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HARMONIC MT-PREINVEX FUNCTIONS AND INTEGRAL
INEQUALITIES

MUHAMMAD ASLAM NOOR, KHALIDA INAYAT NOOR AND SABAH
IFTIKHAR

ABSTRACT. In this paper, we introduce a new class of harmonic prein-
vex functions, which is called harmonic MT-preinvex functions. Some new
Hermite-Hadamard type inequalities for harmonic MT-preinvex functions
are derived. Some special cases are also discussed. Results proved in this
paper represent refinements and improvements of the known results.

1. INTRODUCTION

Convexity theory has played a fundamental role and has received special
attention by many researchers in the development of various fields of pure
and applied sciences. This theory provides us a natural, unified and general
framework to study a wide class of unrelated problems. Due to its impor-
tance, the concepts of convex sets and convex functions have been extended
in different directions using novel and innovative techniques, see [1, 9, 14-16,
19, 20].

Hanson [8] introduced a new class of generalized convex functions called
invex functions, with the aim to extend the validity of the sufficiency of the
Kuhn-Tucker conditions in nonlinear programming. Weir and Mond [26] in-
troduced the preinvex functions, which is a significant generalization of convex
functions and inspired many researchers to tackle complicated problems. It is
known that that the differentiable preinvex functions are invex functions and
the converse is also true under certain conditions. Every convex function is a
preinvex function but the converse is not true, see [26]. Noor [13] has shown
that a function f is a preinvex function, if and only if, it satisfies the Hermite-
Hadamard type inequality. Tunc and Yildirim [25], introduced the class of
MT-convex functions and established some Hermite-Hadamard inequalities
for MT-convex functions. Anderson et al. [1] and Iscan [9] introduced and
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studied the harmonic convex functions, which is another important generaliza-
tion of the convex functions. It is clear that preinvex functions, MT-convex
and harmonic convex functions are different generalizations of the convex
functions. It is natural to unify these classes of convex functions. Noor et. al.
[17,18] introduced the class of MT-harmonic convex functions and harmonic
preinvex functions and obtained some Hermite-Hadamard inequalities.

Inspired and motivated by the ongoing research in this field, we introduce
a new class of convex functions, which is called harmonic MT-preinvex func-
tion. It is shown that harmonic preinvex functions and MT-harmonic convex
functions are special cases of this harmonic MT-preinvex functions. We also
obtain some Hermite-Hadamard type inequalities. Some special cases are also
discussed. The ideas and techniques of this paper may motivate further re-
search.

2. PRELIMINARIES

Let I, = [a,a + n(b,a)] be a nonempty closed set in R™ \ {0} . Let
f I, CR\ {0} — R be a continuous function and n(-,-) : Iy x I, - R
be a continuous bifunction. First of all, we recall the following well known
concepts.

DEFINITION 2.1. [8] A set I, C R is said to be invexr set with respect to
the bifunction n(-,-) if

z+tn(y,z) € I, Vr,y€ I, tel0,1].
The invex set I, is also called n-connected set. If n(y,z) = y — z, then

invex set reduces to the convex set. It is known that every convex set is an
invex set, but the converse is not true.

DEFINITION 2.2. [26] A function f : I, C R — R is said to be preinvex
function with respect to the bifunction n(-,-) if

flx+tn(y, o) < (1 —t)f(2) +tf(y),  Va,yel,tel01]

Noor [12] proved that the minimum of a differentiable preinvex function
on the invex set can be characterized by a class of variational inequalities,
which is called variational-like inequality. For other aspects of the preinvex
functions, see Noor and Noor [16] and the references therein.

If n(y,z) = y — x, then preinvex function becomes a convex function.

DEFINITION 2.3. A function f : I, CR — R is said to be convex function
if
fla+tly—2) <A-0f(@@) +tfly), Ve,yel,te(01].
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This shows that every convex function is a preinvex function, but the
converse is not true, see [26]

DEFINITION 2.4. [2] A function f : I, CR — R is said to be M T -preinvex
function with respect to the bifunction n(-,-) if

V1=t Vi
VAW

DEFINITION 2.5. [18] A set I, C R\ {0} is said to be a harmonic preinvex
set if

flz+in(y,z) < fly),  Va,yel,te(01).

z(z + 1y, x))
z+(1—=1t)n(y, =)
DEFINITION 2.6. [17] A function f : I = [a,b] C R\ {0} — R is said to be
MT-harmonic convex function if it is nonnegative and satisfies the inequality
f( - ) <ty A
tr+(1—1t)y 2Vt 2Vt
DEFINITION 2.7. [18] A function f : I, C R\ {0} — R is a harmonic
preinvex function with respect to n(-,-), if
f< z(z + 1y, z))
z+(1—1)n(y, z)

We now introduce a new concept of harmonic MT-preinvex functions.

