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ABSTRACT

In this article, it will be shown that the curve of foci of an
order conic pencil in the pseudo-Euclidean plane is gen-
erally a bicircular curve of 6th order. In some cases, de-
pending on a position of four base points of the pencil,
this curve is of 5th, 4th or 3rd order and in some cases it
is even a conic or only a line.
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Krivulje zarista u pramenovima konika u pseudo-
euklidskoj ravnini

SAZETAK

U ovom ¢lanku pokazat ce se da je krivulja ZariSta pramena
konika u pseudo-euklidskoj ravnini opcenito bicirkularna
krivulja Sestog reda. U nekim slu¢ajevima, u ovisnosti o
poloZaju &etiriju temeljnih to¢aka pramena, krivulja Zarista
moZe biti petog, Cetvrtog ili treeg reda, a moZe biti i
konika ili samo pravac.

Klju€ne rijeci: pseudo-euklidska ravnina, konike, Zarista,
pramenovi konika

1 Introduction

A pseudo-Euclidean plane (PE-plane) is a real projective
plane where the metric is induced by a real line a and
two real points A; and A, incident with it, see [10]. It
is one of nine plane geometries and according to [8], it
is parabolic-hyperbolic plane. The affine model of the
pseudo-Euclidean plane will be used, where the absolute
line a is determined by the equation xo = 0 and the abso-
lute points Aj, A, by the coordinates (0, 1,+1), like in [4],
(51, 6], [7], [11].

Further on, some basic, well-known definitions are given

({11, 21, 31, [7D.

Definition 1 Points incident with the absolute line a are
called isotropic points.

Definition 2 Lines incident with one of the absolute points
A1 or Ay are called isotropic lines.

Definition 3 Foci of a conic are intersection points of its
isotropic tangent lines.

Definition 4 Circular curve in PE-plane is a curve inci-
dent with at least one of two absolute points.

Definition 5 A curve k is said to be of (r,t)- type of cir-
cularity if the absolute point Ay is the intersection of the
curve k with the absolute line a of multiplicity r, and the
absolute point A is the intersection of the curve k with the
absolute line a of multiplicity t. The sum r+t is called
degree of circularity.

Definition 6 The curve of order n is said to be entirely cir-
cular if n = r+t, i.e. the order of the curve equals the
degree of circularity.

Conics in pseudo-Euclidean plane are divided into ([7],

[9D):

e hyperbola intersecting the absolute line in two real
and distinct points

e cllipse intersecting the absolute line in a pair of
conjugate-imaginary points

e parabola touching the absolute line
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e special hyperbola intersecting the absolute line in
two real and distinct points out of which one is an
absolute point

e special parabola touching the absolute line in an ab-
solute point

e circle intersecting the absolute line in both absolute
points.

A conic has four foci which can be real and distinct,
conjugate-imaginary, double real or even quadruple real.
An ellipse has four real foci. A hyperbola may have four
real or four conjugate-imaginary foci. A special hyper-
bola may have two double real or two double imaginary
foci. A parabola has one non-isotropic focus, another one
in the isotropic touching point of the parabola and the ab-
solute line, and one focus in each absolute point. A spe-
cial parabola has double focus in each absolute point. All
four foci of a circle are in the same point - quadruple focus
(which is also the center of the circle).

2 Curves of foci

A conic is uniquely determined by five of its points. Four
points, called base points determine infinitely many conics
which are called an order pencil of conics.

In the affine model of PE-plane, the coordinates of the
points are determined with

X1 X2
X=—y=— (l)
X0 X0

the absolute line a with the equation xy = 0, and the abso-
lute points A1, A, with coordinates (0,1,+1).
A conic is given by equation in homogeneous coordinates

2 2 2
apox( +a11xy +axnx; +2ao1xox1 +2a02x0x2 +2a12x1x2 =0,

(@)

and in the affine coordinates

ago + anx® + axny? +2ag1x+ 2apy + 2apxy = 0. 3)
Some short calculations lead to the conclusions:
e cis a hyperbola iff a%z —ajaxy >0,

e cisaparabolaiff al, —ajjan =0,

cis an ellipse iff a2, —ajjazn <0,

e cis a special hyperbola iff aj; +az +2a; =0
oraj +ax —2a;p =0,
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e cis a special parabola iff a;; = ayy = —ayp or
ap] = ax =dap,
e cisacircleiffajp =0and a;; = —ay,

as it is shown in [6].

