MATHEMATICAL COMMUNICATIONS 133
Math. Commun. 22(2017), 133-147

On the hyper-order of solutions of nonhomogeneous linear
differential equations

NouR EL IMANE KHADIDJA CHERIET AND KARIMA HAMANT*

Department of Mathematics, Laboratory of Pure and Applied Mathematics, University of
Mostaganem (UMAB), B. P. 227 Moslabelanem, Algeria

Received October 1, 2015; accepted September 14, 2016

Abstract. In this paper, we study the hyper-order of solutions of higher order linear
differential equation

FO 4 APV 4 AR+ Ao(2) f = Hz),
where k > 2 is an integer, A; (z) (j =0,1,...,k—1) and H (z) (£ 0) are entire functions
or polynomials. We improve previous results given by Xu and Cao.
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1. Introduction and main results

We assume that the reader is familiar with usual notations and basic results of
Nevanlinna theory (see [6, 11]). We also use basic results of Wiman-Valiron theory,
(see [7]). In addition, we use the notation o(f) to denote the order of growth of a
meromorphic function f, A (f) and X (f) to denote the exponent of convergence of
a sequence of zeros and a sequence of distinct zeros of f, respectively. We also by
o2(f) denote the hyper-order of f defined by (see [11])

oa(f) = limsup 71(% log T(r, /)
r—+4o00 logr

)

where T'(r, f) is the Nevanlinna characteristic function of f.
The hyper-exponent of convergence of a sequence of zeros and distinct zeros of f are
defined by (see [1])

loglog N (r, &
Xo(f) = limsup#

r—+o0 10g T
and
N 1
- e loglog N (r, 7)
A2(f) = limsup————,
r—+4o00 logr
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respectively, where N (r, %) and N(r, %) are the counting functions of zeros and
distinct zeros of f, respectively.

For a set E C [1,+00), let m(E) and m;(E) denote the linear measure and the
logarithmic measure of FE, respectively. Moreover, the upper logarithmic density
and lower logarithmic density of E are defined by

S EnN|l En(l
10gden$(E) e limsup M, 1OgdenS(E) — hrnlnf ml( ﬂ [ 77"]).
r—00 log r —_— 00 logr

For the second order linear differential equation

I e +Qe)f =0, (1)
where @ (z) is an entire function of finite order, it is well known that every solution
of equation (1) is an entire function and most solutions of (1) have an infinite order.
But equation (1) with Q(2) = —(4 + 2e~%) possesses a solution f(z) = e2* of finite
order.

Thus a natural question is: what condition on Q(z) will guarantee that every solution
f(£0) of equation (1) has an infinite order?

In [2], Chen studied the problem, where Q(z) = h(z)e®?, h(z) is a nonzero polynomial
and b is a complex number. He proved that if b # —1, then every solution f(# 0) of
equation (1) is of infinite order and o2(f) = 1.

In the same paper, he also considered more general equations of second order and
proved the following two results:

Theorem 1 (see [2]). Let A;j(2)(#0) (j =0,1) be entire functions with o(A;) < 1,
a, b complex constants such that ab # 0 and a = ¢b (¢ > 1). Then every solution
f(£0) of equation

fr+ Ai(2)e f + Ag(2)e f =0, (2)

has an infinite order.
Theorem 2 (see [2]). Let A;j(z)(# 0), Dj(z) (j = 0,1) be entire functions with

0(4;) <1, 0(Dj) <1a,b be complex constants such that ab # 0 and arga # argb
ora=ch (0<c<1). Then every solution f(#0) of equation

"+ (A1(2)e™ + Da(2)f + (Ao(2)e” + Do(2))f =0, (3)
has an infinite order.

In 2008, Wang and Laine have investigated nonhomogeneous equations related to
(2) and (3) and obtained the following two results:

Theorem 3 (see [9]). Suppose that Ag(z) £ 0, A1(z) # 0, and H are entire func-
tions of order less than one, and the complex constants a, b satisfy ab # 0 and b # a.
Then every nontrivial solution f of equation (2) is of infinite order.