€, Va,y € I,,t € [0,1].

f(y)a V%yelvte(oﬂ)-

) < (- 0f@) +tfly), Vryelyte 1.

DEFINITION 2.8. A function f : I, CR\ {0} = R is said to be harmonic
MT-preinvex function with respect to the bifunction n(-,-) if it is nonnegative
and satisfies the inequality

(2.1)
z(x +n(y,z)) vVi-t Vi
For t = %, harmonic M T-preinvex function collapses to
2c(z +n(y,2)\ _ @)+ )

which is called Jensen type harmonic MT-preinvex function, see [18].

DEFINITION 2.9. [20] Two functions f and g are said to be similarly
ordered (f is g-monotone) if

For the bifunction 7(.,.), we recall the well know Condition C, which
is due to Mohan and Neogy [10]. This Conditions C plays an important
role in the studies of the variational-like inequalities and other optimization
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problems. We use the Condition C to derive the left hand side of the Hermite-
Hadamard inequalities for harmonic M T-preinvex functions, see Theorem 3.1
and Theorem 3.2.

Condition C. Let I;, C R be an invex set with respect to bifunction
n(-,-) : Iy x I, = R. For any z,y € I,, and any ¢ € [0, 1], we have

ny,y+in(z,y) = —inz,y),
Note that for every z,y € I,,, t1,t2 € [0, 1] from condition C, we have
Ny +ten(z, y),y +tn(z,y)) = (2 —t)n(z,y).

We also use the simple, but important following fact, which plays a cru-
cial part in the derivation of the main results of this paper.

REMARK 2.10. Let I, € R\ {0} and consider the function g
[m, ﬂ — R defined by g(t) = f(%) Then f is harmonic MT-preinvex
on [a,a + n(b,a)] if and only if g is MT-preinvex function in the usual sense

1 1
on [aJrn(b,a) ’ E} :
3. MAIN RESULTS

In this section, we obtain several Hermite-Hadamard inequalities for har-
monic MT-preinvex functions, which is the main motivation of this paper.

THEOREM 3.1. Let f : I, C R\ {0} — R be harmonic MT-preinvex
function with n(b,a) > 0. If f € Lla,a + n(b,a)] and condition C holds, then

7 . ( 2a(a+ n(b,a))
u (—Mn(b’a) )Sf(a)+f(b)-

PROOF. Let f be harmonic MT-preinvex function. Then, taking x =
a(a+n(b,a)) a(a+n(b,a))
a+(1=t)n(b,a) a+tn(b,a)

f<2a(a+n(b,a))) < l[f( a(a +n(b,a)) )+f<a(a+n(b,a)))]

and y = in (4.3), and using condition C, we have

2a+ (b, a) 2" \a+ (1 —=1t)n(ba) a+tn(b,a)
< 3(0H v+ o)
- (f()+ S ).

4/t(1 —1t)
Thus

/i t)f<2“2(:f—m> < f(a) + f(b).
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By integration with respect to t over [0, 1], we obtain
2a(a + n(b,a)) /1 1 1 7 . 2a(a+ n(b,a))
4f —————== tz2(l—t)2dt==f| —————= | < b
f( 2ataba ) ), = e ke ) ST@ O
the required result. O
THEOREM 3.2. Let f : I, C R\ {0} — R be harmonic MT-preinvez

function with n(b,a) > 0. If f € Lla,a + n(b,a)] and condition C holds, then
(3.1)

2a(a +n(b,a)\ _ ala+n(b,a) [T f(z) (f(a) + £())
f<2a+maw )§ o ﬁ 2 BT
and
a(atnba) [* (1Y fla)+f0)
(32) n(b7 a) /aJrWl(b a) g( )f <$)d S 4 ’
where
a(a+1(b, )y /(2 —2)(@ — sbpay)
(33) £(x) = V AR

n(b, a)

PROOF. Let f be harmonic MT-preinvex function. Then, taking x =
a(a+n(b,a)) and 1y = a(a+n(b,a))
a+(A—t)n(b,a) Y= "a¥tnb,a)

f(2a(a+77(b,a))) < l[f(aa(a—i-n(b,a)) )) +f(a(a+n(b,a)))]

2a+n,a) ) =2 \ar T=tmb.a a+tn(b.a)

- A (s e ()
) w/am(b,a) de

7;1(b,a) a z?
<3 ) [ ws

= U@+ 50 [ -0

Z(f (@) + FB).

