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DIOPHANTINE TRIPLES WITH VALUES IN THE
SEQUENCES OF FIBONACCI AND LUCAS NUMBERS
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ABSTRACT. Let FL = {1,2,3,4,5,7,8,11,13,18,21,...} be the set
consisting of all Fibonacci and Lucas numbers with positive subscripts.
We find all triples (a, b, c) of positive integers a < b < ¢ such that ab +
1, ac+ 1, bc+ 1 are all members of FL.

1. INTRODUCTION

Let A be a subset of the positive integers. A Diophantine m-tuple with
values in A is a set of m positive integers {a1, as, ..., an} such that a;a; + 1
is a member of A for all 1 < i < j < m. The classical case is when A is the
set of squares. The main results here are that m < 5 and that if there are
any examples with m = 5, then there are only finitely many of them (see [3]).
Infinite families of examples are known in this case for m = 4. Another topic
which has received interest is when A is the set of members of some binary
recurrent sequence. Some necessary conditions on the binary recurrence for
the existence of infinitely many examples with m = 3 appear in [4]. For
example, one such condition is that the roots of the characteristic equation of
the binary recurrence are integers and the smallest one in absolute value is 1.
In particular, for the Fibonacci sequence {F,},>1 given by F} = F, =1 and
Foy2 = Fyy1 + F, for all n > 1, and its Lucas companion {Ly},>1 given by
Ly=1, Ly =3, Lyto2 = Lyt1+ L, for all n > 1, we have, by the main result
in [4], that there are only finitely many Diophantine triples with values in
F ={F, : n > 1}, and also there are only finitely many Diophantine triples
with values in £ = {L,, : n > 1}. In [5,6], it is shown that in fact there is no

2010 Mathematics Subject Classification. 11B39,11D09,11D45,11D75.
Key words and phrases. Diophantine triples, Fibonacci numbers, Lucas numbers.

23



24 F. LUCA AND A. O. MUNAGI

Diophantine triple with values in F and that {1, 2, 3} is the only Diophantine
triple with values in L.

Here we take FL = FUL = {1,2,3,4,5,7,8,11,13,18,21,...} to be
the set of Fibonacci and Lucas numbers with positive subscripts and study
Diophantine triples with values in F L. Surprisingly, we find an infinite para-
metric family of examples in addition to a few sporadic ones. Our result is
the following.

THEOREM 1.1. Assume that 1 < a < b < ¢ are positive integers such that
ab+1, ac+ 1, bc+ 1 are members of FL. Then one of the following holds:

(i) {a,b,c} = {Fak, Lokt1, Lakt2} for some positive integer k;
(ii) {a,b,c} ={1,2,3}, {1,3,4}, {1,2,6}, {1,2,10}, {1,6,33}.

As a byproduct of our classification theorem of Diophantine triples with
values in FL, we get right-away the following result.

COROLLARY 1.2. There are no diophantine quadruples with values in FL.

2. PRELIMINARY RESULTS

All the results in this section can be found in [6]. Put

(0. 8) = <1+\/5,1\/3>

2 2

for the two roots of the Fibonacci and Lucas sequences. Their Binet formulas
are

(2.1) F, = W and L,=a"+p forall n >1.

In particular,

(2.2) Q" 2<F, <a" 1, a" <L, <ottt hold for all n>1

and also
(2.3)
Q" 2<F,—1<a"!, A"l <L, —1<a” hold for all n > 6.

LEMMA 2.1. 1. F,, < L,, and equality holds if and only if n = 1;
2. FnLn = FQn;
3. Ly =Fyp1+ Fo1;
4. L2 —5F? = 4(-1)";
5. Lo, = L2 —2(—1)";
6. Lgp, = Lp(L2 —3(—1)");
7. F3, = Fo(5F2 +3(-1)").

For a prime number p and an integer m we write v,(m) for the exponent
of p in the factorization of m.
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LEMMA 2.2. The following divisibility relations hold:
1. ng(Fu7 Fv) = Fgcd(u,v):'
Lgcd(u,'u)a if VQ(U) = VQ(U);

2. ged(Ly, Ly) = 2, if va(u) # va(v) and 3 | ged(u, v);
1, otherwise;
Lgcd(u,v)a Zf VQ(U) > VQ(U);

3. ged(Fy, Ly) =1 2, if va(u) < va(v) and 3 | ged(u,v);
1, otherwise.