Theorem 4 (see [9]). Suppose that Ag(z) Z0, A1(z) 0, Do(z), D1(z), and H are
entire functions of order less than one, and the complex numbers a, b satisfy ab # 0
and b/a < 0. Then every nontrivial solution f of equation (3) is of infinite order.
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In [10], Xu and Cao have studied the above problem for higher order linear differ-
ential equations and proved the following two results:

Theorem 5 (see [10]). Let k > 2 be an integer, P(z) = anz™ + ...+ a1z + ag, and
Q(2) = bpz"+...+b1z2+by be nonconstant polynomials, where a;,b; (i =0,1,...,n)
are complex numbers with ayb, # 0 and a, # b,. Suppose that h;(z) (2 <i<k—1)
are polynomials with degree no more than n —1 in z, Aj(z) #0 (j = 0,1) and H
are entire functions satisfying o (A;) < n, (j = 0,1) and o (H) < n, and ¢ is an
entire function of finite order. Then every nontrivial solution f of equation

PO fhg f* D 4 fhgf 4 AePOf 4 Age@P) f = H (4)

satisfies o (f) = 400, o (f) = A(f) = A(f) = Mf — ¢) = +00 and o2(f) = A2(f) =
A2 (f) = Xa(f —¢) <n.

Theorem 6 (see [10]). Let k > 2 be an integer. Suppose that A;(z) £ 0, D;(z)
(=0,1), and H are entire functions satisfying o(A;) < n, o(D;) <n, (j =0,1),
o(H) < n, and P(z), Q(z), h; (2 < i < k—1) are as in Theorem 5 satisfying
anby, # 0 and ay, /b, < 0. Then every nontriwvial solution f of equation

PO b O haf 4 (41ePO 4Dy ) £ (409 4 Do) f = (5)

is of infinite order.

In this paper, we investigate the hyper-order of nontrivial solutions of equations (4)
and (5). We obtain the following two results:

Theorem 7. Let k > 2 be an integer, P(z), Q(2), an, bn, hi(z) (2<i<k—1),
Aj(z) 20 (j =0,1), H(= 0) and ¢ satisfy additional hypotheses of Theorem 5.
Then every nontrivial solution f of equation (4) satisfies oa(f) = Xa(f) = Xa(f) =
Ao (f — @) =n.

Theorem 8. Let k > 2 be an integer, P(z), Q(2), an, by, hi(z) (2 <i <k —1),
Aj(z) #0, Dj(2) (j =0,1) and H(= 0) satisfy additional hypotheses of Theorem 6.
Then every nontrivial solution f of equation (5) satisfies oa(f) = n.

2. Preliminary lemmas

Lemma 1 (see [10]). Suppose that k > 2 is an integer, Ag, A1,...,Ax—1 and F
(£ 0) are entire functions of finite order. Then every solution f of infinite order of
equation

FR 4 A f5 D 4 p A f 4+ Agf = F
satisfies o2 (f) <max{o (4;),0(F):5=0,1,...,k—1}.
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Lemma 2 (see [3]). Let f(z) be a transcendental meromorphic function and let
a > 1 and e > 0 be given constants. Then there exist a set E1 C [1,400) having
finite logarithmic measure and a constant B > 0 that depends only on « and (i, j)
(i,] positive integers with i > j) such that for all z satisfying |z| = r ¢ [0,1] U Eq,

we have o o
(=) T(ar, f) 4 o o
() <B . (log® r)log T (ar, f) .
+oo
Lemma 3 (see [5], p. 344). Let f (2) = > anz™ be an entire function, vy () denote
n=0
the central index of f, and p(r) denote the mazimum term, p(r) = ‘ay(r)’ (),
Then

d
vr(r) = T log 11 (r) < [log u ()] < [log M (r, f)]?
holds outside a set By C (1,+00) that has finite logarithmic measure.