For the proof of (3.2) we first note that, if f is harmonic MT-preinvex func-
tion, then

2 /1 1—tf( “1+”g) (“b))a)) (=) f(a)+tf(B), Va,be It € (0,1),

in (4.3) and using condition C, we have

hﬂ@+f@ht

and

2 A0 () < (@) + (1= 010). Yab€ Tyt e (0.1)
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Adding these inequalities and integrating the resultant with respect to ¢ over
[0, 1], we obtain

/01 ﬁt(l—t)[f( a(C(L1+n(b7a)) )+f(w)]dtgw.

a+ t)n(b, a) a+tn(b,a)

This implies

alatna) (5 alatnb.0)/-2)@ - ) 1
o (5

_f@)+ 1)

- 4

1
a+n(b,a)

This completes the proof. O

THEOREM 3.3. Let f,g : I, € R\ {0} = R be harmonic MT-preinvex
functions with n(b,a) > 0. If fg € Lla,a + n(b,a)], then

(3.4) M/_ gQ(x)f<l>g<l>dzg 11—2M(a,b)+2—14]\7(a,b),

1 xz X
a+n(b,a)

where &(x) is given by (3.3) and

(3.5) M(a,b) = f(a)g(a) + f(b)g(b),

(3.6) N(a,b) = f(a)g(b) + f(b)g(a).

PROOF. Let f, g be harmonic MT-preinvex functions. Then

a(a +n(b,a)) 1—t¢ Vit
f<a+(1 —t)n(bﬂ)) = 2V/t o) + 2\/ﬁf(b)’
a(a + n(b,a)) 1—t Vi
<a +(1- t)n(b,a)) 2/ gla) + wﬁg(b)'

IN
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We now consider
o ( a1+77t()bn(a)’ ))g( a1+7ntb a )

1-t¢

t
- 4—t[f<a><>1+§[f<a>g<> ()g(a)Hﬁ[f(b)g(bn

IN

IN

4t(1—t) {(1 —t)*[f(a)g(a)] +t(1 = )[f(a)g(b) + [ (b)g(a)]

i [f(b)g(bﬂ] |
Thus

a(a+77(b,a)) a(a+7](ba a))
41 - t)f<a + (1= t)n(b, a)>g<a + (1 =)n(b, “))

< (1=1)?[f(a)g(@)] + (1 = 1)[f(a)g(b) + f(b)g(a)] + t*[f(b)g(b)]-
By integrating the above inequality, we have
da(atnb.a) [T oo (1Y (1N
(b, a) /m“)f(x)g(x)d
_ o et n(ba) a(a +n(b,a))
= o[-0 () )

< gl@g(a) + FO)9O) + 51 (@g(®) + FG)gla)

1 1
= —-M -N .
3 (a’) b) + 6 (a’7 b)

This completes the proof. O

If we choose z = Q(ffaﬁ_"n((bfa))) in the inequality (3.4), we obtain the special

case of the inequality (3.4) which appears to be a new one.

COROLLARY 3.4. Let f,g: I, CR\ {0} = R be harmonic MT-preinvez
functions with n(b,a) > 0. If fg € Lla,a + n(b,a)], then

2a(a + (b, a)) 2a(a + n(b, a)) 1 1
M ~-N

f( 2a + n(b, a) g 2a + (b, a) 3 (a,b) + 5 (a,b),
where M (a,b) and N(a,b) are given by (3.5) and (3.6) respectively.
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THEOREM 3.5. Let f,g: I, C R\ {0} = R be similarly ordered harmonic
MT -preinvez functions with n(b,a) > 0. If fg € L{a,a + n(b,a)], then

ala+nb,a) [* L, (1) (1 1
(38) W\/LIJ“;@.&) f (I’)f(;)g<;)dl’ S gM(a,b),
where £(x) and M(a,b) are given by (3.3) and (3.5) respectively.

PROOF. Let f, g be harmonic MT-preinvex functions. Then, from (3.7),
we have

(T imoa) (T moa)

(1= 1)*[f(a)g(a)] +t(1 = )[f(a)g(b)

- #{
T —
+ﬂwgmn+tﬁfwmwn}

This implies that

a(a+n(b,a) a(a + n( b a)
4“1‘”f(a T t><,>)9 (=t )
< (1=t)?[f(a)g(a)] + (1 — )[f( g(b) + )g(a)]
( J

+ £ (0)g(®)](1 = D) f(@)g(@)] + t[f(b)g(B)] + (1 = 1)*[f(a)g(a)]

+ (1= 0)[f(a)g(®) + f()g(a)] + [f (b)g(0)] — (1 = 1)[f(a)g(a)]
— t[f(b)g(b)]

