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Abstract: A cactus is a connected graph in which any two cycles have at most one vertex in common. We determine the unique graphs with
maximum signless Laplacian spectral radius in the class of cacti with given number of cycles (cut edges, respectively) as well as in the class of

cacti with perfect matchings and given number of cycles.
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INTRODUCTION

A LL graphs in this paper are simple. Let G be a graph on
n vertices with vertex set V(G) and edge set E(G). Let
A(G) be the adjacency matrix of G. The matrix Q(G) = D(G)
+ A(G) is called the signless Laplacian matrix of G, where
D(G) is a diagonal matrix of (vertex) degrees of G. It is well
known that Q(G) is a semi-definite matrix and thus its
eigenvalues are all nonnegative. The signless Laplacian
spectral radius of G is the largest eigenvalue of Q(G),
denoted by g(G). For more matrices associated to a graph,
see the book of Janezi¢ et al.l!]

If G is connected, then Q(G) is irreducible and by the
Perron-Frobenius theorem, g(G) has multiplicity one and
there exists a unique positive unit eigenvector
corresponding to q(G), which is the Perron vector of Q(G).
The study of the signless Laplacian spectral radius of graphs
has received much attention.[2-10]

A cactus is a connected graph in which every edge
appears in at most one cycle, see, e.g. Ref. [11]. Note that
trees and unicyclic graphs are cacti. The (adjacency) spectral
radius and least eigenvalue of a cactus have been studied to
some extent,[12-151and the distance spectral radius of a cactus
was also studied.['®! Li and Zhang!”) determined the unique
graphs with maximum signless Laplacian spectral radius in
the class of cacti with given numbers of vertices and pendant
vertices, and in the class of cacti with perfect matching and
given number of vertices, respectively.

For0 <k <[(n—1)/2], let C(n,k) be the class of all
cacti on n vertices with k cycles.

ForO<ks<n-3,let [F(n,k) be the class of all cacti on
n vertices with k cut edges.

For0<k<n-1,let G(n k) be the class of all cacti
on 2n vertices with perfect matchings and k cycles.

In this paper, we determine the unique cacti with
maximum signless Laplacian spectral radius in C(n,k) for 0
<k<[(n-1)/2], F(n,k) for0<k<n-3,and G(n,k) for0
<k<n-1,respectively.

The spectral radius was, long ago, put forward as a
measure of molecular branching,[!”] while the Laplacian
spectral radius was used for describing the shape and
folding of DNA molecules.[8 It is well known that the
Laplacian and signless Laplacian spectra of bipartite
graphs coincide. Thus, chemically interesting cases for
signless Laplacian spectral radius are the fullerenes,
fluoranthenes and other non-alternant conjugated
species.

PRELIMINARIES

Let G be a connected graph with V(G) = {vy,...,vn}. The
Perron vector of Q(G) is the column vector x = (X, ..., X, )T,
which can be considered as a function defined on V(G)
which maps vertex v; to X, fori=1,2,...,n.

For an edge subset F of a graph G, G — F denotes the
graph obtained from G by deleting the edges in F, while for
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an edge subset F' of the complement of G, G + F' denotes
the graph obtained from G by adding the edges from F'.

Denote by C,, P,and S, the cycle, the path and the
star on n vertices, respectively.

For a graph G with u € V(G), Ns(u) denotes the set of
neighbors of u in G, and the degree of u in G is dg(u) =
[ Ne(u)].

The following two lemmas were proved in Refs. [19]
and [20], respectively.

Lemma 2.1. Let G be a connected graph with u,v €
V(G). Suppose that wy,...,ws € Ng(v) \ (Ns(u) U {u}), where s >
1. Let X = (xy,...,Xn)” be the Perron vector of Q(G), and G'= G -
{vw;:i=1,..,s}+{uw;:i=1,..,s}. If xu= x,, then q(G') > q(G).

Lemma 2.2. Let G be a connected graph and e = uv a
non-pendant edge of G. Suppose that Ng(u) N Ng(v) = @. Let G'
be the graph obtained from G —{uv} by identifying u and v into
u, and adding a new pendant edge at u. Then, q(G') > q(G).

The following lemma follows from the Perron-
Frobenius theorem, see, e.g., Ref. [5].