Lemma 4 (see [4]). Let P (z) = (a+iB) 2"+...(a, B are real numbers, |a|+|5| # 0)
be a polynomial with degree n > 1 and A (z) a meromorphic function with o (A) < n.
Set f(2) = A(z)eP®), 2z =re?, §(P,0) = acos(nf) — Bsin(nb). Then for any given
e > 0, there exists a set E5 C [1,400) having finite logarithmic measure such that
for any 0 € [0,27) \ Hy and for |z| =7 ¢ [0,1]U E3, r — 400, we have

(i) if 6 (P,0) > 0, then

exp{(1—¢)d(P,0)r"} < }f (Tew)| <exp{(1+¢)d(P,0o)r"},

(i) if 6 (P,0) <0, then

exp{(1+¢)d(P,0)r"} < ‘f (T6i9)| <exp{(1—-¢)d(P,0)r"},
where Hy = {6 € [0,27) : § (P,0) = 0}.

Lemma 5 (see [8]). Let f (z) be a transcendental entire function, and let vy(r) be
the central index of f and 6 a constant such that 0 < 6 < %. Then there exists a
set Ey of finite logarithmic measure such that for all z satisfying |z| = r ¢ E4 and
|f(2)| > M (r, f) Vf(r)_i"";, we have

() (Vf (7”))" o
= 1+o0(1 n > 1 s an integer) .
o= () o )
Lemma 6 (see [12]). Let f(z) be an entire function and M (r, f) = |f (re?)| for
every r. Set 0, — 6y € [0,27) as r — +oo. Then there exist a constant ly > 0 and a
set E of positive lower logarithmic density such that

M (r, )" < |f (re)] (6)
for all r € E large enough and all 8 such that |0 — 0y| < lo.
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Lemma 7 (see [2]). Let f(z) be an entire function of infinite order and o2 (f) =
a < +oo, and let a set Es C (1,400) that has finite logarithmic measure. Then
there exists a sequence of points {zpm = rme’®} such that |f (zm)] = M (rm, f),
0m €10, 27T),m1_i>r_1i_1009m =06y €10,27), rim & E5, 1 — +00,

lim log vy (1m)

= —|—OO
rm—+oo  logr,,

and for any given € > 0, we have for a sufficiently large ry,

exp {T?;;E} < vy (rm) < exp {T?;;LE} ,

where vy (r) is the central index of f.

3. Proof of Theorem 7

Proof. Assume that f is a nontrivial solution of equation (4). Then by Theorem 5,

we have o(f) = +oo and o2(f) = Xa(f) = Xa(f) = Aa(f — ¢) < n. We assert that

o2(f) = n. Now we assume that o2(f) = a < n and we prove that o2(f) = « fails.

By Lemma 2, there exist a constant B > 0 and a set Fy C [1,400) having finite
logarithmic measure such that for all z satisfying |z| = r ¢ [0,1] U Ey, we have

) 4

LG < prirer i =100 ™

Let vy (r) denote the central index of f. By Lemma 3, there is a set E; C (1,400)
that has finite logarithmic measure such that for |z| = r ¢ [0,1] U E», we have

vy (r) < [log M (r, )] (8)
By Lemma 4, for any given ¢ > 0, there exists a set F3 C [1,+00) having finite
logarithmic measure such that for any 6 € [0, 27) \ Ha, where

Hy,={0€[0,2m):0(P,0)=0o0rd(Q—P,0)=00rd(Q,0) =0}
and for |z| =r ¢ [0,1]U E3, r — +00, we have

- if § (P,6) > 0, then

exp {(1- )3 (P,0)r"} < |41 () "

<exp{(l+¢)d(P0)r"}, (9)
- if § (P, 0) <0, then
exp{(1+)3 (P.0)1"} < | A1 (2) "D Sexp{(1 - )8 (PO 1"}, (10)