= (A =1[f(a)g(a)] +tf[(b)g(b)] = t(1 = 1)[(f(a) — f(b))(g(a) — g(b))]
(1 =8)[f(a)g(a)] +t[f(b)g(b)];

where we have used the fact that the functions f and ¢ are similarly ordered.
Now integrating the above inequality, we have

which is the required result. O

IN

Ifo— 2a+n(b,a)
2a(a+n(b,a))
inequality (3.8), which appears to be a new one.

in the inequality (3.8), then we obtain a special case of the

COROLLARY 3.6. Let f,g : I, C R\ {0} — R be similarly ordered har-
monic MT-preinvex functions with n(b,a) > 0. If fg € Lla,a + n(b,a)], then

2a(a+n(b,0)\ (20(a+n(b,a)y _ 1
f< 2a +n(b, a) >g< 2a + (b, a) ) = 2M(a ),
where M (a,b) is given by (3.5).
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THEOREM 3.7. Let f,9: I, € R\ {0} = R be harmonic MT-preinvex
functions with n(b,a) > 0. If fg € Lla,a+ n(b,a)], then

(o8 2) [ e e ) s () iom ) o

+n(b a)
1

() L wa o) lor(5) 003 o

a+n(b,a)

< %M(a,b) + %N(a,b) + W /% 62(x)f(l)g(%)dx7

1 X
a+n(b,a)

where £(x), M (a,b) and N (a,b) are given by (3.3), (3.5) and (3.6) respectively.
PRrOOF. Let f, g be harmonic M T-preinvex functions. Then

f( a(a +n(b,a)) ) < V1—t Vit
+ @ =tnb,a)) ~ 2Vt 21—t
a(a +n(b, a)) vi-t Vi
( +(1t)n(b,a)) = o N

Now, using (x1 — x2,x3 — x4) > 0, (21, 22,23,24 € R) and 1 < z9, x5 < x4,
we have

fla)+ f (),

g(a) +

afa (b)) \ (VI Vi
f( 0 O, >)<z¢‘() 2¢Tfﬁ“0
a(atnb.a) \(VI-t, Vit
+9( Ty ))(z¢‘ m*%%ﬁi7““)
N Vi VT Vi
< (1@ o=t ®) (Y e + 5 )

G e ) (G i)

Thus

VTG alatnib.a)) Vi ( ala+n(,a)
()2¢‘f< a—w<a@>+ ”2fr7f< a—w<b@>
VI=F [ ala+n(,a) Vi ( alatn(b.a))
ARV ( (1—w<ba> f“E¢T—ﬁ< a—w<b@>
1

= fﬁﬁﬂ@+ﬂWH+EUW>w + f(b)g(a)] + [ (B) + g(a)]

() )

(t)
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This implies that

)(1— 1) *f< a(a +n(b,a)) ) by /iT D) f< )n(@a))

+ (1 —=t)n(b,a)

l{(1 —1)*[f(a)g(a)] + t(1 = 1)[f(a)g(b) + f(b)g(a)] + t*[F(D)g(a)]

2
a(a+ (b, a)) a(a+ (b, a))

<

Integrating the above inequality with respect to ¢ over [0, 1], we have

(o5 2) [, oo ) [ror(3) + rom (3o

n(b) a’) m

n(b7 a’) m

S (@)g(a) + FO)g(a)] + 517 (@)g(d) + F)g(a)]

R aram

1
a+n(b,a)

() ot () s )]s
<

the required result. O

THEOREM 3.8. Let f,g : I, C R\ {0} — R be harmonic MT-preinvez
functions with n(b,a) > 0. If fg € Lla,a + n(b,a)], then

2a(a + (,) 2a(a + n(t,a)
(B gt + o]+ He )0+ o)
)

2a + (b, a)
2 16 ,(2a(a+ n(b,a 2a(a + n(b,a))

< —[M(a,b)+ N(a,b —

- 7r[ (a,) + N(a, )]+37r ( 2a +n(b,a) ) ( 2a+n(b,a) )’

Q

where M (a,b) and N(a,b) are given by (3.5) and (3.6) respectively.

