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On crossed modules in modified categories of interest
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Abstract. We introduce some algebraic structures such as singularity, commutators and central extension
in modified categories of interest. Additionally, we introduce the cat!-objects and internal categories with
their connection to crossed modules in these categories, which gives rise to unification of many notions
about (pre)crossed modules in various algebras of categories.

AMS subject classifications: 18D05, 17A30, 16U70

Key words: center, central extension, commutator, singularity

1. Introduction

Categories of interest were introduced in order to study properties of different algebraic categories
and different algebras simultaneously. The idea comes from P.G. Higgins [25] and the definition
is due to M. Barr and G. Orzech [39]. Many categories of algebraic structures are main examples
of these categories (see [13, 17, 39, 33, 34, 35]). The categories of crossed modules and precrossed
modules in the category of groups, respectively, are equivalent to categories of interest as well, in the
sense of [11, 14]. Nevertheless, the cat!-Lie (associative, Leibniz, etc.) algebras are not categories
of interest. Consequently, in [5], Y.Boyaci et al. introduce and study a new type of category
of interest; namely, a category which satisfies all axioms of a category of groups with operations
stated in [40], except the one, which is replaced by a new axiom; this category also satisfies two
additional axioms introduced in [39] for categories of interest. They called this category ”Modified
Category of Interest”, which will be denoted by MCI from now on. The examples are mainly those
categories, which are equivalent to the categories of crossed modules and precrossed modules in the
categories of Lie algebras, Leibniz algebras, associative and associative commutative algebras. For
more examples, see [3, 6, 7,9, 12, 16, 18, 21, 22, 31, 36, 40].

Crossed modules were introduced by J.H.C Whitehead in [41] as a model of homotopy 3-types
and used to classify higher dimensional cohomology groups in [42]. Since then, the whole property
adapted to many algebras. The notions of crossed modules were defined on various algebras such
as (associative) commutative algebras, Lie algebras, Leibniz algebras, Lie-Rinehart algebras in
[3, 6, 7,9, 12, 16, 18, 21, 22, 31, 36, 40]. The definition of crossed modules in modified categories
of interest unifies all these definitions. As a different model of homotopy types, Loday defined
cat!-groups in [32]. The categories of cat!-groups and crossed modules are naturally equivalent and
this result was adapted to many algebras as well. The notions of cat!-algebras were introduced in
[23].
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In this paper our main purpose is to unify the notions of center, singularity, commutator and
central extensions in various categories of (pre)crossed modules (see [1, 5, 9, 38]). For this, first we
introduce the notions of center, singularity and central extensions in modified categories of interest.
Inspired by the equivalence between the categories of (pre)cat!-groups and (pre)crossed modules,
we introduce the notion of (pre)cat!-objects and their connection to crossed modules in modified
categories of interest. Then applying those definitions to (pre)cat!-objects, we get unification of
many notions related to (pre)crossed modules in different types of categories. Additionally, we show
that our definitions coincide with those given in [24, 28, 26].

The paper is organized as follows: In Section 2, we recall the notion of MCI and some related
structures with basic properties. In Section 3, we introduce the notions of a (pre)cat'-object and the
internal category in an arbitrary modified category of interest C with their connection to crossed
modules in C. Then we introduce singularity, commutators and central extensions in MCI. In
Section 4, as an application of Section 3 we get a (pre)crossed module version of the introduced
notions. Finally, in the last section, we conclude by some generalizations to internal category objects
and crossed complexes which were indicated by referee in her/his report.

2. Preliminaries

We will recall the notions of MCI and the main constructions from [5], which are modified versions
of those given in [14, 21, 39].

Let C be a category of groups a set of operations {2 and with a set of identities E, such that E
includes group identities and the following conditions hold. If €2; is the set of i-ary operations in
Q, then:

(a) Q=Q0UQUQs;

(b) group operations (written additively : 0, —, +) are elements of Qg, ; and s, respectively.
Let Q5 = Qo \ {+}, Q) = Q1 \ {—}. Assume that if x € Q, then QY contains %° defined by
xx°y=y*x and assume g = {0};

(c) for each x € ), E includes the identity x % (y + 2) =z *xy + x * z;

(d) for each w € Q) and x € Q, E includes the identities w(z + y) = w(z) + w(y) and either the
identity w(z * y) = w(z) * w(y) or the identity w(z * y) = w(z) * y.