_if §(Q — P,6) > 0, then

Ao (2) cQ(x)~P(2)
Al (Z)
<exp{(1+¢)d(Q—P0O)r"},

exp{(l1—¢)d(Q—P,O)r"} <

(11)
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- if 6 (Q — P,6) <0, then

Ao (%) ae)-Pe)
A (z)

<exp{(1-¢)6(Q—P0)r"},

exp{(1+¢)d(Q—P,0)r"} <

(12)
- if 6 (Q,6) > 0, then

exp{(1-)3(Q.0)r"} < |49 (2)e29)| < exp{(1+2)3(Q.0)r"},  (13)

- if 6 (Q,60) <0, then

exp{(1+€)5(Q,0)1"} <[40 ()29 < exp{(1-2)5(Q.0)r"}.  (14)

By Lemma 5, for any given constant 0 < ¢ < %, there exists a set E4 of finite

logarithmic measure such that for all z satisfying |z| = r ¢ E4 and |f ()] >
M (r, f)vp(r)~5+% we have

19 (v N L
o _< . > (1+0(1) (j=1,....k). (15)

Since my(E1 U E2 U E3 U Ey) < 400, then my(E \ ([0,1]U Ey U Ex U E3 U Ey)) is
infinite, where E is the set defined in Lemma 6. Thus by Lemma 7, there ex-

ists a sequence of points {zp = rpe’®} such that |f (zpm)| = M (rm. f), 0m €
[0,27), gril O =00 €10,27), rp, € E\ ([0,1]UEy UEy;UEsUEY), ry — 400,

1 - (T
L logvy ()
rm—too  log Ty,

=400 (16)
and for any given € > 0, we have for a sufficiently large r,,

exp {ro. ) <wvy(rm) <exp{re°}. (17)

By (16), for any sufficiently large A > 20 (H) and m sufficiently large, we have
v () > 1. (18)
By (8) and (18), for m sufficiently large we obtain
M (rm, f) > exp {7‘;?1/2} . (19)

On the other hand, for any given € (0 < 2¢ < A — 20 (H)) and m sufficiently large,
we have

\H (2)] < exp {r;'n(HHE}. (20)



ON THE HYPER-ORDER OF SOLUTIONS OF NONHOMOGENEOUS LINEAR DIFFERENTIAL EQUATIONS 139

From (19) and (20), it follows that

[H (2m)]
M (o, ) — 0 (21)
as Ty, — +00.

For the above 6y, there are three cases: (P, 6p) > 0, 6(P,6p) < 0 and §(P,0p) = 0.
Case 1. §(P,6y) > 0. From the continuity of ¢ (P, 8), we have

%5(13, 00) < 6 (P,0m) < gé(R fo) (22)

for m sufficiently large. For any given ¢ (0 < 2¢ <min{l,n — o, A—20(H)}),
from (9) and (22), we have

3(1+¢)

exp{“—;%(ﬂ em} < [Ay () )| < exp{ .

o(P, 00)1"?”} (23)

for m sufficiently large.

Subcase 1.1. We first assume that 6y satisfies n := 6(Q — P,6p) > 0. From the
continuity of 6 (Q — P, ), we have

1 3
Hence by (11) and (24), for the above €, we have

exp { u ; °) 777%} < ’7?0 (Zm)eQ(z’")fp(z’")

1 (Zm)

cep{Z0EDnt )

for m sufficiently large.
From (4) we obtain

Ao(2) o(2)-P( f'(z) 1
’—Al(z)eQ() P(z) g}f(z) + ]Al(z)eP(Z>]
_ , (26)
Y| N o {26 |EE)
(156 2|1 ()T + 55

Substituting (15) into (26) and from (17), (21), (23) and (25), for m sufficiently
large we have

1_
eXP{—( 5 E)m“?n} <exp {rgte et 14 0(1)] +

+ exp {—%5(19, 90)7“:,‘1} [exp {krfjfg} r;k 140 (1)|]

+exp {_ C o s, 90)7~;}

X [erflnl exp{(k—1) rf,‘fs} 1+ o(1)]+0(1)], (27)
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where M; (> 0) is a constant and d; is an entire number. This is a contradiction.

