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Original scientific paper
Paper describes numerical prediction of aerodynamic noise generated from the missile. Simulation of turbulent flow is done solving incompressible
Navier-Stokes equation, where turbulence is modelled with the orthogonal subgrid scale (OSGS) method with dynamical subscales. Because of
comparison, the same simulation is done using the LES (Large Eddy simulation). It is shown how simulation of turbulent flow affects the prediction of
acoustic sources calculated using Lighthill's analogy. Translation from time to frequency domain is done through DFT (Direct Fourier Transform), which
gives smaller usage of memory. Acoustic sources are used in inhomogeneous Helmholtz equation to simulate pressure wave propagation in the domain. It
is shown that OSGS with dynamical subscales gives better representation of the spectrum. Overall, better prediction of energy transfer across large and
small eddies will give better allocation and presentation of acoustics sources. These sources will change wave propagation of the pressure in acoustic field.
Keywords: aeroacoustics; direct Fourier transform; inhomogeneous Helmholtz equation; Litghill’s analogy; noise; orthogonal SGS method with
dynamical subscales

Numeričko predviđanje aerodinamične buke koja se generira na projektilu pri malim Mahovim brojevima
Izvorni znanstveni članak
Rad predstavlja numeričko predviđanje aerodinamične buke koja se generira s projektila. Simulacija turbulentnog strujanja je urađena rješavanjem NavierStoksove jednadžbe za nestlačiv fluid, gde je turbulencija modelirana metodom orthogonalne podgrupne ljestvice (OSGS) s dinamičkim podljestvicama.
Zbog usporedbe, ista simulacija je urađena i s metodom LES (Large Eddy Simulation). Pokazano je kako simulacija turbulentnog strujanja utječe na
predviđanje akustičnih izvora koji su izračunati Lighthill analogijom. Translacija s vremenskog područja ka frekventnom području je urađena s DFT
(Direct Fourier Transform), što dovodi do manje uporabe memorije. Akustični izvori su korišteni u nehomogenoj Helmholtz jednadžbi da bi se simuliralo
širenje tlaka u područje. Pokazano je da ova metoda dovodi do bolje prezentacije spektra. Općenito, bolje predviđanje energetskog transfera između malih
i velikih vrtloga dati će mogućnost bolje i snažnije prezentacije akustičnog izvora. Ovakvi izvori će promjeniti širenje vala u akustičnom polju.
Ključne riječi: aeroakustika; buka; direktna Furijeova transformacija; Litghill analogija; nehomogena Helmholtz jednadžba; ortogonalna SGS metoda s
dinamičkim podljestvicama
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Introduction