For an integer m, we write E,, and E), for any member of {F,,, L, }.
COROLLARY 2.3. We have

ged(En, En) < Lged(m,n)-
LEMMA 2.4. The following formulae hold:

1.
F% L%, ifn=1 (mod 4);
Fosi Laoa, ifn=3 (mod 4);
Fy—1= e
FosLng, ifn=2 (mod 4);
FnT+2 Lanz, ifn=0 (mod4);
2.
5FL;1F%, ifn=1 (mod 4);
LoiLng, ifn=3 (mod 4);
L,—1 Fs, o
5”//22, ifn=2 (mod 4);
%, ifn=0 (mod 4)

3. THE PROOF OF THEOREM 1.1

3.1. The setup. The verification that the triples shown at (i) satisfy the
hypothesis of the theorem follows because

FogLogy1 + 1= Fypp1 € FL;
Foplopio+1=Fyqo € FL;
Logy1Logyo+1 = Lypis € FL.

The above formulas follow easily from Lemma 2.4. The verification that the
triples shown at (ii) satisfy the hypothesis of the theorem is straightforward.
We have to show that if 1 < a < b < ¢ are integers such that

ab+1=F,, Lg;
(3.1) ac+1=F,, Ly;
bc+1=F,, L;

for some positive integers x, y, z, then {a,b,c} is like in (i) or (ii) of the
theorem. Since the cases when right-hand sides are all Fibonacci and all
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Lucas numbers have been treated in [5,6], respectively, we assume that in the
right—hand sides of (3.1) there is at least one Fibonacci number and at least
one Lucas number.

3.2. The outline. We split the proof into various steps. Each step reveals
some structure of the Diophantine triples with values in FL provided z is
sufficiently large. Each section concludes with a verification of the small
cases.

3.3. The very small cases. We checked the case when z < 120. The
only sporadic solutions found in this range are the ones shown at (ii) of the
theorem.

3.4. A bound for z in terms of y. From now on, we assume that z > 120.
Note that the system (3.1) together with inequalities (2.2) lead to

(3.2) P> L, >be+1>ac+1>F,>a’ 2 so z>y-—2,
and
042“2>L12}>02>bc—|—12Fz2042727 so z<2y+3.

Hence, z € [y — 2,2y + 3].

In fact, the case z = y — 2 is not possible. Indeed, if this is the case, then
since z > 121, we have y > 123, and by Lemma 2.1, we have
Fy_1+Fy_3 = Fz+1+Fz_1 = Lz > bc+1 > ac+1 > Fy = Fy_1+Fy_3+Fy_4,

giving F,,_4 < 0, a contradiction for y > 123. Thus, z € [y — 1,2y + 3].
Let us record this conclusion.

LEMMA 3.1. We have z € [y — 1,2y + 3].

To continue, we distinguish four cases as follows. Consider each of the
statements

(3.3) ac+1= Ly, Y even;
and
(3.4) bc+1=1L,, Z even.

The four cases correspond to whether both (3.3) and (3.4) hold, or only
(3.4) holds but not (3.3), or only (3.3) holds but not (3.4), or none holds.
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3.5. The case when both (3.3) and (3.4) hold. Since a < b < ¢, we get
that y < z. Further, by Lemma 2.4 and Corollary 2.3, we have

c | ged(ac,be) = ged(Ly — 1, L, — 1) | ged(Esy 2, By, /o),

SO
¢ < Lycd(ay/2:82/2) = L(3/2) gody.e) < o2 AT,

Clearly, ged(y, z) = z/d for some integer d. If d > 4, then, by inequalities

(2.3), we have

oL <L —1=be< 02 < aSz/dJrQ < a3z/4+2’

leading to z < 12, which is impossible. If d = 3, then ged(y,2) = 2/3,
therefore y = 2/3, 2z/3, z or y > (4/3)z. Since y < z, the last two cases are
impossible.

The case y = z/3 leads, via the fact that z < 2y + 3 (see Lemma 3.1), so
y>(2—3)/2,t02/3=y > (2 —3)/2,s0 z <9, which is impossible.

The case y = 2z/3 implies that y is a multiple of 4, so, by Lemma 2.4, we
have

L,

Lz/3
so L, —1 is in fact coprime to L, — 1. This shows that ¢ = 1, a contradiction.