Subcase 1.2. 7:=§(Q — P,6y) < 0. From the continuity of §(Q — P, 6) and (12),
for m sufficiently large we have

0 (2m) eQ(zm)—P(zm)

eXP{Ll;E)m‘Z}S ﬁ

From (4) we obtain

cep{U5%mn} e

1 (Zm

f(2) AO(Z)GQ(Z)—P(Z) 1
’ IS T )]
OIS 9@ |H () )
7o T2 T +| 75

Substituting (15) into (29) and from (17), (21), (23) and (28), for m sufficiently
large we have

(M) [1+0(1)] <exp { . 3 E>mﬁ}

(1-¢)
2

+ exp {— u 3 &) 5, 90)7«:;1}

x [Mard®2 exp {(k — 1) r& 14+ 0(1) +0(1)], (30)

+exp{— 5(P, Ho)rﬁl} [exp{krfjfg}r;k |1+o(1)|}

where M, (> 0) is a constant and d is an entire number. This implies that v;(r,,) —
0 as m — 400, which is impossible.

Subcase 1.3. 1 :=4(Q — P,6y) = 0. Here (6) may be used to construct another

: * 0 ; ; * . Ox —
sequence of points {zm =r,e m} with WEIEOOHm = 60§ such that m; = §(Q —

P,0§) > 0. Indeed, without loss of generality, we may suppose that

n n
6‘0+(2/€—1)7T 6‘0+2/€7T)

’
n n

0 2km 0 2k +1
6<Q—P,e>>o,ee<°+ m b0t (2k+ )”),

5y(Q—-PO) <0, b€ ( (31)

with k& € Z. When m is large enough, we have |6,, — 6p| < lp, where [y is a small
constant. Choose now 6, such that & < 6% —6,, <ly. Then 0y + % < 65 < 0 +lo.
For m sufficiently large, we have (6) for z, and §(Q — P,6§) > 0. Therefore

exp {T‘fn(H)Jrs}

(M (rim, )

IN

}H (#) ’ 0, m — +00 (32)

f(zn)
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and

1—¢ A (2 “ Py
exp{( . )ng} < ‘A? EZT)eQ(zm) P(z7)

m

< exp {@nm’;} (33)

for m sufficiently large. Taking now Iy small enough, we have §(P,05) > 0 by the
continuity of §(P,6). Hence

exp { a - 5P, 93)&;} < |41 (2 ") < exp { wé(R 93)7‘3%} (34)

for m sufficiently large. By (7), (26), (32)-(34), we obtain

exp { U5 it} < (T P, (39)

where M3 (> 0) is a constant and d3 is an entire number. Thus o3(f) > n and this
contradicts o2(f) < n.

Case 2. 0(P,6p) < 0. From the continuity of ¢ (P,#) and (10). For any given &
(0 <2 <min{l, n—a, A—20(H)}), we have

exp {wg(p, 90%} < ’Al (2m) 6P<zm>’ < exp { (1 _ & s(p, eo)r:;} (36)

for m sufficiently large.

Subcase 2.1. §(Q,0y) > 0. From the continuity of § (@, ) and (13), for the above
¢ and m sufficiently large, we have

o {15 25Q. 000 | < a0 e 95| < e {20 D@} a1
From (4) we obtain
2) @) —f(k)(z) S (2 ()
o (=) 'S‘ ) +;h3() 72)
/ (38)
NeP@| LB | H(2)
+|4) =) +‘ 72

Substituting (15) into (38) and from (17),(21),(36) and (37), for m sufficiently large
we have
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oo {55000 | < e o)
+ M4Ti§ exp {(k -1 rfr‘:rs} |14+ o(1)]
+ exp { (a ; €) 5(P, 90)7“:,’1} T,}l exp {Tf{"a}

x |1+ o(1)] + o(1), (39)

where My (> 0) is a constant and dy4 is an entire number. This is a contradiction.