Over the last decades numerical analysis has become
a very powerful tool for simulation of physical behaviour
of the variety of systems. As it is known, Navier-Stokes
partial differential equation describes the behaviour of
fluid flow, but there are two problems that
mathematicians have not been able to solve to the present
day. The first one is uniqueness and smoothness of the
solution of the Navier-Stokes equation. The equation is
extremely difficult to solve in general and there are only
few problems (very simple) which could be solved.
Because of that, scientists and engineers have to deal with
numerical algorithms that can produce an approximate
solution. The second problem is turbulence, because fluid
continually generates features at smaller and smaller
scales eddies. Very roughly speaking, the existence and
smoothness of Navier-Stokes equation is under question
as well as how fast turbulent flow reaches smaller scale
eddies properties. One of the most difficult challenges in
numerical algorithms of turbulent flow is how to model
these small scales eddies and their effect on large scales
eddies. Also, how to properly define energy distribution
between these small scales and large scales eddies.
Turbulent flow around bodies that travel fast through the
air makes fluctuations of pressure that our ear recognizes
as sound.
It is this kind of physical phenomena that
Aeroacoustics [1] deals with. With constant growth of
capabilities of personal computers, a new field of
computational
mechanics
has
also
emerged:
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Computational Aeroacoustics (CAA) [2]. The aim of this
field is to simulate and predict aerodynamically generated
noise. The objective of this work is to present stabilized
finite element method for the approximation of
incompressible Navier-Stokes equation that models
turbulent flow around missile ALAS and calculation of
Lighthill’s [3] tensor that arises in Aeroacoustics as
acoustics sources generated from turbulent flow. These
sources are the source for the inhomogeneous Helmholtz
equation that calculates distribution of pressure field in
order to predict sound in the domain.
This work shows how different methods of
stabilization for the Navier-Stokes equation give different
solution to the calculation of Lighthill’s tensor and how
this also affects pressure distribution in the domain. The
natural way to predict turbulent flow is LES [4÷6] which
would be presented shortly. On the other side, there is
another approach known as Variational multiscale method
proposed by Hughes [7], which has different variations.
Here, the orthogonal subgrid scale method with dynamic
subscales proposed by the group of Ramon Codina [8] is
considered. Calculation of acoustics sources and acoustic
is done in the same domain as CFD domain. Here,
CFD/CAA decomposition [9, 10] of domains is not
followed as a goal to reduce memory usage. This is done
through DFT (Direct Fourier Transform) incorporating
the equation inside of the transient CFD loop. With the
mentioned approach, domain decomposition and usage of
FFT (Fast Fourier Transform) is avoided. Calculated
aeroacoustic sources are on the right side of the
inhomogeneous Helmholtz equation which is used to
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model the pressure wave propagation in the domain. Here,
we are interested in small wave numbers (k<15) avoiding
the problems known as pollution error for large wave
numbers, and because of that a simple Galerkin method is
used to approximate acoustic behaviour. The goal is to
show how small scales eddies have to be modelled and
approximated as a function of large solvable scale and
how they affect the simulation of turbulent flow and
energy distribution. Also, it is shown how different
turbulent flow modelling affects the calculation of
acoustics sources and distribution of pressure waves in
acoustic domain.

The third part consists of solving inhomogeneous
Helmholtz equation using the source term obtained in the
previous step in order to simulate pressure wave
propagation in the domain, which is known as simulation
of acoustic part. The same domain is used as in CFD part.
Mathematical problem involves finding pressure p in
the
boundary
condition
domain Ω ⊂ ℝ𝑑𝑑 with
Γ𝑁𝑁 ∪ Γ∞ = ∂Ω.

2

This is done applying the Galerkin method because
we deal with a small wave number k0 which does not
produce instabilities in numerical solution of Helmholtz
equation known as dispersion problem. Fig. 2 shows
graphical representation of the steps required to obtain
aeroacoustics simulation.

Proposed methodology to simulate aerodynamic noise

In order to simulate aerodynamic noise around
missile ALAS shown in Fig. 1, the simulation will be
divided into three main disciplines. The first one is the
simulation of turbulent flow with CFD used to solve the
incompressible Navier-Stokes equation. The assumption
of incompressible flow is valid up to the Mach number
0,4. Here, it is important to stress that it is chosen to
simulate the missile in 2D (XY plane and ZX plane in Fig.
1). It is even known that flow around the missile is fully
3D.That decision is made in order to get a complex shape
in 2D plane which can easily reproduce a wide turbulent
flow and a lot of vortices but, on the other side, to reduce
computer resources and time of simulation.
Numerical problem consists in solving partial
differential equation in domain Ω ⊂ ℝ𝑑𝑑 with the
boundary condition Γ = 𝜕𝜕Ω and prescribed initial and
boundary condition.
𝜕𝜕𝑡𝑡 𝒖𝒖 + 𝒖𝒖 ∙ ∇𝒖𝒖 − 𝜈𝜈∆𝒖𝒖 + ∇𝑝𝑝 = 𝒇𝒇 in Ω, 𝑡𝑡 > 0
∇ ⋅ 𝒖𝒖 = 0 in Ω, 𝑡𝑡 > 0
𝒖𝒖(𝑥𝑥, 0) = 𝒖𝒖0 (𝑥𝑥) in Ω, 𝑡𝑡 > 0
𝒖𝒖(𝑥𝑥, 𝑡𝑡) = 𝒖𝒖𝐷𝐷 (𝑥𝑥, 𝑡𝑡) on Γ𝐷𝐷 , 𝑡𝑡 > 0
𝒏𝒏 ∙ 𝜎𝜎(𝑥𝑥, 𝑡𝑡) = 𝒕𝒕𝑁𝑁 (𝑥𝑥, 𝑡𝑡) on Γ𝑁𝑁 , 𝑡𝑡 > 0