Lemma 2.3. Let H be a proper subgraph of a
connected graph G. Then, q(G) > q(H).

Forn=3,k20,and 0<p < (n-2k—1)/2, let Gnpbe
an n-vertex graph obtained by identifying a vertex of each
of k triangles, a vertex of each of t paths P,, and a terminal
vertex of each of p paths P;, where t=n—-2k—-2p -1, see
Figure 1.

Lemma2.4. Forn>3, k>0, and0<p<(n-2k-1)/2,
q(Gnp) is the largest root of the equation f(x) = 0, where f(x)
=xX°—(n—p+6)x*+ (6n—6p + 10)x3— (10n + 4k —9p + 3)x* +
(3n + 12k)x — 4k. In particular, q(Gn ko) is the largest root of
the equation x3— (n + 3)x2+ 3nx — 4k = 0, and for odd n,

n+2+\n*—4n+12

2

q(Gn,(n—l)/Z,O) =

Proof. The characteristic polynomial of Q(Gn«p) was
given in the proof of Lemma 4 in Ref. [8], from which the
first part follows.

Let g(x) =x3—(n + 3)x2+ 3nx — 4k. If p = 0, then it is
easy to see that f(x) = (x2— 3x + 1)g(x), which, together with
the fact that q(Gn0) 2 g(Ps) = 3, implies that (G k) is the
largest root of the equation g(x) = 0.

If p=0, k=(n-1)/2, then f(x) = (x2— 3x + 1)(x — 1)[x2
—(n+2)x+2n-2], and thus

n+2+\n*—4n+12

q(Gn,(n—l)/Z,O) = 5 . o

For a cactus G with at least one cycle, the deletion of
all edges of G on cycles results in a forest. A nontrivial

Figure 1. Graph Gy k.

connected component of such a forest containing a unique
vertex v on some cycle is said to be a branch of Gatv. If G
is a tree, we also call it a branch at one of its vertices.

SIGNLESS LAPLACIAN SPECTRAL
RADIUS OF GRAPHS IN C(n,k)

Let Gk = Gpko. Note that G = Sp.

Theorem 3.1. Let G € C(n,k), where 0 < k < [(n —
1)/2] and n 2 3. Then, q(G) < q(Gn«) with equality if and only
if G = G, where q(Gny) is the largest root of the equation
x3—(n+3)x2+3nx—4k=0.

Proof. By Lemma 2.4, g(Gn,) is the largest root of the
equation x3— (n + 3)x2+ 3nx — 4k = 0. Let G be a graph in
C(n,k) with maximum signless Laplacian spectral radius.
We need only to show that G = Gp.

Let x be the Perron vector of Q(G).

Suppose that k > 1 and there is a cycle of length at
least 4. Let v; ...v,v; be such a cycle with length r > 4.
Without loss of generality assume that x,; > x,. Let
G'= G — {vav3} + {v1v3}. Obviously, G' € C(n,k) . By Lemma
2.1, we have q(G° > q(G), a contradiction. Thus, if kK > 1,
then all cycles of G are triangles. If n = 3, then k=1 and thus
the result follows. So let n > 4.

Claim 1. If k> 2, then any two triangles of G have one
common vertex.

Suppose that there are two disjoint triangles T1 and
T, in G. Then, there exists a unique shortest path v; ...vs
joining them, where s 2 2, v1 € V(T1), vs € V(T3). If s > 2, then
vig V(T1) UV (Ty) for 2 <i<s—1.Since Gis a cactus, any
path joining T1and T, starts from viand ends in vs. We may
assume that x,12 xys. Let wiand w; the neighbors of vsin Ts.
Let G'= G — {vsw1,vsw3} + {vawy,vaws}. Obviously, G' € C(n, k) .
By Lemma 2.1, we have g(G') > q(G), a contradiction. This
proves Claim 1.

Claim 2. If k > 3, then any three triangles of G have
exactly one common vertex.

Suppose that there are three triangles T1, Tand Tsin
G such that they have no common vertex. By Claim 1, the
common vertices of Tyand T,, Tand T3, and T;and Tzinduce
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another triangle having a common edge with T;, a
contradiction. Thus, Claim 2 follows.