Let C' be an object of C and x1,x2,z3 € C:
Axiom 1. x; + (22 *x x3) = (22 *x x3) + 21, for each x € Q.
Axiom 2. For each ordered pair (x,%) € Q4 x Qf there is a word W such that

(Il * .IQ)?I:; = W(xl (IQIEg),.Il (ngg), (IQ.Ig)Il,
(z322)21, T2(T123), T2 (T371), (T123) T2, (¥371)T2),
where each juztaposition represents an operation in 5.

Definition 1 (see [5]). A category of groups with operations C satisfying conditions (a) — (d),
Azxiom 1 and Aziom 2, is called a modified category of interest.
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The difference of this definition from the original one of the category of interest is the identity
w(x) * w(y) = w(z * y), which is w(z) * y = w(z * y) in the definition of the category of interest.

Example 1. The categories Cat'-Ass, Cat'-Lie, Cat'-Leibniz, PreCat'-Ass, PreCat®-
Lie and PreCat'-Leibniz are modified categories of interest, which are not categories of interest.
Also, the category of commutative Von Neumann regular rings is isomorphic to the category of
commutative rings with a unary operation ( )* satisfying two axioms defined in [4], which is a
modified category of interest.

Notation 1. From now on, C will denote an arbitrary modified category of interest.

Let B € C. A subobject of B is called an ideal if it is the kernel of some morphism. Then A is
an ideal of B if and only if A is a normal subgroup of B and axb € A, for alla € A, b € B and
* € Q.

For A, B € C we say that we have a set of actions of B on A whenever there is a map fi :
Ax B — A, for each x € 5. A split extension of B by A induces an action of B on A corresponding
to the operations in C. For a given split extension

P

0 A" E B 0,

we have
b-a=s()+a-—s),
bxa=s(b)*a,

for allb € B, a € A and * € y’. Actions defined by previous equations are called derived actions
of B on A.

Given an action of B on A, a semi-direct product A x B is a universal algebra, whose underlying
set is A x B and the operations are defined by

w(a,b) = (w(a),w (b)),
(@',b') + (a,b) = (@' + b -a,b +b),
(@, b)x(a,b) = (@’ xa+a *b+b *a,b *xb),

for all a,a’ € A, b,b’ € B. See [5], for details.

Q

Example 2. A dialgebra (or diassociative algebra) over a field K introduced in [34] is a K-vector
space defined with two K-linear maps:

4, AR A= A,

such that
(xHdy)dz=a4(ytF 2),
(xdy)dz=z4(y=2),
(xby)dz=zF (y2),
(xdy)Fz=ak (yF 2),
(zFyFz=ak (yF 2),

for all x,y,z € A.
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Let A and B be two dialgebras. A dialgebra action of B on A is defined with four bilinear maps:

I>F,l>4:B><A—>A
<1F,<14:A><B—>A

satisfying the required 30 azioms. (For details about these axioms, see [7])
The semi-direct product A x B is the dialgebra whose underlying set is A x B with usual scalar
multiplication, component-wise addition and binary operations defined by

(a,b) 4 (a/,b')=(aHdd +b>yd +a<4b,b4b),
(a,b) - (/b)) =(atad +b>rad +a < b ,bEY),
fora,a’ € A and b,V € B.

Theorem 2 (see [5]). An action of B on A is a derived action if and only if A x B is an object of
C.

Proposition 1 (see [5]). A set of actions of B on A in Cq is a set of derived actions if and only
if it satisfies the following conditions:

1. 0-a=a,
b-(ay+az)=b-a;+b-as,
. (b1 +b2)-a=by-(bs-a),
bx (a1 +az) =bxa; +bxas,

2.

3

4

5. (b1 +b2) xa=by xa+byx*a,
6. (by xb2) - (a1 * az) = ay * aq,
7. (byxba) - (a*xb) =axb,

8. ay x (b-az) = aj * aq,

9. bx(by-a)=bxa,

10. w(b-a) =w(b) - w(a),

11. w(a*b) = w(a) xw(b),

12. xxy+zxt=zxt+axxy,

for each w € Q), x € Q', b, by, by € B, a,a1,a2 € A and for z,y,z,t € AU B whenever each side
of 12 has sense.