(1)
(2)
(3)
(4)
(5)

As it is known, the simulation of turbulent flow
demands the appropriate design of numerical schemes
(LES, Orthogonal SGS with dynamical subscales) in
order to catch the physical behaviour of turbulence. The
goal of turbulent flow simulation is to obtain the velocity
vector u with exact fluctuations and productions of
wakes.
The second part consists of calculating the acoustics
sources using the method proposed by Lighthill, which
means calculation of Reynolds tensor 𝜌𝜌0 (∇⨂∇): (𝒖𝒖⨂𝒖𝒖).
In order to keep the advantages of using C0 - class
finite elements, Reynolds tensor is expressed in the form
𝜌𝜌0 (∇⨂𝒖𝒖): (∇⨂𝒖𝒖)T = 𝑠𝑠(𝑥𝑥, 𝑡𝑡). After the source term
in time domain is obtained, it has to be transformed to the
frequency domain, using DFT.

Figure 13-D model of Missile system ALAS with the XY and XZ
planes for 2D computational domains
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−∆𝑝𝑝(𝑥𝑥, 𝜔𝜔) + 𝑘𝑘02 𝑝𝑝(𝑥𝑥, 𝜔𝜔) = 𝑠𝑠(𝑥𝑥, 𝜔𝜔) in Ω
∇𝑝𝑝(𝑥𝑥, 𝜔𝜔) ∙ 𝑛𝑛 = 0 on Γ𝑁𝑁
∇𝑝𝑝(𝑥𝑥, 𝜔𝜔) ∙ 𝑛𝑛 = 𝑖𝑖𝑘𝑘0 𝑝𝑝 on Γ∞

(6)
(7)
(8)

Figure 2 Steps required simulating Aerodynamic noise

2.1 LES method for solving turbulent flow
In order to simulate high Reynolds number turbulent
flow, the choice has to be made between three usual
approaches [11]. The first one is DNS (Direct Numerical
Solution) which is not suitable for aeroacoustics
simulation because of high computational cost in the area
of high Reynolds numbers.
The second one RANS (Reynolds Averaged NavierStokes) cannot capture time fluctuations for proposed
Reynolds numbers. The third method is LES (Large Eddy
Simulation) which seems to be appropriate for the
proposed problem [12].
The main idea behind LES is to decompose the
velocity and pressure field at continuum level into large
scales and small scales, where large scales could be
captured from FEM mesh. Properly modelling small
scales is crucial as well as their effects on large scales.
The scale decomposition is done through a traditional
method of the filtering process. After filtering, Eqs.
(1)÷(5) have the form:
� + 𝒖𝒖
� ∙ ∇𝐮𝐮
𝜕𝜕𝑡𝑡 𝒖𝒖
� − ν∆𝐮𝐮
� + ∇p = 𝒇𝒇 − ∇ ⋅ ℛ𝑖𝑖𝑖𝑖Ω𝑥𝑥(0, 𝑇𝑇)

� = 0 in Ω 𝑥𝑥 (0, 𝑇𝑇)
∇ ∙ 𝒖𝒖
�(𝑥𝑥, 0) = 𝒖𝒖
� 0 (𝑥𝑥), in Ω
𝒖𝒖

(9)
(10)
(11)