By Claims 1 and 2, we have: if k > 2, then all triangles
of G have exactly one common vertex, which we denote by
vo. If k = 1, choose vp such that X, is maximum among
vertices with degree at least 3 on the unique triangle, and
if k =0, choose vpto be a non-pendant vertex.

Claim 3. For k > 1, there is no branch of G at a vertex
different from vo.

Suppose that there is a branch T at vertex v on some
triangle L of G with v # vo. Let G'= G — {vw : w € N7 (v)} +
{vow : w € Nr(v)} for X, 2X,and G'=G—{vow : w € Ng(vo)
\ V(L)} + {vw : w € Ng(vo) \ V (L)} for X, <X In either case,
G' €C(n,k), and by Lemma 2.1, we have g(G') > q(G), a
contradiction. Thus, Claim 3 follows.

If there is a branch T of G at vo (possibly k=0and G =
T), then T is a star with center vo. Otherwise, suppose that
there is a path vovi...vsin T, where s > 2. Let G' be the graph
obtained from G by deleting the edge vovs, identifying vo
and v; into vo, and adding a new pendant edge to vo.
Obviously, G' € C(n,k). By Lemma 2.2, q(G) < q(G'), a
contradiction. Now by Claims 1-3, G = Gp. O

Let G be a cactus on n > 3 vertices. Let k be the
number of cycles of G, where 0< k<[(n—1)/2]. By Theorem
3.1 and Lemma 2.3, q(G) < q(Gnk) < q(Gniin - 1)721) With
equalities if and only if G = Gpxand k = [(n -1)/2], i.e.,, G=
Gn,iin-1)/21- Thus, q(G) £ q(Gp,(n-1)721) With equality if and only
if G = Gpx By Theorem 3.1, we have q(Gnn - 121) =
(n+2++/n*>—4n+12) /2 for odd n, and q(Gn,n - 1)/2) is
the largest root of the equation x3— (n + 3)x2+ 3nx—2n + 4
=0 for even n.

SIGNLESS LAPLACIAN SPECTRAL
RADIUS OF GRAPHS IN F(n,k)

In view of the proofs of Lemmas 2.6 and 2.7 in Ref. [7], we
deduce the following two lemmas.

Lemma 4.1. Let Y be a connected graph with ug € V(Y ).
Form 25, let G1 be the graph obtained by identifying uoand
a vertex of Cm, Gz be the graph obtained by identifying uo
and a vertex of each of (m — 1)/2 triangles for odd m, and
Gs be the graph obtained by identifying uq, a vertex of each
of (m — 4)/2 triangles, and a vertex of one quadrangle for
even m, see Figure 2. Then, q(G1) < q(Gz) if m is odd, and
q(G1) < q(Gs) if m is even.

Lemma 4.2. Let Y be a connected graph with uo € V
(Y). Let G4 be the graph obtained by identifying uoand a
vertex of each of two quadrangles, and Gs be the graph
obtained by identifying uo and a vertex of each of three
triangles, see Figure 3. Then, q(Ga) < q(Gs).

For 1 £r<n/2 -1, let G’m be n-vertex graph
obtained by identifying a vertex of each of r — 1 triangles, a

vertex of a quadrangle, and a vertex of each of n —2r -2
paths P, see Figure 4.

Lemmad.3.Fornz4and 1sr<nf2-1,q(G, ) is the
largest root of the equation f(x) = 0, where f(x) = x°— (n + 6)x*
+(7n+7)x3—(14n + 4r—10)x*+ (6n + 16r — 16)x — 8r + 8.

Uy U
Us

Um—1

G

G

GQ GS

Figure 2. Graphs Gi, G,, and Gs.

Gy G

ot

Figure 3. Graphs G, and Gs.