Definition 2 (see [5]). Let A € C. The center of A is

Z(A)={z€Ala+z=z2+a, a+w(z)=w(z)+a, axz2=0, axw(z) =0,
forallae A, weQ and x € Qy'}.

On the other hand, if A is an ideal of B, then the centralizer of A in B is the ideal

Z(B,A)={beBla+b=b+a,a+wd) =wb)+a,axb=0, a*xw(b) =0,
forall a€ A, we Qq and *x € Q' }.
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A precrossed module in C is a triple (C1, Cy, d), where Cp, C; € C, Cp has a derived action on
C1 and 0 : C7 — Cp is a morphism in C satisfying

a) O(co-c1) = co+ 9(c1) — co,
b) O(coxc1) =co x O(er),
for all cg € Cy, c1 € C1, and * € Q’. In addition, if
¢) Oecr) -y =c1+c) —e,
d) O(c1)*xc) =c1xd,
for all ¢1, ¢) € C, and % € Qo’, then the triple (C1, Cp, 0) is called a crossed module in C.

Definition 3. A morphism between two (pre)crossed modules (C1,Co,d) — (C1,C§,0') is a pair
(1, po) of morphisms po : Co — Cfy, u1 : C1 — CY, such that

a) pod =9,

b) pi(co-c1) = po(co) - pa(er),

¢) pa(co * c1) = po(co) * pa(cr),
for all ¢y € Cy, c1 € C1 and x € Q.

Consequently, we have categories PXMod(C) of precrossed modules and XMod(C) of crossed
modules.

Example 3. A crossed module in the category of dialgebras is a homomorphism 0 : D1 — Dy
with an action of Dy on Dy such that

(do >4 d1) = do 1 0(d1),
O(do > dy) = do - 0(dy),
( ) = 0(d1) Hdo,
I(d1 < do) = 9(d1) I do,
2) O(dy) oo, = dy 1 d, = dy <14 O(d}),
(d) > dy = dy F dy = dy < O(d),

for all dy,d} € Dy, dyg € Dy. The definition is equivalent to the definition given in [7].

Example 4. Let 0 : D1 — Dy and &' : D} — D}, be crossed modules of dialgebras. The pair

(1, po) consists of dialgebra homomorphisms py : D1 — Dy, uo : Dy — D{ which satisfies
0’y = pod and

p1(do B di) = po(do) B pa(dr),

pa(dr) <+ po(do),

to(do) >+ pu1(dr),

)

pi(di < do) = pai(di) < po(do),
for all dy € Dy and dy € Dy is called a morphism between 0 : Dy — Dy and 0’ : D] — D, .

( )=
pi(dy <4do) =
p(do > dy)



108 E.O.UsLu, S. CETIN AND A. F. ARSLAN

Definition 4. Let (Cy,Co, p) be a (pre)crossed module in C. A (pre)crossed module (C1,Cy, 1) is
a (pre)crossed submodule of (C1, Co, p1) if C7 and Cy are subobjects of C1, Co, respectively, ji' = plcy
and the action of C) on C] is induced by the action of Co on Cy. Additionally, if C} and C{ are
ideals of Cy and Ci, respectively, co* ¢} € C1, chxc1 € Cf, co-cy € C, ¢ -c1 —ec1 € C, for all
c1 € C1, ¢o € Cy, ¢ € C, ¢ € Cf, then (C1,C{, 1) is called a crossed ideal of (Cy,Co, ).

Equivalently, (C}, C{, i) is a crossed ideal of (Cy, Cy, p) if and only if (C}, Cj, p') is the kernel of

some morphism.

3. Some algebraic structures in MCI

In this section, first we introduce the notion of (pre)cat!-objects in a modified category of inter-
est C and construct the corresponding category (Pre)Cat!(C) of (pre)cat!-objects with natural
equivalence with the category (P)Xmod(C) of (pre) crossed modules in C. Then we introduce the
notions of singularity, commutator and central extensions in C. We also show that the notion of
central extension introduced in Definition 9 coincides with the definition of centrality, in terms of
[27].