������� − 𝒖𝒖
�⨂𝒖𝒖
� represents the residual
In Eq. (9) ℛ = 𝒖𝒖⨂𝒖𝒖
stress tensor or sub grid scale tensor. Different modelling
of residual stress tensor gives different methods of LES.
Here, a famous Smagorinsky [13, 14] model is chosen for
turbulent flow simulation. The idea to show the
simulation of turbulent flow using the LES Smagorinsky
model is to compare one of the most used methods with
the proposed method of orthogonal SGS with dynamical
subscales.
Technical Gazette 24, 3(2017), 663-670
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2.2 Orthogonal SGS method with dynamical subscales
The idea behind SGS method is also to decompose
the velocity and velocity test function on resolvable
(capture with FEM mesh) or large scales and nonresolvable or small scales. The decomposition of 𝒖𝒖 =
𝑑𝑑
�,𝒗𝒗 = 𝒗𝒗𝒉𝒉 + 𝒗𝒗
� refers to space splitting𝑉𝑉0𝑑𝑑 = 𝑉𝑉ℎ,0
⊕
𝒖𝒖ℎ + 𝒖𝒖
𝑑𝑑
�
𝑉𝑉ℎ . The velocity time derivation can be split as 𝜕𝜕𝑡𝑡 𝒖𝒖 =
𝝏𝝏𝒕𝒕 𝒖𝒖ℎ + 𝝏𝝏𝒕𝒕 𝒖𝒖� where the second term is saved because it is
chosen to deal with dynamical subscales [15]. Enforcing
the sub scales to be L2 orthogonal to the finite element or,
in other words, 𝑉𝑉�0 is taken as subspace of Vh⊥ this

solution leads to the separate energy bounds for the two
different scales. The separation of the scales is only
proper if they are orthogonal in the sense that the total
kinetic energy is the sum of the kinetic energy of uh plus
the kinetic energy of small scales. Also, the pressure and
pressure test function are decomposed as 𝑝𝑝 = 𝑝𝑝ℎ + 𝑝𝑝�,
𝑞𝑞 = 𝑞𝑞ℎ + 𝑞𝑞� corresponding to the space splitting 𝑄𝑄0 =
𝑄𝑄ℎ,0 ⊕ 𝑄𝑄0 . In formulation the pressure subscales are not
used. Applying the ideas in equations (1)-(5) it is
formulated:

𝐾𝐾

�, 𝜗𝜗𝒏𝒏 ∙ ∇𝒗𝒗ℎ + 𝑞𝑞ℎ 𝒏𝒏〉𝜕𝜕𝜕𝜕 = 〈𝒇𝒇, 𝒗𝒗ℎ 〉
+ ∑𝐾𝐾〈𝒖𝒖

(12)

𝐾𝐾

∑𝐾𝐾〈𝜕𝜕𝑡𝑡 𝒖𝒖ℎ + 𝒖𝒖∗ ∇𝒖𝒖ℎ − 𝜐𝜐∆𝒖𝒖ℎ + ∇𝑝𝑝ℎ , 𝒗𝒗
�〉 + ∑𝑲𝑲〈𝜐𝜐𝒏𝒏 ∙ ∇𝒖𝒖𝒉𝒉 −
�〉𝝏𝝏𝝏𝝏 = 〈𝒇𝒇, 𝒗𝒗
�〉
𝑝𝑝𝒉𝒉 𝒏𝒏, 𝒗𝒗
(13)

Eq. (12) defines large scales and Eq. (13) defines
small scales prior to assuming that subscales will be zero
at the element boundaries. The first line in Eq. (12) is the
same as for the Galerkin method. In the second line the
first term defines the already defined stabilization
methods as SUPG (Streamline Upwind Petrov Galerkin
method), GLS (Galerkin Least Square) SGS (Subgrid
Scale method) [16].
It is known that these methods stabilized convective
term and give rise to equal interpolation for the velocity
and pressure field. The second term in the second line of
equation defines the dynamical subscales, where the third
term defines the global momentum conservation not
satisfied in the Galerkin approach, and the last term
corresponds to Reynolds stress for subscales. The next
goal is to find solution of small scales in Eq. (13) as a
function of large scales and then to put back that result in
Eq. (12). The equation could be written in a differential
form:

�) ∙ ∇𝒖𝒖
� − 𝜐𝜐∆𝒖𝒖
� + ∇𝑝𝑝� = 𝑟𝑟𝑢𝑢,ℎ
𝛿𝛿𝑡𝑡 + (𝒖𝒖ℎ + 𝒖𝒖
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1

𝜏𝜏1

𝜏𝜏1 = �𝑐𝑐1

(16)