Let the conic pencil be given with the points A(0,0),
B(1,0), C(0,2) and D(t;,r,). To avoid special cases, the
point D should not be incident with lines AB, BC or AC,
ie. ) #0,1p #0and 1, # 211 +2.

Substituting the coordinates of points A, B, C and D into
(3) yields

ago = 0,

apo +2aop1 +ai =0,

apo +4agy +4axy =0,

aoo +2aoi1t +anti +2amts +2antt +ants =0.

So, the equation of the conic pencil is

(anty —ant? +2ant, — ant3)xy
1515)

aj 1X2+
+azzy2 —ayx—2a»ny=0. 4)
Different form of the equation (4) is

1—1

15}
; xy—x) +an(y* + ” xy—2y) =0.

a11(x2—|—

It is obvious that the conic pencil is a linear combination of
two degenerate conics of the pencil - the first one consists
of lines AC and BD, and the second one of lines AB and
CD. Introducing A = % into equation (4), the following
equation for the conic pencil with the base points A, B, C
and D is obtained

2Axy X
My

MW —x—20y=0, (5
’ " n t1+yXy7()

K+
where each conic of the pencil is uniquely defined by pa-
rameter A € R U co.

In line coordinates, the pencil (5) has the following equa-
tion

202u B M . M Atou

1 1 1) n
A t At VY R V|
I VIR LA e LT A

1 2ty 2ty 21 +2 t12 Th_@
I - VR VR W S W

+22 22 6
22 42 n nn 4 ©

2
-4%me—%+m—

For an isotropic line wugxo + ujx; + upxp = 0 passing
through the absolute point A;(0,1,1) the following must
be true
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uy+uy; =0, @)

i.e. in affine coordinates

V=—-Uu, (8)

where u = Z—(l) and v = ZTZ) Thus, such line in affine coordi-
nates has the equation 1 4 ux — uy = 0. From that equation
follows:

1
U= —-ou-. 9

y—Xx

Analogously for an isotropic line passing through the ab-
solute point A, (0,1, —1) the following is true

v=1u (10)
and

-1
= . 11
u Ty (11)

When v in (6) is replaced by using (8), and then u is re-
placed with (9), the following is obtained

1 4\ 402 20 4\
G2 -2 -0 y—x 00—
8 N 2 A 2
hy—x) nly—-x) nOd-x) nbly—x

40t 2y 4\2t, 422 2n 1
ny—x) nh-x) nh-x = & ' n 2
g 0w W,

B 8 n nn f 12

The intention is to isolate only those lines passing through
the absolute point A out of all lines from the pencil (6).
Solving the equation (12) for A, the following two solu-
tions are obtained

1

3 (—2x+tx+ 2y — hy +2t; )2

201120 — 26} 10° — 111357

Ma2=~—

— 171357 — 4ty taxy + At toxy + 20113 xy + 2633 xy + 21112y
— 2800y — 13y — 133y — 23 x 4+ 2t x + 201 3x — 26313 %

—nBx+ 2030y — 2y — 200y + 2013y + 11653y + 26313

:l:2\/—t13t§ (=242t +1)(—14+x—y)(x—y)2+x—y)(t; —t2 —x+)].

13)

This corresponds to the fact that each isotropic line passing
through A, is tangent line of two conics of the pencil, and
those lines are precisely two lines defined by parameters A

and A;. Analogously, separating from the whole pencil (6)
only isotropic lines passing through the absolute point A,
(by substituting v in (6) using (10), and then substituting u
using (11)) and solving that equation for A, the following
is obtained

1

A3g=—
t% (2t1 —2x+1x —2y+1ry)

5 [2t1t2%% — 26} 10° — 111357

— 1213x° + 4t tyxy — 413 pxy — 20113 xy — 2313 xy + 211 12y
—280y* — 13y — 133y — 23 px 4+ 2ty x — 2013 x + 66313 %

+1B5x =280y + 2650y — 2065y + 61313y + 1163y — 26313

+ 2\/—tft§’(—2+2t1 +0)(t1 +tr —x—y)(24+x+y) (=1 +x+y)x+y)].
(14)

The solutions are the parameters A3 and A4 which uniquely
determine two conics of the pencil.

Foci of a conic are four intersections of its two tangent
lines from the absolute point A; with its two tangent lines
from the absolute point A,. Hence, the conics determined
by parameters A; and A, must be equal to the conics deter-
mined by parameters A3 and A4, i.e. o] = A3 or A = A3 or
A1 = Ag or Ay = Ay are valid. So, the equation of the curve
of foci is obtained by using

(A —A3) (A2 —A3) (M —Ag) (A2 —A4) = 0. (15)

Introducing (13) and (14) into (15), the equation of the
curve of foci F(x,y) = 0 is obtained, where

F(x,y) = Feo(t1,0)x° + F51 (11, 2)x°y + Fip (11, 12)x*y?

