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MOVABLE CATEGORIES

P. S. GEVORGYAN

Moscow State University, Russia

ABSTRACT. The notion of movability for metrizable compacta was in-
troduced by K.Borsuk [1]. In this paper we define the notion of a movable
category and prove that the movability of a topological space X coincides
with the movability of a suitable category, which is generated by the topo-
logical space X (i.e., the category WX, defined by S.Mardesié [9]).

1. INTRODUCTION

The notion of movability was introduced, for metrizable compacta, by
K. Borsuk [1]. For the more general cases this notion was extended by S.
Mardesi¢ and J. Segal [10], J. Segal [12], P. Shostak [13]. In the equivariant
theory of shape this notion was studied in the works of the author of present
article [4, 5, 6, 7, 8] and of Z. Cerin [3].

It is necessary to note that in the works mentioned above the movabil-
ity of topological spaces was defined by means of neighborhoods of the given
space (embedded as closed set in a certain AR-space) or by means of inverse
systems, depending on the approach to shape theory used. However, the cate-
gorical approach to shape theory of S. Mardesié [9] lacks a suitable categorical
definition of movability.

In this article we define the notion of movable category and prove that the
movability of a topological space is equivalent to the movability of a certain
category.

The author is extremely grateful to the referee for his helpful remarks and
comments.
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2. BASIC NOTIONS AND CONVENTIONS CONCERNING SHAPE AND
MOVABILITY

Let H7 OP denote the homotopy category of topological spaces and ho-
motopy classes of maps and HCW the full subcategory of H7 OP whose ob-
jects are all topological spaces having the homotopy type of a CW-complex.

DEFINITION 2.1 (K. Morita [11]). An inverse system {Xa,Ppaa, A} in
HCW is called associated with or an expansion of a topological space X if
there are homotopy classes po : X — Xy for a € A such that the following
conditions are satisfied.

(1) paa'Par = Pa, if @ < .

(2) For any homotopy class f : X — Q with Q € Ob(HCW ), there exists
a € A and a homotopy class fo : Xo — @ such that f = fapa.

(3) For a € A and for homotopy classes fo,ga : Xo — Q with Q €
Ob(HCW ) such that foPa = gaPa, there exist &' € A with o < o such
that faPaa’ = GaPaa!-

For any topological space X there exist an inverse system in HCW asso-
ciated with X [11], and so there is a shape theory for all topological spaces
because the abstract theory of shape yields that there is a shape theory for
HT OP iff every topological space has an expansion, i.e., iff HCW is a so-called
”dense” subcategory of HT OP.

On the categorical approach to shape theory of S. Mardesié¢ [9] for each
topological space X it is introduced a new comma category W, whose objects
are homotopy classes f : X — @ and whose morphisms are the following com-
mutative triangles where @, Q" € Ob(HCW). Then a shape map f: X — Y

X
7N
7 Q

Ql

is defined as a covariant functor f : WY — WX which keeps morphisms p
fixed.

DEFINITION 2.2 ([10]). An inverse system {Xa, Paa’, A} in HCW is called
movable if

(*) for every a € A, there exists an o € A, o > « such that for all

o € A, o > a, there exists a homotopy class %"+ X0 — Xov
such that

’ "
_ «
Paa’ = Paa’T

The topological space X is called movable if there exist an inverse system
{X s Paars A} in HCW which associated with X and which is movable.
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The reader is referred to the book by S. Mardesi¢ and J. Segal [9] for
general information about shape theory.

3. THE MOVABLE CATEGORIES

Let K be an arbitrary category and K’ any subcategory of the category
K.

DEFINITION 3.1. We say that a subcategory K' is movable in a category
K, if for any object X € Ob(K') there exists an object Y € Ob(K') and
a morphism f € K'(Y,X) such that for any object Z € Ob(K') and any
morphism g € K'(Z,X) there is a morphism h € K(Y,Z) which make the
following diagram commutative

Y
/
X h
x
Z

DEFINITION 3.2. We say that a category is movable if it is movable in
itself.

DEFINITION 3.3 ([2]). It is said that K is a category with zero-morphisms
if for any pair (A, B) of objects from a category K there exist morphisms
oA : A — B which, for all morphisms v: B — C andu: D — A, where C
and D are objects of the category K, satisfy the following equalities

VopA = OCA, OBAU = OBD-

DEFINITION 3.4 ([2]). An object O € Ob(K ) is called initial if for any
object X € Ob(K ) the set Mork (O, X) consists of a single morphism.

PROPOSITION 3.5. Any category K with zero-morphisms is movable.