PROOF. Let f, g be harmonic M T-preinvex functions. Then

2a(a + n(b,a)) 1 1—t Vit
p(Hetrie)) < 2 (M s @) + 50,

(Palera®al)  H(LLs i+ 900

= +
2a 4 (b, a) 2V/t 21—t
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Now, using (x1 — 22,23 — x4) > 0, (z1, 22, 23,24 € R) and 21 < 29, x5 < x4,
we have

+

1 2a(a +n(b,a)) 1—t¢
o) + gy (Z ) (Vo

1 (2a(a+n(b,a))
+ 0P o)+ o
1

16 ¢(1 17 gy /(@) + f0)llg(a) + 9(b)]

PR ER)

&Iﬂg
S

=
|
.y

IN

Thus
9(0) + 901 (22 (v i)

1 (2a(a+n(b,a))
+ g0 2 i1(a) + s (VVTD

1
4

L (7(@) + F®)lg(a) + 9(b)

16
2a(a +n(b,a)) 2a(a + (b, a))
”at)f( 2a +1(b, ) > ( 2a-+n(b,a) )

IN

Integrating the above inequality with respect to ¢ over [0, 1], we have

2a(a +n(b,a)) 2a(a + (b, a))
f<m>[g(a)+g(b”+9<m)[f(a)+f(b)]

s s a0+ et )

s oo+ (o o)

IN

Ao 3|

which is the required result. O

We now obtain several integral inequalities via harmonic M T-preinvexity
for midpoint, two point Trapezoidal and Simpson rule and three points Trape-
zoidal rule respectively. For this purpose, we need the following result.
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LEMMA 3.9. [19] Let f : I, C R\ {0} — R be a differentiable function on
the interior I3 of I,. If f' € Lla,a +n(b,a)] and X € [0,1], then

(1- A)f(w) +A(f(a) +f<a+n<b,a>>)

2a + n(b,a) 2
_a(a+ (b)) /“*’“’”‘” 1@ 4y
n(b, a) a 2
a(a+n(b,a)nb,a) [ [22t—X ,(ala+n(b,a)
- 2 [/0 A? f( Ay )dt

=

2

Yot —24 X\, (ala+n(b,a))
- dt
of e (R
where
Ar=a+ (1 —1t)n(b,a).
THEOREM 3.10. Let f : I, C R\ {0} = R be a differentiable function on

the interior 17 of I,,. If f' € [a,a+n(b,a)] and [f'|? is harmonic M T -preinvex
function on I, for ¢ > 1 and X € [0,1], then

\(1 - w(w> H(f(a) +f<a+n<b,a>>>

2a 4+ n(b,a)

2
aa+n(b,a) [ f()
T a) / 22 dx‘

< AettC O i, (00,0 ealh a1 @ 0, O

1
q

+ (& (A b,0) TG (X5 b, @) £ (@) + & (A b, @) £ (8)[ )5 }

where

3 |9f —
&1 (N a,b) = / |t2)\|dt,
o A4

Lot — 24\
&(Nba) = / gdt’

—
w
Nej
S~—
I
o
—
Red
k)
S
a2
\
S—
(&I
™o
~
\
>
S =
<+ |
o
[oN
=~
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3 j2t— A
(3.11) &ab) = / %th
0

(3.12) §&(Asba) =

VIt
/1 |2t — 2 + A Ty

AQ
5 t

Proor. Using Lemma 3.9 and the power mean inequality, we have

G f<2a<a+ n(d a>>> . A(f(a) o+ ol a>>>

2a + n(b,a)
_ alatn(ba) /“*"“”“) de‘
n(b, a) 2
< a(a—&-n(b,;))n(b, a) { |2t ( a—l—n (b,a) ) dqt
Y2t (a+ 77 (b, a)
1 A7

IN

alat (b a))n(b, a) j2t=A] N0
A 5 dt) (/0 ¥
|2t—2+>\| i o -
[ 1 A?

( a(a+n(b, a)))
Ay

<a(a + (b, a)))
Ay

2

a(a + (b, a))n(b, a) 2 2t — )
b [(([* R

1 _ Vit er]e Vi 1(B)|4 s
) (/ 26— N[ (@) + g |1/ D) ]dt)
0

A?

IN

([ 2N, U2t =242 [ X F ()| + 525 £ ()]
1 A2 A2

1
2

63

Y
dt)

9

1

“)')

ola . . 3 3 |2t z
_al +77(672 )n(b, ){</0 |2tA2 |dt) </0 %If( )|7dt

|2t — N 52= . v Y2t 24+ A
+/O S If()ldt) *(/;7/12 )

2

2t72+>\ 2t72+>\ 3
x( | '“ Fa |‘Idt+/' '2“ If()l"dt)}

a(a + n(b,a))n(b, a)

_ : ’{(w,a,b»lE[&(A;a,bnf’(a)w+£3<A;a,b>|f’<b

23 ™!

+ (61 (0 5,0)) TS (s by a) /(@) + &5 (X b, @) f ()]0 }

)|
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which is the required result. 0

If ¢ = 1, then Theorem 3.10 reduces to following result, which appears to be
a new one.