+ F33(11,02)X°y° + Fou (11, 02)°y* + Fis (11, 12)xy°
+ Fos (11, 12)Y° +Fso (t1,12)° + Fy (11, 12)x*y+ P (11, 12)°y?
+Fa(t, )"+ Fos (t1,12)y° +Fao (t1,22)x* +F31 (11, 12)°y
+ P (t1,02)X°y* + Fis(t1,12)xy” + Fou(t1,12)y*
+ F3o(t1,02)x° + Fa (11, 12)x°y+ Fa (1, 12)xy* + Fos (11,12)y°
+ Fyo(t1,0)%° + Fu1 (11, 12)xy + Foo (11, 22)y” + Fro (11, 12)x
+ Foi(t1,12)y + Foo(t1,12), (16)
where Fjj(t1,t2) are polynomials in 1, t and i, j =
0,1,2,3,4,5,6. For example,
Fos = 168115 + 16613 + 41115 — 64lt3 — 966315 — 406385

— 4118 + 64113 + 1926013 4 1286315 + 241,15 — 128613

— 1606713 — 481113 + 641313 + 32113
F(x,y) is a polynomial of degree 6, so it is proved that the
curve of foci is of order 6. The next goal is to calculate its
intersection points with the absolute line a. In order to do
that, since the absolute line has the equation xy = 0, it is

necessary to write the polynomial F(x,y) in homogeneous
coordinates. The result is
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Aty (—1+0) (=24 0) (=242t +10) (2t + 1) (x) —x2)?

(X1+X2)( 2t2x1+t2x1 2t1t2x1x2—t1x2+t1x2) 0.

7)

From the equation (17), it is clear that the absolute points
A1(0,1,1) and A»(0, 1,—1) are double intersections of the
curve of foci with the absolute line. It is easy to calcu-
late that those points are not only double intersections, but
also double points of the curve of foci. Hence, the curve
of foci has type of circularity (2,2). The curve of foci has
two more intersections with the absolute line. They are
obtained calculating the equation

—210x% +13x7 — 211 tyx1 Xy — 11 X5 4+ 13x3 = 0. (18)

Those intersections are

tity £ \/—2t1t2 +212 + 1113
2t +13

X1 2(0, ,1). 19)

It is easy to calculate that those points are precisely the
points in which two parabolas of the pencil touch the ab-
solute line. So, if one of two parabolas of the pencil is
special parabola, then the curve of foci has type of circu-
larity (2,3) (or (3,2)). That is not a case in the Euclidean
plane. If both parabolas of the pencil are special parabolas,
then the curve of foci has type of circularity (3,3).

Two examples of curves of foci are given in Figures 1 and
2. Six lines connecting four base points of pencils are also
shown.

Figure 1: Curve of foci for D(2,3)
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Figure 2: Curve of foci for D(—1,—6)

The study given above is for the pencil determined by four
base points A(0,0), B(1,0), C(0,2) i D(#1,1,). In the same
way, the investigation may be done more generally, having
two base conics

c1(x,y) = ago +anx* +any® +2ag1x + 2agy + 2aioxy,
€2(x,y) = boo + b11x* + baoy* + 2bo1x + 2boy + 2b12xy.
Those two conics intersect in four points and it is assumed

that those four points are base points of the pencil. Such
conic pencil has the equation

c1(x,y) +Aea(x,y) = aoo +Aboo + (ar1 +Abiy )
+ (a2 + Ab2)y* +2(ao1 + b1 )x +2(ags -+ Abga)y
+2(ai2+Ab12)xy,

where A € R{Jeo.

Repeating the process shown in the proof before, the poly-

nomial of degree 6 (which is two long to show it here) is
obtained

F(xay) =Feo (aprabst)x6+F5l (apr; bAtt)x5y+F42(apr; bst)x4y2
+ F33 (aph bst)x3y3 + Py (apr; bst)x2y4 +Fis (aph by )xyS

+ Fos(@pr, st )Y + Fs0(@pr, byt )X + Fiy (apr, by )x*y

+ F3(@pr, bt )Y + Fa3(apr, by )Xy + Fia(apr, by )xy"
+ Fos(apr ,bst)y + Fio(apr, bsl)x4 +F31(apr, bs,)x3y