3.1. (Pre)Cat!- objects in MCI

Definition 5. A precat'-object in C is a triple (C,wo,w1), where C € C and wo,w; : C — C, are
morphisms in C which satisfy

1) wowi = w1, wiwg = Wp.
In addition, if
2) xxy=0,z+y—ax—y=0,
for all x € Q3 and x € kerwy, y € kerws, then the triple (C,wo,w1) is called a cat'-object in C.

Consider the category, whose objects are cat!-objects and morphisms are C-morphisms compat-
ible with the maps wo and w;. We will denote this category by Cat*(C).
We also have the category PreCat!(C) of precat!-objects, in the same manner.

Example 5. Let C be the category of Leibniz algebras. Then a cat'-Leibniz algebra is a triple
(Lywo,w1), consisting of a Leibniz algebra L and Leibniz algebra homomorphisms wo,wy : L — L
such that

1) wowr = w1, wiwo = wo,
2) eyl =0=[y,],
for all x € kerwy, y € kerw;.

Example 6. A cat!-dialgebra is a triple (D, wo,w1) consisting of a dialgebra D and homomorphisms
wo,w1 : D — D such that

1) wowi = w1, wiwg = Wo,
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2) xdy=0=y-dz,zby=0=yt x,

for all x € kerwy, y € kerw; .
Proposition 2. The categories XMod(C) and Cat*(C) are canonically equivalent.

Proof. Let (Cy,Cp,d) be a crossed module in C. Consider the corresponding semi-direct product
C1 % Cp induced from the action of Cy on Cy. By Theorem 2, C; x Cy € C. It is obvious that
maps wop Cl X CO — Ol A C(), w1 Ol X OQ — Cl X OQ defined by wO(Cl,Co) = (O,Co),
wi(e1,¢0) = (0,0(c1) + ¢o), for all (¢1,¢0) € Cy x Cy are C-morphisms. On the other hand, since

Wow1 (Cl, Co) = wo(O, 6(01) + Co) = (0, 6(01) + Co) = wi (Cl, CQ)

and
wiwo(c1,co) = wi(0,c0) = (0, o) = wo(ct, o),

for all (c1,¢9) € C1 x Cp, we have wowy = w1, wiwg = wy. Let (c1,¢o) € kerwy and (e1,¢p) € kerws.
Then we have ¢y = 0 and 9(¢1) 4+ ¢ = 0. Consequently,

c1 + ¢o.C1, co + Cp)
c1 +¢1,%)
¢1—¢1+c¢1+73¢1,0)
+ (=0(e1)) - e1, %)
+Co - ¢1,C + o)

o) + (c1, o)

(c1,¢0) + (€1, G) =

[

(
=
= (
= (
=
= (a1

“I ~| S’I

and

(c1,¢0) * (€1,¢0) = (c1 % €1 + ¢1 % G + ¢o * €1, Co * Tp)
=(c1*c1+c1*xcg+0xc1,0%¢)
= (c1# (0(c1)) + c1 * €, 0)

= (c1 % (9(e1) + @), 0)

= (¢1 % 0,0)

(070)

as required. So we have the functor € : XMod(C) — Cat*(C).

Conversely, given a cat!-object (C,wp,w;) in C. Consider the morphism 9 : C; — Cp, where
Cy = kerwg, Cop = Imwg and 0 = w1 |kerw, - Define the dot action of Cy on C by ¢g-¢1 = co+c¢1—co
and star actions by ¢ * ¢, for ¢g € Cy, ¢1 € Cy, *x € Q. We claim that (C1,Cp,d) is a crossed
module in C with these actions.