� = 𝑟𝑟𝑢𝑢,ℎ
𝒖𝒖
𝜐𝜐

ℎ2

+ 𝑐𝑐2

|𝒖𝒖ℎ +𝒖𝒖
�| −1
ℎ

�

(17)

where are: 𝑐𝑐1 = 4 and 𝑐𝑐2 = 2 - for linear triangular
elements, ℎ - characteristic mesh element size.
The formulation of orthogonal sub grid scale with
dynamical subscales can be formulated as
(𝜕𝜕𝑡𝑡 𝒖𝒖ℎ , 𝒗𝒗ℎ ) + (𝒖𝒖∗ ∙ ∇𝒖𝒖ℎ , 𝒗𝒗ℎ ) + 𝜐𝜐(∇𝒖𝒖ℎ , ∇𝒗𝒗ℎ )
�, 𝒖𝒖∗ ∙ ∇𝒗𝒗ℎ + 𝜐𝜐∆𝒗𝒗ℎ +
−(𝑝𝑝ℎ , ∇ ∙ 𝒗𝒗ℎ ) + (𝑞𝑞ℎ , ∇𝒖𝒖ℎ ) + ∑𝐾𝐾〈𝒖𝒖
∇𝑝𝑝ℎ 〉Ω𝑒𝑒 = (𝒇𝒇, 𝒗𝒗ℎ )
(18)
(19)

CFD simulation of turbulent flow over missile ALAS

The first step in the simulation of aerodynamic noise
is turbulence flow, with the goal to obtain velocity field in
every time step as a purpose of calculation of acoustics
sources [18].

Figure 3 Mesh of the hall domain

(14)

with ru,h representing residual of the finite element
components uh given by
� + (𝒖𝒖ℎ + 𝒖𝒖
�) ∙ ∇𝒖𝒖
� − 𝜐𝜐∆𝒖𝒖
� + ∇𝑝𝑝� − 𝒇𝒇]
𝑟𝑟𝑢𝑢,ℎ = Ρ[𝛿𝛿𝑡𝑡 𝒖𝒖

where,

3

(𝜕𝜕𝑡𝑡 𝒖𝒖
�, 𝒗𝒗
�) + �〈𝒖𝒖∗ ∙ ∇𝒖𝒖
� − 𝜐𝜐∆𝒖𝒖
�, 𝒗𝒗
�〉𝐾𝐾 + �〈𝜐𝜐𝒏𝒏 ∙ ∇𝒖𝒖
�, 𝒗𝒗
�〉 +
𝐾𝐾

�+
𝜕𝜕𝑡𝑡 𝒖𝒖

(𝜕𝜕𝑡𝑡 𝒖𝒖
�, 𝒗𝒗
�〉Ω𝑒𝑒 + ∑〈𝒖𝒖∗ ∙ ∇𝒖𝒖ℎ − 𝜐𝜐∆𝒖𝒖ℎ +
�, 𝒗𝒗
�) + ∑ 𝜏𝜏𝐾𝐾−1 〈𝒖𝒖
(𝒇𝒇,
�〉 =
�)
∇𝑝𝑝ℎ , 𝒗𝒗
𝒗𝒗

(𝜕𝜕𝑡𝑡 𝒖𝒖ℎ , 𝒗𝒗ℎ ) + (𝒖𝒖∗ ∙ ∇𝒖𝒖ℎ , 𝒗𝒗ℎ ) + 𝜐𝜐(∇𝒖𝒖ℎ , ∇𝒗𝒗ℎ )
− (𝑝𝑝ℎ , ∇ ∙ 𝒗𝒗ℎ ) + (𝑞𝑞ℎ , ∇𝒖𝒖ℎ )

� 𝒗𝒗ℎ ) − �〈𝒖𝒖
�, 𝒖𝒖∗ ∙ ∇𝒗𝒗𝒉𝒉 + 𝜗𝜗∆𝒖𝒖ℎ + ∇𝑞𝑞ℎ 〉𝑘𝑘
+(𝜕𝜕𝑡𝑡 𝒖𝒖,

where 𝑃𝑃 = ℐ − ℙℎ stands for the L2 projection onto the
appropriate velocity, or the pressure finite element space
leads to the Orthogonal Subscale Stabilisation (OSS)
approach. Using arguments based on a Fourier analysis
for the subscale [17], the system of Eqs. (14)÷(15) can be
approximated as