+ Fo(apr, bt )x°Y + Fis(apr, by )xy° + Foa(apr, by )y*
+ Fo(apr, bs,)x + P (apr, bst)xzy + Fia(apr, bs,)xy2

+ Fo3(apr, bt )y + Fao(apr, bt )x* + Fiy (apr, by )xy

+F02(a 7b31)y +F10(apr7bst)x+F01(aprabst)y
+F00(apr7bst)a
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where F;; are polynomials in ap,, by, i, j =0,1,2,3,4,5,6
and pr, st =00,11,22,01,02,12. For example,
Fos = agpal,ainborbiabs, — 2 boob12b3
06 = A020711412002012077 — aAp1a11a1200201207,

2 2 2
—apaiiabi1biaby, —aprapaiianbiibiaby,

2 2 212
+ 2ag,a12a20b11b12b5, — aprappaiiainbir bz,

2 2322 2 3 2 3
+ag aibiaby, — amay ainborby, + aoiaiiaiyboiby,

3 2 2 3
+aoprap2aiiainbi1byy — agiaibi1by;.

Therefore, the curve of foci is of order 6.

Figure 3: Entirely circular curve of foci for a pencil con-
taining two special parabolas

Another example is shown in Figure 3. This is the exam-
ple for entirely circular curve of foci containing two special
parabolas

psi(x,y) =x"—2xy+y* +x-2,
psa(x,y) = x>+ 2xy+y* —x—2,

which are both shown in Figure 3 together with the curve
of foci.
Hence, the following theorems are proved.

Theorem 1 A curve of foci of all conics of an order conic
pencil in PE-plane is a curve of order 6 with the type of
circularity (2,2).

Theorem 2 [f one of two parabolas in the order conic pen-
cil is a special parabola, the curve of foci has the type of
circularity (3,2) (or (2,3)).

Theorem 3 If both parabolas of the pencil are special
parabolas, the curve of foci has the type of circularity
(3,3), i.e. it is entirely circular.

3 Curves of foci of order less than 6 - exam-
ples

Depending on a position of four base points of the pencil,
the curve of foci can be of order less than 6.

Example 1 For base points A(0,0), B(1,0), C(0,2) and
D(1,3), the line CD is isotropic. The curve of foci is of
order 5,

F(x,y) = —1620x*y + 3240x°y* 4+ 1620xy* — 3240xy*
+2025x* —9072xy + 1620x%y* + 10368xy°> + 1620y*
+6480x° — 5832x%y — 12960xy* — 5184y> + 1944x>
+ 10368xy + 5184y* — 5184x — 2592y + 1296.

Example 2 For base points A(0,0), B(1,0), C(0,2),
D(1,-2), intersections of the lines AC and BD as well as
of the lines AD and BC are isotropic points, i.e. the lines
AC and BD as well as the lines AD and BC are parallel.
The curve of foci is of order 4,

F(x,y)=2048x>y+5120xy* +-2048xy°—3072x*y—5120xy*
— 1024y +1024x% +2048xy+2304y* — 1024x—512y+256.

Example 3 For base points A(0,0), B(1,1), C(0,3), D(1,2),
the line AB is isotropic line through the absolute point Ay,
the line CD is isotropic line through the absolute point A,
and the lines AC and BD are parallel (i.e. they intersect in
an isotropic point). The curve of foci is of order 3.

F(x,y) = 16x° — 16xy* — 60x% 4+ 48xy + 8y* + 36x— 24y —9.

Example 4 For base points A(0,0), B(1,0), C(0,1,t) and
D = A5(0,1,—1) where C and D are written in homoge-
neous coordinates, the curve of foci is

F(x,y) = (206% +263x% +y? —13y? — 2015 — 23 x + 13)?,

i.e. the curve of foci is a conic. For O <t; <1 itis an
ellipse, and for t; < 0 and t| > 1 it is a hyperbola.

Example 5 For base points A(0,0), B(1,1), C(0,1,t;) and
D =A5(0,1,—1), the line AB is isotropic and the curve of
foci is a special hyperbola which does not exist in the Eu-
clidean plane.

Example 6 For base points A(0,0), B(1,0), C =
A1(0,1,1) and D = A»(0,1,—1), all conics in the pencil

are circles and the curve of foci is a line x = %
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4 Conclusion

In this article, it is proved that the curve of foci of a conic
pencil in PE-plane is generally a curve of order 6 with the
type of circularity (2,2). It is also shown that, depending
on the type of parabolas in the pencil, the curve of foci may
have the type of circularity (2,3) or (3,2) which is not pos-
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