W W2

Wnp—2r—2

Figure 4. Graph Gy,
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Proof. Let t = n — 2r — 2. Label the vertices of G
Vo, U1,...,Ur-1, ul, ,u, 19 V1L, V2, V, Wy,..., Wy, , See Figure 4

let Q = Q(G,,), 9 =4q(G,,) and X be the Perron
vector of Q. By Lemma 2.3, q 2 q(C4) =

Since (g—2) x, = x,, +X, and(q 2)x, =X, +X,
forl<is<r-1, wehavex _x for1<l<r—1andthus
X, ==X, 1:’(“‘: L= X Slnce(q—l) x, = x, for
1<l<twehavex = Thus

-(@-3)x, =0

-(g-2)x, +x,=0
—(g-2x,=0
—(q—l)xw1 =0

(g—2r— t)xvu —(2r- 2))(U1 -2, —tx, =0

Since x # 0, we have (Xy, 1 Xy, 1 %0,
thus det(D) = 0, where

T
wawi) # 0, and

1 3-gq 0 0 0
1 0 2—-q 0
0 0 2 2-
D= q
1 0 0 0 1-gqg
g-—2r—t 2-r -2 0 -t

By a direct calculation, we have det(D) = f(q).

Now it follows that q is the largest root of the
equation f(x) = 0. m]

Theorem 4.1. Let G € [F(n,k), where0<k<n-3.

(i) If n — k is odd, then q(G) < q(Gn,(n - k - 1)/2) With
equality if and only if G = Gp,(n-k-1)72, where q(Gn,n-k-1)2)
is the largest root of the equation x3— (n + 3)x?+ 3nx—2n +
2k +2=0.

(i) If n — k is even, then q(G) < q(G'n(n - k - 272) With
equality if and only if G = G'p(n—k-2), Where q(G'n (n-k-2)2) is
the largest root of the equation x> — (n + 6)x*+ (7n + 7)x3—
(16n—2k—14)x?+ (14n—-8k—32)x—4n + 4k + 16 = 0.

Proof. By Lemmas 2.4 and 4.3, if n — k is odd, then
q(Gn,(n - k- 2)/2) is the largest root of the equation x3— (n
+3)x2+3nx—-2n+ 2k +2 =0, and if n — k is even, then
g(G'n,(n-k-1)2) is the largest root of the equation x°— (n
+6)x*+ (7n + 7)x3— (16n — 2k —14)x% + (14n — 8k — 32)x —
4n + 4k + 16 = 0. Let G be a graph in [F(n,k) with
maximum signless Laplacian spectral radius. We only
need to show that is odd and is even.

The result is trivial for n = 3 and for n = 4 with k= 0.
Suppose n 2 4 and (n,k) # (4,0). By Lemma 2.3 and the fact
that g(Cs) = 4 for s 2 3, we have G 2C,.

Since k < n — 3, G contains at least one cycle. By
similar arguments as in Claims 1 and 2 in the proof of
Theorem 3.1, if there are at least two cycles, then all cycles
of G have exactly one common vertex, denoted by vo. If
there is exactly one cycle in G, then choose vy such that the
corresponding entry of the Perron vector of Q(G) is
maximum among vertices with degree at least 3 on the
unique cycle. By similar arguments as in Claim 3 in the proof
of Theorem 3.1, there is no branch of G at a vertex different
from vo. If there is a branch T of G at vy, then by Lemma 2.2,
T is a star with center vy.

If G contains a cycle of length at least 5, then by
Lemma 4.1, we may have a graph G' € [F(n,k) (of the form
G, or Gs) such that g(G) < g(G'), a contradiction. Thus, any
cycle of G has length 3 or 4. If G contains two quadrangles,
then by Lemma 4.2, we may have a graph G' € F(n,k) (of
the form Gs) such that g(G) < q(G'), a contradiction. Thus, G
has at most one quadrangle. Thus, G = G, (h-k-1)2 if n =k
isodd and G = G'y(n-k-2)2 if n =k is even.

SIGNLESS LAPLACIAN SPECTRAL
RADIUS OF GRAPHS IN G(n,k)

For a graph G, let A1(G) be the maximum degree of G. If
dgs(u) = A1(G), where u € V (G), then let Ay(G) = max{ds(v) :
vE V(G) \ {u}}.

The following lemma is a particular case of Theorem
4.2 in Ref. [21].

Lemma 5.1. Let G be a graph on at least two vertices
with Ai= A(G) fori=1,2. Then,

A, 428, —1+4(, Y +8(A, -0,)

q(G) <

2i

k triangles

n—k—i—1

Figure 5. Graph Ho .
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The following lemma was given in Page 23 of Ref. [2]
in plain text.