(15)

Figure 4 Mesh around 2D projection of missile in the XY plane

As it is known, the turbulent flow around missile is
fully 3D and because of that if there is a need to recover
the exact flow around a missile, there is a need for 3D
simulation. Simulation of full 3D turbulent flow is very
665

Numerical prediction of aerodynamic noise generated from missile for low Mach number flows

computationally expensive and time consuming. Because
of that, the missile ALAS is projected onto the ZX and XY
plane, where the coordinate system is shown in Fig. 1.
This 2D approximation has benefit from the viewpoint of
a more complex turbulent flow with more wakes in a wide
area around the missile. This is not exactly true in reality
but from the viewpoint of comparing two approaches of
modelling turbulent flow this approach gives much better
visualisation of the comparison of aeroacoustic sources
arising from fluctuations and gradient in the flow. The
representation of mesh of hall domain is given in Fig. 3. It
is obvious that the mesh around the missile is much finer
(Fig. 4) to capture physical behaviour of the boundary
layer and wakes, and starts to be coarser and coarser when
it goes far from the missile.
Simulations are done as the rocket flies at cruising
speed of V = 120 m/s (M = 0,35) and the angle of attack
of the missile is 8 degrees. It is important to stress that
both approaches are solved in totally the same domains
and also with the same number of nodes and elements of
the triangular mesh.
Numbers around the rocket in Fig. 4 represent the
positions, where the velocity and pressure values fall in
every time step. These are considered as sensors in flow,
which makes the acquisition of velocity and pressure in
time.
This is very useful because it is a direct indicator of
difference between the two methods of modelling
turbulent flow above proposed. The next figures show the
velocity field around the missile in different time steps for
both turbulent flow approaches. Figures are shown side
by side for both approaches for the sake of simplicity, so
as to compare both presentations.

V. Jazarević, B. Rašuo

behaviour of velocity giving more dissipative
representation [19], capturing only large eddies and
giving poor representation of small scales and their
energy influence on large scales.

Figure 7 Velocity field after 0,09 s using LES in XZ plane

Figure 8 Velocity field after 0,09 s using DynOSS in XZ plane

On the other hand, orthogonal SGS method with
dynamical subscales has some features which give better
presentation of turbulent flow. First, forcing L2 projection
of small scales on the velocity finite element space leads
to orthogonal subgrid scale which gives proper scale
separation in the sense that total kinetic energy is the sum
of kinetic energy of solvable (grid) scale plus kinetic
energy of small (non - grid) scales [20].

Figure 5 Velocity field after 0,09 s using LES in XY plane

Figure 9 Time tracking in point in X direction of velocity and spectral
diagram using LES for turbulent modelling in XZ plane

Figure 6 Velocity field after 0,09 s using DynOSS (Orthogonal Subgrid
Scale method with dynamical subscales) in XY plane

It is noticeable from the figures that both approaches
of modelling turbulent flow give different representation
of the velocity field around the missile. Even with the
same model, mesh and boundary conditions, the
difference in turbulent pattern around the missile is
noticeable. LES approach presents a fixed pattern of the
666

Figure 10 Time tracking in point in X direction of velocity and spectral
diagram using DynOSS for turbulent modelling in XZ plane

Technical Gazette 24, 3(2017), 663-670

V. Jazarević, B. Rašuo

Numeričko predviđanje aerodinamične buke koja se generira na projektilu pri malim Mahovim brojevima

Second, modelling of dynamical subscales leads to
correct behaviour of time discretization schemes and
better accuracy.
On the other side, dynamical tracking of subscales
gives the opportunity to model back scatter [21] that gives
right energy transfer between the large and small scales.