Ly_1:L22/3_1: |Lza

3.6. The case when (3.4) holds but (3.3) doesn’t. The argument is similar
here. We use again Lemma 2.4 to conclude that for some 6 € {£1, £2} such
that y =0 (mod 2), we have

c|ged(ac, be) | ged(Ey — 1, L. — 1) | 5ged (Eqy—s)/2E(y+5) /2, EéZ/Q)
|5 ged (E(y—é)/Qa E:liz/Q) ng(E(y+6)/2v E:ISz/2)a
so, by Corollary 2.3, we have

¢ < 5Lged((y—6)/2,32/2) Lged((y+9)/2.32/2)

(35) < b FHBed((y=3)/2,32/2) +8ed((y+9)/2:82/2)

Here, we used in addition to estimates (2.2) also that 5 < o®®. We thus get
that, by inequality (2.3),

0" U< L, —1=be< < qll+28cd((v=0)/232/2)+25cd(y+6)/2,32/2)
giving
(3.6) 2z < 124+ 2ged((y — 6)/2,32/2) +2gcd((y + 0)/2,32/2).
By parity reasons (recall that z is even), we get
(3.7) 2 <10+ 2ged((y —6)/2,32/2) +2ged((y + 6)/2,32/2).
Let Dy = ged((y +6)/2,32/2). Note that
ged(Dy, D_) | ged((y+6)/2, (y— 6)/2) | (y +8)/2— (y — 8)/2= 5| 2,
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and certainly lem[D,, D_] | 3z/2. Thus,
D.D_ =lem[D,D_]gcd(Dy, D_) | 2(32/2) = 32,
showing that min{D,, D_} < v/3z. Thus, there exists ¢ € {1} such that
2 <104+ 2v32 4 2ged((y + €6)/2, 32/2).

The value of ¢ is chosen such that ged((y +¢9)/2,32/2) = max{D,,D_}. We
write ged((y + €9)/2,32/2) = (3z)/(2d) with some positive integer d. Thus,
(3.8) 2 <10+ 2V3z + 3;.
If d > 5, we get

2 <10+ 2V3z + 3—52

giving z < 119, a contradiction.
If d =4, then 4 | z. Thus, L. —1 = L3./3/L./, and in calculation (3.5)

we have Eéz/2 = L3. /5. Further, (y+¢0)/2 = 32)/8 for some positive integer
A If A > 2, then, using y < z 4+ 1, we get
z+3 >y+€5:%>§7
2 - 2 8 T 4
leading to z < 6, a contradiction. Hence, (y + £§) = 3z/8. In particular,

va((y +¢€0)/2) < v2(32/2). Lemma 2.2 shows that

8Cd(E(y1es)/2: B3 jo) = 86d(E(ytes)/2, Ls2y2) <2 < .

Retracing our steps, we conclude that in the right-hand side of (3.8), the
summand 3z/d can be replaced by 4. Thus, we get

z <144 2V3z,
giving z < 34, a contradiction.
If d < 2, then
y+ed S 3z S %7
2 T 2d7 4

SO
3
t43=(z+1)+2>y+ed> 72
giving z < 6, a contradiction.

If d = 3, then y 4+ £d = Az for some positive integer X\. The case A > 2,
gives z+3 > (2+1)+2>y+ed =Xz > 2z s0 z <3, a contradiction. The
case A=1,leadsto z =y+ed,s0z=y—1, y+1, y+2 (the case z =y — 2
is not possible by Lemma 3.1).

Let us treat first the case z = y + 2. Then y is also even so

ac=F,—1=F, o —1|F.F,_4.
The last divisibility relation follows from Lemma 2.4. Since
bC:szl |F327
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it follows that
c | ng(Fzeféla FSZ) | ng(an F3Z) ng(Fz74a F3Z) | Fngcd(Bz,z—4) | F12Fz-
On the other hand, by Lemma 2.4, we have
Ls,
0| 23202

Fs.
| 32/2
LZ/2

or
) )
Fz/2

according to whether 4 | z or not, respectively. Since Fio = 144 and since
F.=F.;3L./5 (see Lemma 2.1), we get that

L3z/2) < L32/2)
3.9 c|14dged | F, o, ——= | ged ( L, /o, ,
(3.9 R L G
or

F3./2 Fs, /0
3.10 144 ged | F /9, == d| L,/s, ,
1) SR G FZ/Q)gC (& Fop2

according to whether 4 | z or not, respectively. Note that since F, /5 | F. s,
L./5| Ls./2 and L§Z/2 - 5F32Z/2 = 44 (see again Lemma 2.1), it follows that
the first ged in (3.9) and the second ged in (3.10) are 1 or 2. If 4 | 2, then