COROLLARY 3.11. Let f : I, C R\{0} — R be a differentiable function on
the interior I of I,,. If f' € [a,a+n(b,a)] and |f'| is harmonic M T -preinvex
function on I, and X € [0,1], then

‘(1 _ A)f(2a(a+v7<lx a))) +A(f(a) + fla+ (b, a)))

2a + n(b, a) 2
_ala+n(b,a) [TV f(a)
ol
< WO D 6, 30, (@) + (s BIF B)]

+ &b a)lf (@)l + & (A b, a) [f' ()],

where E2(A; a,b), £5(A; b, a), E3(A;a,b) and £5(N; b, a) are given by (3.9), (3.10),
(3.11) and (3.12) respectively.

THEOREM 3.12. Let f: I, CR\ {0} = R be a differentiable function on
the interior 17 of L. If f' € [a,a+n(b,a)] and |f'|? is harmonic MT-preinver
function on I, for p,q > 1, % + i =1 and X €0,1], then

0y (e (S Sloctalho)

2a + (b, a) 2
am+nma»/“”W@ (@) g,
n(b, a) a z?
2a(atn(b,a)) \|q]\ L
ala + n(b,a))n(b, a) L (@l 4 1 o DI s
< : ) ’
>~ 2 (64()\,]7701,())) 8
/il (o)) ja 4| £ (b)]9]\ &
1 * . > a+n(b,a)
313) + (G ! )}
where
3|2t — AP
3.14 &4\, p;a,b :/ ———dt,
(3.14) et = [TE
. Lat -2+ AP
3 t
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Proor. Using Lemma 3.9 and the Holder’s integral inequality, we have

klAﬁ<2§i:$g5ﬂ)+A<f@)+f%+n@ﬂ»>

_ ala+ (b)) /“*”“”“’ mdx‘

n(b, a) z?

a(a+n(b.a)nb,a) [ [*[26=A]| | (a(a+n(b,a)
2 [/0 A} / ( Ay )
+/1 pt—2+A|'f ( a+£t(b a))) dt}
ala+n(b,a)nb.a) [( [F|26=A" N7/ [*
() ) (]
P24 NF(OrH L (alatn.0)
([ ey

2

_alatnba)nba) [ [P 2= N\
- sl f( PR )

2a(a+n(b,a))

a(a +n(b,a)) W|f/($)|q @
X( n(b, a) /a PR

< 1
' ‘2t72+/\|p v (a(a+n(ba)) [° ‘f/(x)‘q a
+ 2 dt -—dz .
Atp n(b, a) 2a(a+n(b,a)) T

1
2 2a+n(b,a)

dt

IA

Q=

IA

q
dt)

/[ ala+n(b,a))
()

9

(3.16)

Using the harmonic MT-preinvexity of |f’|?, we obtain the following inequal-
ities from inequality (3.1)

2a(atn(b,a)

7) !
(3.17) 2@(a+n(b,a))/ 2atn(b,e) If:(ca;)lqd

n(b, a)
m[lf @I+ | o) ']
< 1 :
and
(3ay)  2letaba) /b @l
nb.a) - Jemeraany 2
7 (|1 Cog )+ 1))
- 4

A combination of (3.16)—(3.18) gives the required inequality (3.13). O
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THEOREM 3.13. Let f : I, C R\ {0} — R be a differentiable function
on the interior I of I,. If f' € Lla,a +n(b,a)] and |f'|? is harmonic MT-
preinvex function on I, for p,q > 1, % + % =1 and X €0,1], then

‘(1 w(M) H(f(a>+f<a+n(b,a>>>

2a + n(b,a) 2
a(a+n(b,a)) [0 f(z)
S v A

ala a a p1 AP T
< et S () swanir @

+&6(q @, D) f ()77 + (€5 (¢35, @) £(@)|7 + & (g: b, a) £/ (b)) 7},

where

1
t
PV, fz(q;b,a>:/ O
o ANVt 1 AT

3 Vi / \/1T
;a,b) = ———dt, ; b,
&6(q; a,b) A qu\/ﬁ §6(q;0,a) ) A2q\/‘

55 (Q7 a, b) =

ProoF. Using Lemma 3.9 and the Holder’s integral inequality, we have

o) ()