Figure 11Time tracking in point in X direction of velocity and spectral
diagram using LES for turbulent modelling in XY plane

Figure 12Time tracking in point in X direction of velocity and spectral
diagram using DynOSS for turbulent modelling in XY plane

Figure 13 Time tracking in point in Y direction of velocity and spectral
diagram using LES for turbulent modelling in XY plane

analysis in these figures gives rich representation,
provides good evidence of recovering small scales and
their influence on large scales.
4

Calculation of aerodynamic noise sources

For calculation of aerodynamic noise sources
Lighthill's analogy [22] is used and thereafter DFT for
transition from time domain to frequency domain. With
regard to aerodynamic noise source computation, we have
to compute [23]
𝜌𝜌0 (∇⨂∇): (𝒖𝒖⨂𝒖𝒖)

(20)

𝜌𝜌0 (∇⨂∇): (𝒖𝒖⨂𝒖𝒖) = 𝜌𝜌0 (∇⨂𝒖𝒖): (∇⨂𝒖𝒖)T = 𝑠𝑠(𝑥𝑥, 𝑡𝑡)

(21)

from the flow velocity vector u computed in CFD
simulation mentioned above. After some tedious algebra
and using incompressibility constraint we got an
aerodynamic noise sources model

where we have implemented the C0 Finite Element
Method for the computation of the source model. After
calculation of the source term, the time Fourier transform
of source term in time domain has to be performed to pass
to frequency domain. Using Fast Fourier Transform FFT
[24, 25] for the source term transformation from time to
frequency domain, it is necessary to store a large amount
of instantaneous velocity fields. This requires a huge
amount of computer memory resources.
To avoid this problem, the following strategy has
been used. The frequencies at which the source term in
frequency domain is wanted are chosen prior to starting
the CFD computation.
During the evaluation of the CFD computation, the
source term in time domain is automatically computed at
each time step as well as its contribution to the source
term in frequency domain.
At the end of the simulation, only the source term in
frequency domain is retained, hence it is unnecessary to
store acoustic source in time domain except for the steps
at which visualization of the source term is desired. This
has been done through the implementation of DFT [26]
inside of the time loop of CFD calculation. The equation
for implementation is as follows:
∞

Figure 14 Time tracking in point in Y direction of velocity and spectral
diagram using DynOSS for turbulent modelling in XY plane

In Figs. 9, 11, 13 the dissipative structure of the LES
approach is even more visible, giving poor spectral
analysis. Recovering only large scales, giving good
evidence this approach can capture turbulent
characteristics to some point on the Komogorov scale
diagram.
In Figs. 10, 12, 14 the Orthogonal SGS with
dynamical subscale, on the other hand, recovers much
richer spectral diagram, modelling both small and large
scales and their energy interchange. It is important to
highlight that representation in the figures is done for the
same points shown in Fig. 4 for both methods. Spectral
Tehnički vjesnik 24, 3(2017), 663-670

−2𝜋𝜋𝜋𝜋𝑓𝑓𝑛𝑛 𝑡𝑡𝑘𝑘
𝐻𝐻(𝑓𝑓𝑛𝑛 ) = ∫−∞ ℎ(𝑡𝑡)𝑒𝑒 −2𝜋𝜋𝜋𝜋𝑓𝑓𝑛𝑛 𝑡𝑡 𝑑𝑑𝑑𝑑 ≈ ∑𝑁𝑁−1
∆=
𝑘𝑘=0 ℎ𝑘𝑘 𝑒𝑒
𝑁𝑁−1
−2𝜋𝜋𝜋𝜋𝜋𝜋𝜋𝜋/𝑁𝑁
∆ ∑𝑘𝑘=0 ℎ𝑘𝑘 𝑒𝑒
(22)

where are: 𝐻𝐻(𝑓𝑓𝑛𝑛 ) - function in frequency domain,
ℎ(𝑡𝑡) - function in time domain,𝑓𝑓𝑛𝑛 - frequency instances,𝑡𝑡𝑘𝑘
- time instances, ∆ - time step between two times
instances, N - Number of points in domains, and ℎ𝑘𝑘 value of function in time instances.
It is evident from all the figures that the proposed
methodology of orthogonal SGS with dynamical
subscales gives stronger and richer presentation of
acoustic sources, giving smaller dipoles that come from
small scales and their extra modelling. Good modelling of
energy transfer in the flow between the large and small
eddies recovers the fluctuating nature, which gives nice
accent on gradients in the field around the missile.
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Figure 15 Absolute source field around missile‚ using LES approach in
the XZ plane

