mod 5).
Both orbit structure OS1 and OS2 satisfy this condition. O

3. CONSTRUCTION OF THE SYMMETRIC DESIGNS

THEOREM 3.1. Up to isomorphism there are precisely fifty-four symmetric
designs with parameters (47,23,11) admitting a faithful action of a Frobenius
group of order 55. Six of these designs have Frobss as a full automorphism
group, thirty-nine designs have Frobss X Zs and siz designs have Frobss X S3
as a full automorphism group. Full automorphism groups of three designs are
isomorphic to the group Lo(11) X S3 of order 3960.

Proor. We denote the points by 19, 29, 30, 4, 5:,6;,7;, « = 0,1,...,10
and put G = (p, o), where the generators for G are permutations defined as
follows:

10)(20)(30) (Lo, - - -, T10), I =14,5,6,7,
10)(20)(30)(Ko) (K1, K3, Ko, K5, K4) (K32, Ko, K7, K10, Ks),
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Indexing the fixed part of an orbit structure is a trivial task. Therefore, we
shall consider only the right-lower part of the orbit structures of order 4.
To eliminate isomorphic structures during the indexing process we have used
the permutation which - on each (p)-orbit of length 11 of points - acts as
x +— 2z (mod 11), and - in addition - automorphisms of our orbit structures
0OS1 and OS52.

As representatives for the block orbits of length 11 we chose blocks fixed
by (o). Therefore, the index sets - numbered from 0 to 3 - which could occur
in the designs constructed from OS1 and OS2 are among the following:

0=1{1,3,4,5,9},1={2,6,7,8,10}, 2 = {0,1,3,4,5,9}, 3 = {0,2,6,7,8, 10}.

The indexing process of the orbit structure OS1 led to the eighteen de-
signs, denoted by Di,...,D1g. Using a computer program by V. Krcadinac
(see [6] and [10]) we get that these designs are pairwise nonisomorphic. Pairs of
mutually dual designs are (DQ, Dg), (D4, Dlg), (D5, D14), (DG, Dll)u (D7, D17),
(Ds, D1g) and (D1o, D13). The designs Dy, D3, D15 and Dig are self-dual. Full
automorphism groups of designs D1g and D13 are isomorphic to Frobss, full
automorphism groups of DQ, Dg, D4, D5, DG; D7, Dg, Dll; D12, D14, D15, D16
and Dj7 are isomorphic to Frobss x Zs, AutDg and AutDig are isomorphic
to Frobss x Ss, and AutD; is isomorphic to the group Lo(11) X S5 of order
3960.

Orbit structure OS2 led to the eighteen designs, denoted by Dyg, ..., Dss.
Full automorphism groups of designs Dyy and D3 are isomorphic to Frobss,
full automorphism groups of Dlg, Dgl, D24, D25, Dgﬁ, D277 Dgg, Dgg, Dgl,
Dgg, Dgg, D34 and D35 are iSOHlOI‘phiC to F’I‘Ob55 X ZQ, A’U,thg and AutD36 are
isomorphic to Frobss x Ss, and AutDas is isomorphic to the group La(11) % Ss.

Orbit structure OS2 is not self-dual. Therefore, dual structure of OS2
must produce also eighteen designs, which are dual to designs obtained from
0S2. Those designs are denoted by Dsz,. .., Dsy.

We present symmetric designs D; and Dag by (4 x 4)-matrices of index
sets as follows:

Dy Doy
0 0 0 O 0 0 0 3
0 0 3 3 0 0 3 0
0 3 0 3 0 3 00
0 3 3 0 0 3 3 3

From these matrices it is easy to obtain incidence matrices of designs.

A computer program by Vladimir D. Tonchev [12] computes the orders as
well as the generators of the full automorphism groups of these designs. The
structures of these automorphism groups are determined by using GAP [11].
O
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REMARK 3.2. Application of the computer program by Tonchev [12]
yields the following assertion about the 2-ranks:

1. Designs with 2-rank equals 13 are Dy, D2, D5, Dg, Dy, D14 and Dsg.

2. Designs with 2-rank equals 14 are D19, Das, Das, Dag, Dar, Dss, Dsg,
D37, Dag, Da1, Daa, Das, D51 and Dsy.

3. Designs with 2-rank equals 23 are Dg, D4, Dg, D7, DlO; Dll; Dlg, Dlg,
D15, D1, Dir.

4. Designs with 2-rank equals 24 are Dsg, D21, Doy, Das, Dag, Dag, D3,
D31, D32, D34, D35, D3g, D39, Daz, Das, Das, Dar, Das, Dag, Dso, Ds2
and D53.

4. 2-(23,11,10) AND 2-(24,12,11) DESIGNS

Excluding the block x and all points that do not belong to that block
from a symmetric (47,23,11) design D, one can obtain its derived design D,;,
i.e. 2-(23,11,10) design. Also, excluding the block 2 and all points belonging
to that block from the design D, one can obtain its residual design D¥, i.e.
2-(24,12,11) design (see [8]).