By a direct calculation we have wp(c1) = 0 and there exist ¢ € C such that wg(c) = ¢, for all
Cy € OQ, c € C].
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i) For all ¢g € Cy, ¢1 € C1, we have

O(cp.c1) = wi(eo +¢1 — ¢op)

= wi(wo(c) + c1 —wo(c))
wiwp(c) + wi(e1) — wiwo(c)
wo(c) +wi(e1) — wolc)
= ¢y + O(c1) — co.

ii) For all ¢y € Cy, ¢; € C1, we have

O(co *c1) = wr(wo(c) *¢1)
= wiwp(c) xwi(c1)
= wo(c) * wi(er)
= Co * 8(01).
iii) Since wiwi = wiwow1 = wow1 = wi, we have wy(c; — d(eq)) = 0, which means (¢; — d(c1)) €
kerwy and (¢1 — 9(c1)) + ¢y — (1 — 9(c1)) — ¢} =0, for all ¢ € Cq. Then
d(c1).cy = 0(er) + ¢ — (1)
=c1—c1+0(c1) + ) —9(er)
=c1+c) -,
for all ¢q, ¢} € C1, as required.
iv) By a calculation similar to (iii) we have d(c1*c}) = 9(c1)xc) = c1xc], for all ¢1, ¢} € C1, x € Q4.
Consequently, we have the functor X : Cat*(C) — XMod(C). The functors ¢ and X give rise to

a natural equivalence between XMod(C) and Cat*(C).
The correspondence and functoriality for the morphisms are straightforward. O

Similarly, we have the natural equivalence between Precat®(C) and PXMod(C).

3.2. Internal category in MCI

As a more general setting, in this subsection we recall the definition of an internal category in a
modified category of interest. Then we give the relation between the category of internal categories
and that of cat'-objects and crossed modules in C

Let C be a category with finite limits. We recall the definition of an internal category [30]
An internal category C in C consists of:

(a) a pair of objects Cp, Ci;

(b) four morphisms C; 2% Co, C1 -2 Cp, Co —— Cy, and C) x¢, C1 —% C4, such that
doi =dii = 100, dom = do?TQ, dim = dlﬂ'l, m(l X m) = m(m X 1) : Cy X o (& X o Ch — Cl,
and m(1 x i) = m(i x 1) = 1¢,. Here and below, C; x¢, C1 denotes the pullback

Ol XCo Ol —>ﬂ-2 01
lﬂ'l ldl

i — 4
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Let C = (Cy,C4,dy,d1,i,m) and C" = (Cy,Cl,dy, d},i',m') be internal categories and F =
(Fo, F1) : C — C" and the diagrams

%

e
do,dlic ;CO

1 Cl Xy Cl m4> Cl (1)

F Fo (F1,F1) Fy

-/
K2

. ,
do,dy : C} C Y e e —e
are commutative.

Denote by CAT(C) the category of internal categories and functors in C.

Remark 1. Let C be a modified category of interest and (Co, C1,do,d1,i,m) an internal category
in C. We have the split exact extension

do
kerdy —— C4 — Co ,
3

from which we get the actions of Cy on kerdy defined by
r-c=1i(r)+c—i(r),
r+c=(i(r)) xc,
cxr =cx*(i(r)),

for all r € Cy, c € kerdy. Consequently, we have the semi-direct product kerdy x Cy, which is also
an object in C. Additionally, O = di|kerd, : kerdo — Co satisfies

(i) d(r-c) =1+ d(c) —
(ii) O(c) - ¢ =c+c —c;
(iii) B(c) *r = c*r;

(iv) O(c* ) = d(c) * ¢

for all r € Cy, ¢,d € kerdy and x € Q. Consequently, (kerdy, Co,d) is a crossed module in C.
Inverse formulas are left to the reader.

Corollary 1. Let CAT(C) be the category of internal categories in C. Then categories CAT(C),
Xmod(C) and Cat!(C) are equivalent.

Proof. Follows from Remark 1 and Proposition 2. O

3.3. Singularity, commutators and central extensions

In this section, we introduce the notions of singularity, commutators and central extensions in MCI.
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3.3.1. Singularity and commutators
Definition 6. An object C' in C, which coincides with its center, is called singular.

Example 7. Let A be a dialgebra. Then the center Z(A) of A is the set
{zeAladz=0=z4a, abkz=0=2zFa, foralac A}
Consequently, A is singular ifa 4a’ =0=at d, for all a,a’ € A .

Example 8. Consider a cat'-group (G,wo,w1). Then (G,wo,w1) is singular if g+ g = g + g,
gt+wi(g)=wi(¢g)+g, forallg,g € G, i=0,1.