Subcase 2.2. §(Q,0y) < 0. From the continuity of ¢ (@, ) and (14) for the above
¢ and m sufficiently large, we have

o {1 ED5@ 00 b < 0 (o) 90| < exp {5 D5 @0 |- a0

From (4) we obtain

IO RN OIE) ro| | F(2)
¥ <[ &) Ty | e G "
+‘A0(2)€Q(Z) —l—‘% .

Substituting (15) into (41) and from (17),(21),(36) and (40), for m sufficiently large

we have
(p(rm)) " o 11+ o(1)] <Msris (v (rm))* " 1+ 0(1)]
€

—i—exp{ 5 5(P, HO)T,’;}exp {rotetr M1 4 o(1)]

+eXp{(1;5)5(Q,90)r:;} +o(1), (42)

where M5 (> 0) is a constant and ds is an entire number. This is a contradiction.
Subcase 2.3. §(Q,0y) = 0. By using a similar argument as in Subcase 1.3, we
may again construct another sequence of points {z,’; = rmew:n} satisfying %0 <
0, — 0 < lp with HIE 0%, = 65 such that §(P,60}) < 0 < 6(Q,6;). Replace
m—r-+0Q

0(P,6p) with §(P,65) in (36) and 6(Q,00) with 6(Q,65) in (37). Using the same
argument as in Subcase 1.3, we also have (32) for the sequence of points z,. From
(38) and m sufficiently large, we have

exo { 55 20Q. 0300 | < Marsh2r, 14, (43)

where Mg (> 0) is a constant and dg is an entire number. Thus o3(f) > n and this
contradicts o2(f) < n.
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Case 3. §(P,0) = 0. We discuss three cases according to §(Q, ) as follows:

Subcase 3.1. 6(Q,6p) > 0. By an argument similar to Subcase 1.3, we can choose
another sequence of points {z* =r e“gm} satisfying %0 < 6 — 0, < lp with

hrE 0%, = 65, such that z}, satisfies (32) and §(P,05) < 0 < §(Q, 65). Similarly to
m—r-+0Q
Subcase 2.3, a contradiction follows as m is large enough.

Subcase 3.2. §(Q,0y) < 0. By the definition of §(P,6) in Lemma 4, we may define

8'(P,0) = —nasin (nf) — nBcos (nf),

where a,, = a+if3. Since a,, # 0, we have & (P, 6,) # 0. Take z,, = 7, e%m satisfying
0 < ‘9;,1 —6‘0‘ < lo, we know that z,, satisfies (32) and &(P,6’,) # 0. By the

continuity of 4(Q, 0), we may assume that 6(Q,0,,,) < 0 < §(P,0,,) for a suitable Iy,
0<8,, — 0y <lp. Then & (P,0y) > 0, which means that for a suitable Iy,

1 3
50/ (P.60) < &' (P.6) < 58'(P.60). 0 € (60,00 +1o). (44)

Since we have chosen z, such that |f(zm)| = M (rm, f) and 6, — 6y as m — oo, we
have | f (e %) > M (rp, f)vf(rm)*i*‘; for m sufficiently large. From (4), we have

’

I 1 IO IO
79| < e | e+ e s )
1 2@ 4 |H )
] (o 1+ 55

By (9) and (14), for the above ¢ and for m sufficiently large we have

exp{(1 +¢)3(Q,0,)rm} < Ao (2},) e2Cm)| < exp{(1—€)8(Q,0),)rm}  (46)
and

e_P(zfm)
A (27,)

for m sufficiently large. From the definition of the hyper-order, it follows that

exp{— (1 +¢)d(P,0,,)r,} < <exp{—(1—¢)d(P,0;,)r},} (47)