PROOF. Let X € Ob(K) be an arbitrary object. It appears that for
the object we seek (see definition 3.1), we may take any object Y € ob(K)
and for the morphism f € K(Y,X) it is necessary to take a zero-morphism
oxy : Y — X. Indeed, let ¢ € K(Z,X) be an arbitrary morphism. It is
clear that zero-morphism ozy : Y — Z is the morphism we seek, that is
gozy = oxy, which follows from definition 3.3. O

PROPOSITION 3.6. Any category K with initial objects is movable.
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PROOF. Let X € Ob(K) be any object. Let us consider the initial object
O of the category K. We denote by ux the single morphism from the object
O to the object X. Now it is not difficult to note that the object O and the
morphism uyx : O — X satisfies the condition of definition 3.1. Indeed: let
Y € ob(K) be any object and g : Y — X be any morphism of the category
K. Tt is clear that the single morphism uy : O — Y satisfies the condition
ux =gouy. O

4. THE MOVABILITY OF TOPOLOGICAL SPACES

THEOREM 4.1. The topological space X is mowvable if and only if the
category WX is movable.

This theorem is a simple reformulation of the following theorem.

THEOREM 4.2. The topological space X is movable if and only if the
following condition is satisfied.

(*) For any Q € Ob(HCW) and any homotopy class f : X — Q there
exist Q' € Ob(HCW) and homotopy classes f': X — Q', n: Q" — Q,
satisfying f = no f', such that for any Q" € Ob(HCW) and homotopy
classes f"" : X — Q", ' : Q" — Q, satisfying the condition f =n'o f",
there exist a homotopy class " : Q' — Q" which satisfies the condition
n=mn"on" (Diagram 1).

Q /

DIAGRAM 1.

PROOF. Let condition () be satisfied. We must prove that X is movable.
Let us consider an inverse system { X, Paas, A} in HCW which is associated
with the topological space X.

Let a € A be any element and p, : X — X, be the natural projection. By
(*) for the homotopy class p, : X — X, let Q" € Ob(HCW), and f': X — @',
n : Q — X, are homotopy classes satisfying the condition o f' = p,
(Diagram 2).

Since inverse system {X,, paar, A} is associated with X, there exists & €
A, &> aand f': Xz — @ such that

(4.1) f'=Fopa
It is not difficult to verify that

(4-2) Paaopdzﬁoflopa-
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Indeed:
no f'ops=nof =pa=Dpaa°pa-
From the equality (4.2) and the definition 1 we infer the existence of an
index o’ € A, o > & for which

(43) Paa © Paa’ = 1] © f/ O Paa -

The obtained index o’ € A satisfies the condition of the movability of
inverse system {X,, paas, A}. Indeed, let o € A, o/ > « be any element.
For the homotopy classes poar : Xov — Xo and par 0 X — Xov (with the
condition Py, = Paar © Par) there exist a homotopy class ” : Q' — Xov
which satisfies the equality
(44) 1 = Paa’ © 77”-

(see the condition (x)). Now it is easy to see that g = 1" o f' 0 pgas is the
homotopy class we seek, i. e. the following condition is satisfied:

(45) Paa’ = Paa’” © G-

Indeed:

Paa’ = Paa © Paa’ :noflopdo/ = Paa’ Oﬁ//oflopda' = Paa’ © G-

/

b

Q

o}
—

b

R

3

a//
DIAGRAM 2.

Now we must prove the converse. Let X be a movable topological space
and some inverse system { X, paa’, A} associated with X . Let us prove that
the condition (*) is satisfied. To this end, consider any homotopy class f :
X — @ (Diagram 3). From the association of the inverse system { X4, paa’, A}
with the space X follows that there exist an index o € A and a homotopy
class fo : X4 — @ such that

(4'6) [ = faopa-
For the index a € A let us consider an index o’ € A, o’ > «, which

satisfies the condition of movability of the inverse system { X, paa’, A}. From
(4.6) we get

(4.7) f = fa©Paar ©Dar-
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Now let us prove that X,/, the homotopy classes p, : X — X, and
fa © Paor @ Xor — Q satisfy condition (x). Indeed, let Q" € Ob(HCW) and
f7: X —=Q", ' : Q" — Q homotopy classes, which satisfy the condition
(4.8) f=iof"

For the homotopy class f” : X — Q" there exist an index o” € 4, a" > «
and a homotopy class f” : X,» — Q" that

(4.9) f" = "0 par-.
It is clear that
fa O Paa’ O Patt = 77/ o fNN O Parr.

Therefore, according to the definition 1 of ”association”, we can find an index
o" € A, o > o' such that

(410) fa o] paa// ] pa//a/// = ’]7’ ] JFH () pa//a/// .
By the movability of the inverse system { X4, paas, A}, we can select the
homotopy class g : Xo — X satisfying the condition

(4.11) Daa! = Paa’’ © Parrar O g.
Xt x .,
S
Q I X

al’

’r]\ % yau /a”a”’
Q// X
f//

DIAGRAM 3.

Let us define " = f” o pargm 0g. It is remains to note that the homotopy
class " : X4 — Q" satisfies the condition

(4.12) fa 0 Paar =1 0n".
Indeed:
non”"=no f” 0 Parrarr © g = fo ©Paar ©Parrar © G = fao © Paas-
0

REMARK 4.3. The condition (*) of Theorem 2 one can consider as a
definition of movability of topological space.
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