Definition 7. Let A € C and S C A. The smallest ideal containing S is called the ideal generated
by S and denoted by < S >.

Definition 8. Let A € C and B, C be ideals of A. Then the ideal generated by the set:
{b+c—b—c,bxc,b+w(c)—b—w(c), c+w() —c—wb), bxw(c), cxw(b)| be B,ce C}
will be called the commutator object of B and C'.
Let A € C. The ideal generated by the set:

{ety—z—yrtwly) —z-wy),zxy,zxw(y)|zyec A xeQ}

is called the commutator of A and denoted by [A, A]. Also, A/[A, A] will be called the singularization
of A.

Example 9. Let D be a dialgebra. The commutator of D is the ideal generated by the set {a -
b,btala,be D}. Additionally, the singularization of D is

D/{a4bbt a;a,be D).
Proposition 3. An object C € C is singular if and only if [C,C] = 0.
Proof. Direct checking. O

Remark 2. The definition of commutators in C coincides with Huq’s commutator [26] and the
relative commutator (see [24]) with the Birkhoff subcategory Ab(C) of singular objects in C.

Theorem 3. For any object A € C, the commutator ideal [A, A] is the unique smallest ideal I for
which A/I is singular.

Proof. Direct checking. O

Denote the full subcategory consists of all singular objects in C by Ab(C). We have the functor
Ging : C — ADb(C), which takes any object C' to its singularization C/[C,C]. Additionally, we
have the functor inc. : Ab(C) — C, which is the inclusion of the Birkhoff variety Ab(C) in C.
Consequently we have the adjunction “Ging - inc.” | which can be diagrammed by
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3.3.2. Central extensions

Definition 9. Let C € C and A € Ab(C). A central extension of C by A is an extension

F: A——B——»C

such that A is a subobject of Z(B).

Janelidze and Kelly [27] introduced the central extension in an exact category relative to an
“admissible” subcategory. From [29], any modified category of interest C is Barr exact Mal’tsev
category and so any Birkhoff subcategory of C is admissible, which gives rise to consideration the
categorical theory of central extensions in C.

An extension f: A — B is called trivial in terms of [27] if the diagram

A —— Ging(A)

fl lGing(f)

B —— Ging(B)

is a pullback, where the horizontal morphisms are given by the unit of the adjunction. An extension
is called central in terms of [27] if there exists an extension p : E — B of B such that in the pullback

EXBAL)A

.
EﬁB

the morphism 7; is a trivial extension.

Proposition 4. Definition 9 coincides with the definition of centrality given in [27]. (Here, we
consider the category C and the admissible subcategory Ab(C).

Proof. Let
A——sB—»C

be an extension in C with A C Z(B). Consider the pullback diagram

BxcB—23B

]

B—C

By a direct calculation, the diagram

B x¢ B—— Ging(B x¢ B)

Wll lG‘mg(ﬂ'l)

C—— Ging(C)
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is a pullback, that is, there exists an isomorphism between Bx B and the fiber product

CX &ing(0)Bing(BxcB)

defined by (b,b") — (b, (b,1’)). So the morphism 7 : B x¢ B — C' is a trivial extension from
which we get the centrality in terms of [27].
Conversely, given an extension

A——B224 0

in C, which is central in terms of [27]. Then there exists an extension F 4 O such that in the
pullback

ExcB—23B

oL

E——C

the morphism 71 : E x¢ B — C is a trivial extension; in other words, the diagram

E x¢ B—" Sing(E x¢ B)

WIJ/ leing(ﬁl)

E— Ging(E)

is a pullback. The kernel of 7; is the injection A ——— E x¢ B and the kernel of Ging(m;) is the

injection 0 : A — Ging(E x B) defined by o(a) = (0,a), where (0,a) denotes the related coset.
c

We want to show that A C Z(B). For this, we need to show b +a =a+b, b+ w(a) = w(a) + b,
bxa=0,bxw(a) =0foralla € A,b€ B,w € Qp,x € Q. For all b € B there exists e € F such
that ¢p(b) = pr(e). Since

ob+a—-b—a)=(0,b+a—b—a)
= (07 b) + (6, a) - (Oa b) - (67 CL)
= (07 b) - (07 b) + (6, a) - (67 CL)
= (0,0),
we have b+ a — b — a = 0. By similar calculations we get that A C Z(B), as required. O