T(2rpn, f) < exp{(2rn)* "} (48)
for m sufficiently large. By (7), (32), (45) — (48), for m sufficiently large we can get
I (1) /
o | <exp{—(1—2)0(P,0,,)rm" 49
ER {=( JO(P, Oy )rm ™} (49)
Since 6, is arbitrary in (g, 6o + lo), for m sufficiently large, we can obtain
f,(Tmew) n
m S exp{—(l — 25)6(P, H)Tm}, 0 e (90, 00 + ZO) (50)
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Therefore, for 6 € (6y, 6y + lp), we have
fl (Tmeie)

0
—n2(0)r),
(e dogrm/ e 2 (Orm g

(4
o 0o

&(rm, 09) :Tm/e

0
1 — re n
:/9 e O, (51)

where 71 (0) = (1 — 2¢)d’(P, 6) and n2(0) = (1 — 2¢)d(P, ).
Since 6(P,8) > 0 for all 8 € (6p,60 + lp), we can get

2
(1 —2¢)0' (P, 6p)r

Thus for m sufficiently large, we can get

0< E(rm,0) < (e*nz((’r))’“?n _ 6*772(9)T331)'

0 < &(rm,0) < (52)

m(6o)
By the proof of Lemma 2.4 in [9], we have

log |f(rme™™)| = &(rm, 0) < log |f(rme™)| + 2.
From this and (52) it follows that

vy (rm) T M (rm, f) = exp{=2m = 2/m(00) vy (rim) "3 M (rm, ) < [ (rme)|

(53)

for 6 € (09,60 + lp), where 0 < &' < § < %. Therefore, we choose another sequence

of points z*, = r,,e?m satisfying 0, = %‘) + 6 and (32) for z%,. Furthermore, from

(53), we have (15) for 2z, when m is sufficiently large. Thus, from (15) and (50), we

can deduce that v¢(r,,) — 0 as m — oo, which is impossible.

When §(Q,6,,) <0< §(P,0,,) for —ly < 8], — 6y < 0. Clearly {(rm,,0) <0 for all

6 € (6o — lp,0p). Similarly, we can get

Vp(rm) 3 M (v, f) = exp{=2m}vp(rn) T M (r, f) < [f(rme®)] - (54)
for 0 € (8p — lo, bp), where 0 < §' < § < %. Thus we can also get a contradiction.
Subcase 3.3. Finally, suppose that 6(Q,0y) = 0. We now have a,, = c¢b,, ¢ €
R\ {0,1}. Then we have P(2) = cb,2" + an_12""1 + ... + ag, Q(z) — P(z2) =
(1 = ¢)bpz™ + Rp_1(2), where R,_1(2) is a polynomial of degree at most n — 1.

If ¢ < 0, we may take Iy small enough such that §(Q, ) < 0 < 6(P,0), provided that
either 6 € (6g,60 + lp) or (6p — lo,0p). By an argument similar to that in Subcase
3.2, we can get a contradiction.

If 0 < ¢ < 1, we similarly obtain 6(Q — P,6) > 0 and §(P,6) > 0, provided that
either 6 € (6y, 00 + ly) or (8y — lo, 0p) for Iy small enough. By an argument similar
to that in Subcase 1.3, a contradiction follows.