Lemma 5.2. Let G be a connected graph on n 2 4
vertices. Then, q(G) 2 A1(G) + 1 with equality if and only if G
is the star Sp.

Forn>2,k>20,0<i<k,andn—k—i—=120, let Hnx,
be the graph obtained from Gap-2jkn-k--1 by attaching a
pendant edge at each vertex with degree two of i triangles,
see Figure 5.

Lemma5.3. Forn>3, k21, 1<i<kandn—-k-i-1
2 0, we have q(Hnk) < q(G(Hp,ki-1)).

Proof. By Lemma 5.1,

q(H, ) <
(n+k—1)+6—1+\/(n+k—/—6—1)2+8(n+k—1—3)
. =
(n+k—1)+5+\/(n+k—i—7)z+8(n+/<—1—3)

2

By Lemma 5.2, g(Hnki-1) >n+k—i+2.1f n+ k—i26, then
q(Hnki) Sn+k—i+2,andthus g(Hnki) < q(G(Hnki-1).

Suppose that n + k—i < 6. Since k> jand n > 3, we
haven=3,4,5.Sincek+i<n-1and k>1, we have k=1,
2. Thus, (n,k,i) = (3,1,1), (4,1,1), (4,2,1), (5,1,1), (5,2,2). By a
direct calculation, we have

q(H311) =5.2361 < 5.3839 = g(Hs410),
q(Hap1) =5.7711 < 6.2860 = g(Hau0),
q(Ha21) =6.5741 < 7.2871=q(Haz),
q(Hs11) =6.5051 < 7.2261 = q(Hs10),
q(Hs2,) = 6.7359 < 7.4133 = g(Hs1).

Thus, the results follows.

Let Hnk = Hnko0-

Theorem 5.1. Let G € G(n,k), wheren =2 and 0 <k
< n—1. Then, q(G) < q(Hnx) with equality if and only if G =
Hnk where q(H,) is the largest root of the equation x>—(n + k +
7)x*+ (6n + 6k + 16)x3— (11n + 13k + 12)x2+ (6n + 12k)x— 4k = 0.

Proof. By Lemma 2.4, q(Hnx) is the largest root of the
equation x>— (n + k + 7)x*+ (6n + 6k + 16)x3— (11n + 13k + 12)x?
+ (6n + 12k)x — 4k = 0. Let G be a graph in G(n,k) with
maximum signless Laplacian spectral radius. We only need to
show that G = Hp.

Let x be the Perron vector of Q(G) and M be a fixed
perfect matching of G.

Suppose that k 2 1 and there is a cycle C = v;...vpv1
of length p > 4. Without loss of generality assume that x,;1 =
min{x, : v € V(C)}. Obviously, one of viv; and vi1v,, say vivais
notin M. Let G' = G — {vava} + {v,v2}. Then, M is still a perfect
matching of G', and G' € G(n, k) . By Lemma 2.1, g(G') > q(G),
a contradiction. Thus, if kK > 1, then all cycles of G are
triangles.

Claim 1. If k > 2, then any two triangles of G have a
common vertex.

Suppose that there are two disjoint triangles T;and T,in
G. Then, there exists a unique shortest path v; ...vs joining
them, where s 22, vi € U(Ty), vs€ V(T,). If s > 2, then v; ¢ V(T))
U V(T;) for 2 <j < s— 1. Note that any path joining T;and T
starts from v; and ends in vs. We may assume that x,s> x,;. Let
T1= uvaw. Suppose that uvi € M. Then, uw ¢ M and that ww/
€ Mfor some vertex w’ € Ng(w) \ {u, v1}. If x,1> X, let G’ = G-{wy
1y € Ng(w) \ {u,va}} + {vay : y € Ng(w) \ {u,v1}}. Obviously, M’ =
M — {uv,ww’} + {uw,viw'’} is a perfect matching of G'.
Otherwise, let G'=G - {v1y : y € Ng(v1) \ {u,w}} +{wy : y € Ng(v1)
\ {u,w}}. Obviously, M is still a perfect matching of G'. In either
case, G' € G(n, k) . By Lemma 2.1, g(G’) > g(G), a contradiction.
Thus, uvi ¢ M. Similarly, wv; ¢ M. Let G' = G — {uv,wvi} +
{uvswvg}. Obviously, G’ € G(n, k) . By Lemma 2.1, q(G’) > q(G),
a contradiction. Thus, Claim 1 follows.