_ alatn(b,0)) /“*"“””) @dx‘

n(b7a') .’E2
a(a+n(b, a))n(b, a) [/5 2t — A %f/(a a+n (b,a) )
1 aa+nba
A2f< }

2

+/ |2t — 2+ )| >

(a+77(b2a)) ba{( 2= A dt) (/ A2f( +nba)))‘th)%

+( |2t =2+ A[" dt) ( 1Ai ( +”ba ) dt)g}

_ a(a+n(b ,2 n(b,a) {( ‘Qt—/\| dt) (/iﬁf/(a(aJrX(b’a)))‘th)E
(o) (f )
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< ola +n(béa)) (b’a){(/OE\Qt—,\|pdt);
P VI Vs

¥ ( l \zt_z+A|Pdt)p(A Aifq[V;ﬁﬂf'(a)mNf_tu/(b)lq}dt)q}

2

_ ala+tn(b.a))n(b,a) { <A (- wl)% [( P T
2 2(p+1) o 247Vt

v a
- me)

VI iy [V )
([ @) v e=ironr)'] |

2

ala a a p+1 _ )\ \pt+1 % ,
) I (T

+€6(a; 0, 0)|F (BT + (& (b, 0) (@) + & (@35, 0) £ B)]) 7},

|f'(a)]

which is the required result. O

Remarks: With different choices of A, we obtain the following integral
inequalities:

I. If A =0, then from Theorem 3.12, we obtain the midpoint inequality:

‘f<2a a+n(b, a))) ~ala+n(b,a)) /“"(b’a) f(:c)dx‘

2a+n(b a) n(b, a) 22
2a(a+n(b,a 1
(a+77b a) (0.p:0,1)) (@) + |1/ 2(a+77(ba)))) 9\
= p; 3
(llf 2‘;“:’25,” 74170
(0,p;b,a))” atn(b.e)
e ( B oy

where £4(0,p; a,b) and &5 (0, p; b, a) can be deduced from (3.14) and (3.15) re-
spectively.
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IL. If A = 1, then, from Theorem 3.12, we obtain the two point Trapezoidal
inequality:

fla) + fla+n(b,a) ala+n(ba) /‘”""”a) f(@)

: ~ o) 2 &
ala a a N9+ |f 2a(aa+77(baa)) 1
< ( +77(b,2 )n(d, ){(54(1 b)) ( )l + 11 (Z5aratay )] ])

8
, (S (aleatbad o 4 gy
b (T Iy }

where £4(1,p; a,b) and &;(1,p; b, a) can be deduced from (3.14) and (3.15) re-
spectively.

III. If A\ = %, then, from Theorem 3.12, we obtain the three point Trape-

zoidal inequality:

‘%f<20(a+n(b,a))) L f@)+ fla+ (b a)

2a + (b, a) 4
_ala+n(b,a) /“*”“”“’ de'
(b, a) a x?
a(a+n(b,a))n(b, a Ll (@) | (Raletnttal) y o]
< ( +77(b72 ))77((% ){(54(1/2,]);&[)))5( (8 +n(b,a) ) )

2a(a+n(b,a))

+<£z<1/2,p;b,a>>%(”“fl( 2t ) 110 '])%},

8

where &4(1/2, p;a,b) and £5(1/2, p; b, a) can be deduced from (3.14) and (3.15)
respectively.

IV.If A= %, then, from Theorem 3.12, we obtain Simpson’s inequality:

5@ ar (Pt B ) o pa g0
sletaha) 0 1) ]
nb.a)  Ja a?
a(a+n(b,a))n(b,a) _ 1 7T[|fl(a)|q+|f/(%w>|q] 7
< S /5,100 : )

(el (etnbayja | p(p)[a)y §
w73 pon ot (1L Camt T TOMN T
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where &4(1/3, p;a,b) and £5(1/3, p; b, a) can be deduced from (3.14) and (3.15)
respectively.

In a similar way, one can obtain several other integral inequalities for
harmonic MT-preinvex functions for suitable and appropriate choice of the
parameter A. Interested readers are encouraged to derive these integral in-
equalities.

ACKNOWLEDGEMENTS.

The authors would like to thank Dr. S. M. Junaid Zaidi (H. L., S. I.), Rec-
tor, COMSATS Institute of Information Technology, Pakistan, for providing
excellent research and academic environments. Authors would like express
their sincere appreciations to the referee for his/her valuable and constructive
suggestions.

REFERENCES

[1] G. D. Anderson, M. K. Vamanamurthy and M. Vuorinen, Generalized convezity and
inequalities, J. Math. Anal. Appl. 335 (2007), 1294-1308.

2] A. Akkurt, M. E. Yildirim and H. Yildirim, On Hermite-Hadamard inequalities for
differentiable A-preinvex functions via Riemann-Liouville fractional integrals, preprint,
2016, arXiv:1603.02070v1.