Finally, if ¢ > 1, we obtain 6(Q — P,§) < 0 and §(P,6) > 0 for either 6 € (6o, 0o +1o)
or (8o — lo,0p). Furthermore, 2/, = r,em satisfies (32) provided that either 0/, €
(00,60 + lp) or (Bg — lo,0p). Similarly to Subcase 3.2, we get (50) and (53). By
a standard Wiman-Valiron argument, a contradiction also follows. Therefore from
these three cases it results that oo (f) = n. O
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4. Proof of Theorem 8

Proof. Assume that f(z) is a non-trivial solution of (5). We know that o(f) = +o0.
By Lemma 1, it follows that oo(f) < n. Set o2(f) = «a and we assert that a = n.
Now we assume that o < n. Since p = max{p(D;) : j = 0,1} < n, then for any e
(0 < 2e <n —p), we have

|D;j(2)| < exp{r*™} (j =0,1). (55)
Similarly to the proof of Theorem 7, we can take a sequence of points z,, = r,,e"™
T — 00, such that hm 9m =0y and |f(zm)| = M(rm, ), rm € E\ ([0,1]U E; U
E;UFEsUEy) and the sequence of points satisfies (15) — (17) and (21).
Since a, /b, = ¢ < 0, there are three cases to be discussed, according to the signs of
6(Pa 90) and 6(Q7 90)
Case 1. Suppose that 6(Q,0) < 0 < §(P,6p). By (9), (14) and the continuity of
0(Q,0) and 6(P,0), for any given € (0 < 2¢e <min{l,n —a, A — 20 (H),n — p}) we
have (23) and (40) for m sufficiently large. From (5), we have
k—1

s < o 2
(56)
+ |(40e) + Dy ))}+’?((5)) .
Combining (55) with (23) and (40), we conclude
|40 (2m) €2 + Do(2m)| < exp{r’**} (57)
and
|41 (2m)eP ) + Dy (2n)] > exp { L=2sp, 90)71;} (58)

for m large enough. Substituting (15), (21), (57) and (58) into (56), for m sufficiently
large we get

(M) |14 0(1)] <exp {Mé(R 90)7",7;} [exp{kr%"'a}r;k [14+0(1)]

m 2
+ Mard? exp{(k — 1) 8} L + 0 (1)]
+ exp{rf, >} o (1)], (59)

where M7 (> 0) is a constant and d7 is an entire number. This implies that v¢(ry,) —
0, m — +o0, which is impossible.

Case 2. Suppose that §(P, ) < 0 < §(Q,6p). By (10), (13) and the continuity of
0(Q,0) and 6(P,0), for any given € (0 < 2¢e <min{l,n —a, A—20(H),n—p}),
we have (36) and (37) for m sufficiently large. From (5), we have

’f(’“ f9(2)

(

k—1
7

ZIJ

+[(A1(2)e"® + Dy (2))]

IZ)

f(2)

(60)

7ol




146 N. K. CHERIET AND K. HAMANTI
Combining (55) with (36) and (37), we conclude
A1 (2m) €7Cm) + Dy (2)| < exp{r”**} (61)

and
(1—2e)

[Aalen)e®en) 4 Do) = exp { 2500001 | (62)

for m large enough. Substituting (15), (21),(61) and (62) into (60), for m sufficiently
large we get

exp {@5@, eo»«:z} < Myl exp{kri Y ep{r ), (63)

where Mg (> 0) is a constant and dg is an entire number. This is a contradiction.

Case 3. Suppose that §(Q, 0p) =0 = 6(P,6p). Similarly to Subcase 1.3 of the proof
of Theorem 7, we may again construct another sequence of points 2, = rme'fm with
lim 6% = 65, such that §(P,65) < 0 and (32) holds for z},.

m——+oo
Without loss of generality, we can assume that

5(P.0) >0, 0 (904;12(17T790+(2Z+1)7T>

and

0 29 -1 0 2
5(P,0) <0, 0 ¢ ( ot Qe=—Um bo+ q”)
n n
for all ¢ € Z. Provided m is large enough, we have |§ — 6,,,| < ly. Choosing now 6}
such that & <6, — 0%, <y, then 6 — Iy < 65 < 6y — 2 and §(P,6;) < 0. Since
0(Q,05) > 0, a contradiction follows as in case 2 above. O
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