4. Applications to (pre)crossed modules in MCI

In this section, we introduce the notions of center, singularity and central extension of (pre)crossed
modules in modified categories of interest. For this, we were inspired by the equivalence of the
categories (Pre)Cat!(C) of (pre)cat!-objects and (P)Xmod(C) of (pre)crossed modules. In the
case of precrossed modules of groups (Lie algebras), the notions give the definitions of centers,
singularity and central extensions [1, 18, 19, 37, 38].
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4.1. Center and singularity of precrossed modules in MCI

Let (C1, Cy, 9) a precrossed module and (C x Cp, wp,w1) be the corresponding precat!-object. The
center Z(Cl X Co,wo,wl) of (Ol X C’O,wo,wl) is the ideal

Z(Ch % Coywo,wr) = {(21,20) €C1xCy|z1+20-c1=c1+co-21, 21+¢1 =c1 + 21,
cp=z0-c1, ¢ =0(21)-c1, co+ d(z1) = d(z1) + co,
(c1x20) + (co*21) + (c1%20) =0, (c1%21) =0, (c1%20)=0,
(c1 % 0(z1) =0, O(co*21) =0, for all (¢1,¢p) € Cy x Cp,* € Q'}
The image X (Z(Cy x Co,wp,w1)) is the precrossed ideal (Z1, Zp,d|) of (Cy,Cp, ), where
Zi={zn€C|atc=c+z,ec(0(z1)) = ci,
co+ 9(z1) =0(z1) + o, 21 =¢p - 21, €1 %21 =0,
c1*%(0(21)) =0,cox 21 =0, for all ¢; € Cy,c € Cp,x € Qa'},

and
Zoz{ZQECQ|ZQ-Clzcl, 20 + co = co + 2o,

c1x20=0, cox20=0, for all ¢g € Cp,c1 € Cp,x € Q'}.
If (C1,Cy,0) is a crossed module, then

Ziy={z1€C|z1+c1=c1+ 21,00+ 9(21) = (z1) + co,c0 - 21 = 21,
c1*x21=0,c0%21 =0, for all ¢y € Cp,c1 € C1,* € Qo'},
Zo={ 20 € Colzo-c1 =c1,20 + co=co+ 20,¢1 %20 =0,
co*zo =0, for all ¢y € Cp,c1 € Cr,* € Q'}.
Definition 10. (Z1, Zy,0) will be called the center of (Cy,Co,0).

We will denote the center of (Cy, Cy, d) by Z(C1,Cy,9).

The notions of commuting morphisms and central objects were defined by Huq [26] in the
categories with zero objects, products and coproducts, whose morphisms have images. From these
properties following the existence of injections I'; : B; — By X Bs,i = 1,2 in the direct product
in such a category, we have the following.

Definition 11 (see [26]). Two coterminal morphisms 1 : By — A and 3 : Bo — A are said to
commute if there exists a morphism

BrofB2: By x By — A
making the diagram

BlL}B1XBQ(F72B2

B1oB2
B1 B2

A
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commutative, where I';, i = 1,2 denotes the injection of the direct product. In particular, a mor-
phism B : B — A is said to be central if the identity morphism on A commutes with 3, i.e., if it
makes the diagram

A— s AxXxB+——B

1a B

commutative. Additionally, if we have a monomorphism 8 : B — A, then it is said that B is a
central subobject of A.

Definition 12 (see [26]). The center of an object is the maximal central subobject relative to the
order relation that exists on the set of monomorphisms.

Proposition 5. Let (Cy,Cy,0) be a crossed module. Then Z(Cy,Cy,d|) is the mazimal central
subobject of (C1,Cy,0).

Proof. Consider the diagram

(01,00,8) EEE—— (Cl X Zl,CO X 20,6 X 6|) — Z(Cl,CQ,6|)

(a1,00)

(81,80)

(C1,Co,0)

Define a1 : C7 x Z7 — Ol, ag : Cyp X Zyg — Cy by 041(61,21) = c1 + 21, Oéo(Co,Zo) = ¢o + 2o,
respectively, (81, 8o) as an inclusion and the others in a usual way. Then the diagram is commutative
from which we get that Z(C1, Cy, 9|) is a central subobject.