Figure 19 Absolute solution of source field around missile using LES
approach in the XY plane

Figure 16 Absolute source field around missile, using DynOSS
approach in the XZ plane

Figure 20 Absolute solution of source field around missile using
DynOSS approach in the XY plane

Figure 17 Real solution of source field around missile using LES
approach in the XZ plane

Figure 21 Imaginary solution of source field around missile using LES
approach in the XY plane

Figure 18 Real solution of source field around missile using DynOSS
approach in the XZ plane

Figure 22 Imaginary solution of source field around missile using
DynOSS approach in the XY plane

5

Acoustic wave propagation

In the third step of aerodynamic noise simulation it is
needed to solve Inhomogeneous Helmholtz equation
where the inhomogeneous part is already calculated in the
668
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previous step. The discrete weak form of the Galerkin
method of Helmholtz equation stated in Eq. (6) is defined
as 𝑝𝑝ℎ ∈ 𝑍𝑍ℎ such that:

(∇𝑝𝑝ℎ , ∇𝑣𝑣) − 𝑘𝑘 2 (𝑝𝑝ℎ , 𝑣𝑣) − 𝑖𝑖𝑖𝑖〈𝑝𝑝ℎ , 𝑣𝑣〉Γ𝑆𝑆 = 〈𝑠𝑠ℎ , 𝑣𝑣〉

(23)

for all 𝑣𝑣 ∈ 𝑍𝑍ℎ ,

Figure 25 Pressure distribution in the cutting plane of Fig. 23

Figure 23 Real solution of pressure field for LES approach of turbulent
flow
Figure 26 Pressure distribution in the cutting plane of Fig. 24

6

Figure 24 Real solution of pressure field for DynOSS approach of
turbulent flow

Here, we are interested in small wave numbers k=1,5,
in our case of presented figures, because large values
produce stabilisation problems, known as pollution error
[27]. Because of that, only by implementation of the
Galerkin method will the dependencies of different
modelling of turbulent flow on calculation of acoustic
wave propagation be shown. It is important to mention
that the domain of CFD is the same for Acoustic field and
wave numbers are the same for all simulations, and only
different is the source term that comes from different
modelling of turbulent flow.
Better modelling of turbulent flow and richer
approximation of acoustic sources also affect wave
propagation of pressure and solution of inhomogeneous
Helmholtz equation, as represented in Figs. 23 to 24.
It is clear that Orthogonal SGS method with
dynamical subscales gives stronger waves in the field.
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Conclusion

It is obvious that for the complex shape model in 2D
of the missile method of Orthogonal SGS with dynamical
scale the model of turbulent flow gives richer and
stronger presentations of aeroacoustics sources, which
leads to the same conclusion in propagation of acoustics
waves in acoustic domain. The point to be highlighted is
in a different approach of modelling small scales and their
filtration in the solution of resolvable scale captured by
the finite element mesh recovering good energy
distribution in the area of small eddies.
Also, using dynamic subscales in the method gives
the opportunity of modelling backscatter across large and
small eddies giving energy flow across them. Also, the
model is less dissipative as clearly shown in spectral
diagrams showing the possibility to recover a wide range
of frequencies arising from small scales and their energy
somehow lost in the LES approach. Comparison of time
tracking in the same point in the mesh for both methods is
clearly distinctive between them and their modelling of
turbulent flow. Modelling of turbulent flow is directly
affecting Lighthill's tensor producing different results for
both methods. It is clear that the proposed method
recovers richer distribution of acoustic sources and also
their strength. Different modelling of small eddies directly
affects the distribution of dipoles in the near field of the
missile.
Previously
obtained
results
also
affect
inhomogeneous Helmholtz equation. Richer and stronger
source term arising from the proposed method shows
stronger waves pressure in the calculated domain. Also,
the area near the rocket is clearly distinguished, where
there is a concentration of acoustic sources. Everything
stated nominates the proposed method as a good
669
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candidate for considering in
aeroacoustics phenomena in 2D.
7

the
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