Our aim is to investigate full automorphism groups of all pairwise noniso-
morphic derived and residual designs that can be obtained from symmetric de-
signs D1, ..., Ds4. Because of the following corollary, it is enough to consider
derived and residual designs with respect to the block orbits representatives
of full automorphism groups of constructed (47,23,11) designs.

COROLLARY 4.1. Let D = (P,B,1) be a symmetric design, x,x’ € B and
G < AutD. If 2’ € zG, then D, = D, and D* = D=’

PrOOF. [1, Corollary 1]. O

We obtained 179 such pairwise nonisomorphic derived designs. Further
investigation of constructed 2-(23,11,10) designs led us to the results in Ta-
ble 1.

Among constructed 2-(23,11,10) designs there are three quasi-symmetric
designs: one with full automorphism group of order 660 isomorphic to the
group Lo(11) and two with full automorphism group of order 55 isomorphic
to the group Fss.

Investigating all residual designs with respect to the block orbits repre-
sentatives, we have constructed all pairwise nonisomorphic 2-(24,12,11) de-
signs that can be obtained from constructed symmetric (47,23,11) designs
Di1,...,Ds4. We obtained 191 such pairwise nonisomorphic designs. Fur-
ther investigation of constructed 2-(24,12,11) designs led us to the results in
Table 2.

Among constructed 2-(24,12,11) designs there are three quasi-symmetric
designs: one with full automorphism group of order 15840 isomorphic to the
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group M1 X Zs and two with full automorphism group of order 110 isomorphic
to the group Fs5 X Zs.

Order of the full The full automorphism group Numberof

automorphism group is1somorphictothe group designs

1320 Ly(11) x Zy 1
720 A5 : D12 2
660 Ly(11) 1
360 A5 X Sg 1
240 As : Ey 2
120 A5 X ZQ 1
110 F55 X Z2 7
60 S3 X D10 1
55 Fs5 13
40 Z2 X (Z5 : Z4) 2
30 S3 X Z5 4
20 Dy 1
10 Z10 80
5 Zs 63

TABLE 1. The derived designs 2-(23,11,10).

Order of the full The full automorphism group Numberof

automorphism group is1somorphictothe group designs
15840 M11 X ZQ 1
1320 L2(11) x Zy 1
360 A5 X Sg 3
120 A5 X Z2 3
110 F55 X Z2 8
60 S3 X D10 2
55 Fy5 22
30 Sg X Z5 4
20 Dy 4
10 Z10 80
5 Zs 63

TABLE 2. Residual designs 2-(24,12,11).
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5. 2-(24,12,11) DESIGN HAVING M;i; AS AN AUTOMORPHISM GROUP

As an example of constructed 2-(24,12,11) designs we present, according
to our judgment, the most interesting design: a quasi-symmetric design D
having full automorphism group G isomorphic to the group M1 X Zs. It can
be constructed from presented design D; as residual design with respect to
any of three blocks fixed by F'robss. We also present generators of G.

Blocks of a quasi-symmetric design D are:

023456789101112
113141516 17 18 19 20 21 22 23
013567111416 171822
014678121517 1819 23
01257891316 181920
013689101417192021
0147910111518 20 21 22
015810111216 19 21 2223
0126911121317 20 22 23
0123710121314 18 21 23
0123481113141519 22
013459121415 16 2023
0124561013151617 21

378911121418 19 20 22 23
0356711131519 2021 23
04678121314 16 20 21 22
025789141517 212223
0368910131516 182223
047910111314 16 1719 23
05810111213 14151718 20
02691112141516 1819 21
023710121516 1719 20 22
02348111617 1820 21 23
03459121317 1819 21 22
024561014 18 19 20 22 23
1248910121416 17 18 22

2489101213 15192021 23
235910111314 16 20 21 22
34610111214 151721 22 23
245711121315 16 18 22 23
2356812131416 1719 23
2346791314151718 20
3457810141516 1819 21
45689111516 1719 20 22
5679101216 17 18 20 21 23
267810111317 1819 21 22

Generators of G are:

12359101115171819 23
13461011121316 1819 20
12457111214 171920 21
1235681215 182021 22
12346791619 212223
1345781013 1720 2223
145689111314 1821 23
15679101213 141519 22
12678101114 1516 20 23
137891112131516 17 21

91=(4,7)(6,9)(8,10)(11,12)(15,18)(17,20)(19,21)(22,23)

92=(3,4)(5,12)(6,7)(8,11)(14,15)(16,23)(17,18)(19,22)

g =(2,3)(6,9)(8,11)(10,12)(13,14)(17,20)(19,22)(21,23)
4=(0,1)(2,13)(3,14)(4,15)(5,16)(6,17)(7,18)(8,19)(9,20)(10,21)(11,22)(12,23)
5=(0,2)(1,13)(5,6)(7,12)(8,11)(16,17)(18,23)(19,22)

The group G acts transitively on the set of points of the design D. Ex-
cluding generator g4 one can obtain generators of the group G’ = My;. The
group G’, isomorphic to the Mathieu group M1, acts on the set of points of
D in two orbits of the length 12.
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