For any central object (Hy, Ho,d|) of (C1,Cop,d). Then there exist a monomorphism (1, 1) :
(Hl,H0,8|) — (01,00,8) and a homomorphism (0'1,0'0) : (Ol X H1,00 X H0,8 X 8|) —
(C1,Co, ), which makes a diagram

(01,00,8) _— (Cl X Hl,CO X H0,6 X 6|) — (Hl,H0,6|)

(F2:70) (k1,10)
(C1,Co,0)
commutative. By direct checking we have (u1, po)(Hi, Ho, 9|) C Z(C1,Cop,d|), which means that
Z(Ch,Cy,d|) is the maximal central subobject of (C1, Cy, d), as required. O

Corollary 2. Definition 10 is equivalent to the definition in terms of [26].

Proof. Follows from Definitions 12 and Proposition 5. o

Definition 13. A singular (pre)crossed module in C is the crossed module coinciding with its
center.
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4.2. The commutator of a (pre)crossed module in MCI

In this subsection, we introduce the notion of commutator of a precrossed module in C modules
which recovers Huq’s commutator [26] and relative commutator [24] as well.

Let (C1,Cp,0) be a precrossed module. The commutator of the corresponding precat!-object
(C1 % Cp,wop,wr) is the ideal [(Cy x Cy, wo,w1), (C1 % Cp,wp,w1)] generated by the set

{(z1,20) + (y1,%0) — (w1, 20) — (Y1, %0), (x1,20) + (0,70) — (21, 20) — (0,%0),

(z1,20) + (0,0(y1) + o) — (z1,70) — (0,0(y1) + ¥0), (¥1,%0) * (y1,%0),

(z1,20) * (0,90), (x1,20) * (0,0(y1) + o) | (z1,%0), (¥1,%0) € C1 x Cp and * € Qo'}.

The image X([(C1 x Co,wp,w1), (C1 x Cp,wp,w1)]) is the object (K7, Ko, d|), where K; and Ky
are the ideals generated by the sets
{1170-1171 — 1, T1+Y1 —T1— Y1, T1*Y1,To *T1 | X € Oo, x1,Y1 € Ol}
and
{zo +yo — 20 — Yo, o *yo| xo,%0 € Co},

respectively.

Definition 14. Let (Cy,Cop,0) be a precrossed module. Then (K1, Ko, 0|) is called the commutator
subcrossed module of (C1,Cy, ).

If (C1,Cy,0) is a crossed module, then K is the set generated by the set

{LL‘Q-,Tl — 21,0 * X1 | o € Co, xr1 € Cl}

4.3. Central extensions of (pre)crossed modules in MCI

Now, we introduce the central extensions of (pre)crossed modules in C. Similarly to Proposition 4,
the definition coincides with the notion of centrality in the terms of [27].

Definition 15. Let (C1,Co,0c) be a (pre)crossed module and (A1, Ag,04) a singular object in
(P)Xmod(C). A central extension of (C1,Co,0c) by (A1, Ag,04) is an extension

(A1, Ao, 04) =—— (B1, Bo,9p) — (C1, Co, 0c)
such that (A1, Ag,04) is a crossed ideal of Z (B, By, 0B).

As a consequence, one can construct the classification of central extensions of (pre)crossed
modules. See [1, 6, 8, 9, 20, 37, 38] for various cases.

5. Conclusion

Internal category objects are nowadays (for example, in the context of application of homotopical
methods) much more widely known objects and intuitively easier received by practical mathemati-
cians. By using the correspondence between cat!-objects and internal category objects, given in
subsection 3.2, one can obtain the notions of center, singularity commutator and central exten-
sions of internal category objects. On the other hand, the crossed modules are just the lowest case
of crossed complexes; it has been considered to extend the main constructions in this paper to
crossed complexes, as a generalization. For this, one needs an equivalence of the category of crossed
complexes with a (modified) category of interest.
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