[3] B. D. Craven, Duality for generalized convez fractional programs, in: S. Schaible and
W.T. Ziemba (Eds.), Generalized Concavity in Optimization and Economics, Academic
Press, New York, 1981, 473-489.

[4] G. Cristescu and L. Lupsa, Non-connected Convexities and Applications, Kluwer Aca-
demic Publisher, Dordrechet, Holland, 2002.

[5] G. Cristescu, Improved integral inequalities for product of convex functions, J. Inequal.
Pure Appl. Math. 6(2) (2005), 35.

[6] J. Hadamard, Etude sur les proprietes des fonctions entieres e.t en particulier dune
fonction consideree par Riemann, J. Math. Pure Appl. 58 (1893), 171-215.

[7] C. Hermite, Sur deuz limites d’une intégrale définie, Mathesis 3 (1883), 82.

[8] M. A. Hanson, On sufficiency of the Kuhn-Tucker conditions, J. Math. Anal. Appl.
80 (1981), 545-550.

[9] 1. Iscan, Hermite-Hadamard type inequalities for harmonically convexr functions,
Hacet, J. Math. Stats. 43(6) (2014), 935-942.

[10] S. R. Mohan and S. K. Neogy, On invez sets and preinvex functions, J. Math. Anal.
Appl. 189 (1995), 901-908.

[11] C. P. Niculescu and L. E. Persson, Convex Functions and Their Applications, Springer-
Verlag, New York, 2006.

[12] M. A. Noor, Variational-like inequalities, Optimization 30 (1994), 323-330.

[13] M. A. Noor, Hermite-Hadamard integral inequalities for log-preinvex functions, J.
Math. Anal. Approx. Theory 2 (2007), 126-131.

[14] M. A. Noor, Hadamard integral inequalities for product of two preinvez function, Non-
linear Anal. Forum 14 (2009), 167-173.

[15] M. A. Noor, On Hadamard integral inequalities involving two log-preinvex functions,
J. Inequal. Pure Appl. Math. 8(3) (2007), 1-14.

[16] M. A. Noor and K. I. Noor, Some characterization of strongly preinvez functions, J.
Math. Anal. Appl. 316 (2006), 697-706.



70

M. A. NOOR, K. I. NOOR AND S. IFTIKHAR

[17] M. A. Noor, K. I. Noor, S. Iftikhar and K. Al-bany, Inequalities for MT-harmonic

convezx functions, J. Adv. Math. Stud. 9(2) (2016), 194-207.

[18] M. A. Noor, K. I. Noor and S. Iftikhar, Hermite-Hadamard inequalities for harmonic

preinvez functions, Saussurea 6(1) (2016), 34-53.

[19] M. A. Noor, K. I. Noor and S. Iftikhar, Integral inequalities for differentiable relative

harmonic preinvez functions (survey), TWMS J. Pure Appl. Math 7(1) (2016), 3-19.

[20] J. Pecari¢, F. Proschan and Y. L. Tong, Convex Functions, Partial Orderings and

Statistical Applications, Academic Press, New York, 1992.

[21] G. H. Toader, Some generalizations of the convezity, Proc. Colloq. Approx. Optim,

Cluj-Napoca, 1984, 329-338.

[22] M. Tunc, On some new inequalities for convex functions, Turkish J. Math. 36 (2012),

245-251.

[23] M. Tunc, Ostrowski type inequalities for functions whose derivatives are MT-convez,

J. Comput. Anal. Appl. 17 (2014), 691-696.

[24] M. Tunc, Y. Subas and I. Karabayir, On some Hadamard type inequalities for MT-

convez functions, Int. J. Open Problems Compt. Math. 6(2) (2013), 102-113.

[25] M. Tunc, H. Yildirim, On MT-convezity, preprint, 2012, arXiv:1205.5453v1.
[26] T. Weir and B. Mond, Preinvex functions in multiobjective optimization, J. Math.

Anal. Appl. 136 (1988), 29-38.

Harmonijske MT-preinveksne funkcije i integralne nejednakosti

Muhammad Aslam Noor, Khalida Inayat Noor i Sabah Iftikhar

SAZETAK. U ovom ¢lanku uvodimo novu klasu harmoni-
jskih preinveksnih funkcija, koje nazivamo harmonijske MT-
preinveksne funkcije. Izvode se neke nove nejednakosti Hermite-
Hadamardovog tipa za harmonijske MT-preinveksne funkcije.
Diskutiraju se takoder neki specijalni slucajevi.  Rezultati
dokazani u ovom c¢lanku predstavljaju profinjenja i poboljsanja
poznatih rezultata.
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