By the same argument as in Theorem 3.1, we have

Claim 2. If k > 3, then any three triangles of G have
exactly one common vertex.

By Claims 1 and 2, we have: if k 2 2, then all the
triangles of G have exactly one common vertex, denoted
by vo. If k =1, choose vgsuch that X, is maximum among
vertices with degree at least 3 on the unique triangle, and
if k=0, choose vgsuch that x,0is maximum among vertices
of G.

Claim 3. If k> 1 and there is a branch T at vertex v on
some cycle of G, then T'is a tree consisting of pendant paths
of length 2 and possibly one of length 1 at v. If k=0, then G
is a tree consisting of pendant paths of length 2 and
possibly one of length 1 at vo.

Let u be a vertex furthest from v in T (possibly k =0,
Vv =V, and G = T). Suppose that the distance between v and
uin T is at least 3. Since G has perfect matchings, u is a
pendant vertex adjacent to a vertex u' of degree 2. Let w be
the neighbor of u' different from u. Obviously, w # v. Let G'
=G - {wu'} + {w'tif x,2 xyand G' = G — {w'} + {wv'}
otherwise, where V' is a neighbor of v on some cycle such
that w' ¢ M. Obviously, M is still a perfect matching of G,
and G' € G(n,k) . By Lemma 2.1, q(G') > q(G), a contradic-
tion. Thus, any vertex in T is reachable from v by a path of
length at most 2. Now Claim 3 follows from the fact that G
has perfect matchings.

Claim 4. For k> 1 and a triangle C = vouu1in G, if there
is a pendant edge at u, there is a pendant edge at u;.

The claim is trivial for k = 1. Suppose that k> 2, uvis
a pendant edge, and there is no pendant edge at u;. Then,
uv,vou; € M. If X, Z Xu, let G'= G — {uv} + {vov}. Obviously,
M'= M — {uv,vou1} + {uus,vov} is a perfect matching of G'.
Otherwise, let G'= G —{voy : y € Ns(vo) \ {u,us}} + {uy : y €
Ng(vo) \ {u,u1}}. Obviously, M is still a perfect matching of
G'. In either case, G' € G(n,k) . By Lemma 2.1, g(G') > q(G),
a contradiction. Thus, Claim 4 follows.
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Claim 5. For k 2 1, there is no pendant path of length
2 in G at a vertex different from vo.

Suppose that vouu; is a triangle in G and there is a
pendant path uvw at u. Then, vw € M. If x,02 x,, let G'= G -
{uv} + {wov}. Suppose that x,0 < x,. Since G has perfect
matchings, we have by Claim 4 that any edge on a triangle
incident to vgis not in M, implying that there is a branch,
say Toat vo. Then, by our choice of vg, we have k> 2, and for
any vertex y € Ng(vo) \ ({u,us} U V (To)), voy /E M. Let G'=
G - {voy 1 y € Ng(vo) \ ({u,ur} U V (To))} + {uy : y € No(vo) \
({u,u1} U V(To))}. Obviously, M is still a perfect matching of
G'and G' € G(n,k) whether x,02 x, or not. By Lemma 2.1,
we have g(G') > g(G) in either case, a contradiction. Thus,
Claim 5 follows.

By Claims 1-5, G = Hpxifor some i with0 <i<k.If n
=2, k>1theresultistrivial. f n >3, k> 1, then by Lemma
5.3, G = Hp.

Note that G(n,0) is the set of trees of order 2n with
perfect matching. Thus, the case k = 0 in Theorem 5.1 has
been studied in Ref. [22].

CONCLUSION

In this paper, we investigate the extremal problems for
signless Laplacian spectral radius of cacti. We determine the
unique graphs with maximum signless Laplacian spectral
radius of graphs in the class of cacti with given number of
cycles (cut edges, respectively) and in the class of cacti with
perfect matchings and given number of cycles. The extremal
graphs (except the case for trees) are not bipartite.
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