Lszja = Loja(L2)5 = 3),
by Lemma 2.1, so the second ged in (3.9) divides 3. Similarly when 4 does
not divide z, then
Fs./0 = Fz/2(5Fz2/2 —3),
again by Lemma 2.1, so the first ged in (3.10) also divides 3. In conclusion,
in all cases, we get ¢ | 144 -6 = 864, s0 o~ ! < L, < ¢? < 8642, so z < 29.
Assume now z =y — 1. Theny =2+ 1. Ifac+1 = L,;1, then

ac+1=1L,y1>L,=bc+1,

so a > b, a contradiction. Thus, ac+ 1 = F,4;. Since ac = F,41 — 1 and
bc=L,—1=(F,41 —1)+ F,_1 (see Lemma 2.1), we get that ¢ | F._;. But
also

E
c|L,—1=
z/2
Hence, ¢ | gcd(F3z, F.—1) = Fyeq(sz,2—1) | F3 = 2, a contradiction.
Assume finally that z =y + 1. Thus, y = 2 — 1. If ac+ 1 = F};, we get
the same contradiction as before. Namely, ¢ | Fy,—1=F,_1—1 and also
¢|Ly—1=F,11+ (F.—1 — 1), therefore ¢ | F,4;. But also

E3,
c|L,—1="222F,,,
Ez/2
so ¢ | ged(F3., Foq1) = Fgeasz,2+1) | F3 = 2, a contradiction. Suppose

therefore that ac+1 =L, —1=L,_; — 1. Then c also divides
Lz -1= Lz72 + (szl - 1)7
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soc| L, o| Fy, 4. Sincealsoc| L, —1] Es,/5 | F3., we conclude that c |
ged(Foz_4, F3.) = Fyeq(3z,25—a) | Fi2, 80 ¢ <144, So, "1 < L, < c? = 1442,
so z < 21, a contradiction.

3.7. The case when (3.3) holds but (3.4) doesn’t. We start by following
the argument from the beginning of the previous case. We get the conclusions
(3.5) and (3.6) except that in the right-hand side, y and z are swapped:

(3.11) ¢ < aP5tecd((2=81)/2,3y/2)+ged((2+61)/2,3y/2)
which together with
a2 < F, <
leads to the slightly weaker analogue of (3.7), namely
(3.12) z <124 2ged((z —01)/2,3y/2) + 2ged((z + 61)/2, 3y/2).

Here, 61 € {*1,+2} is such that z = ¢; (mod 2). As before, one of the
numbers ged((z+461)/2, 3y/2) and ged((z—01)/2, 3y/2) is at most 1/3y. Hence,
there exists ¢ € {£1} such that if we write

ged((z +€61)/2,3y/2) = (2 + ed1)/(2d)

with some integer d > 1, then

2 < 12+(2%55)+2\/3y.

If d > 2, then we use the fact that y < z 4+ 1, and get

2
z§12+%+2\/3(z+1),

giving z < 93, a contradiction.

If d =1, then ged((z + €01)/2,3y/2) = (2 +€01)/2, so A(z + €d1) = 3y
holds with some positive integer .

If A >4, then

z—2<z+ed =3y/A<3y/4<(32+3)/4,
giving z < 11, a contradiction.
If A\ =1, then y = (2 +€61)/3 < (2 +2)/3. Since z < 2y + 3, so
y>(2—3)/2, weget (z—3)/2<y<(z+2)/3,s0 z <13, a contradiction.
If A\ =2, then z + &6, = 3y/2, so z = 3y/2 £ 1, 3y/2 + 2. Furthermore,
since in this case z + 4§ is even, it follows that y is a multiple of 4. Thus,

L
ac=Ly—1:—39/2

)

Ly
and

be=E,~1=AE 2B _cs,)2 = AB3,2E3,15_c5,-
Here, A’ | 5. If Eéy/Q = Fyy /2, then

c|5ged(Lsy 2, Fy/2) ng(Lgy/Q,Eéy/2_66) | 10 ged(Fy, Fay—2es,) | 10Fy | 30,
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so a* 2 < F, < ¢? <900, so z < 16, a contradiction. If Eéy/Q = L3y/2, then
bla= ALy Bl 5 > a0

Since z < 3y/2 + 2, we get that y > (2/3)(z — 2), so b > a2V~ > *2/3-23/3,
Thus, by inequalities (2.2),

Oéz+1 > Lz > b2 > a82/3—46/3,

giving z < 9, a contradiction.
IfAX=3,thenz=y—1, y+1, y+ 2. We use that

clac=Ly—1= Esy)5/E, /5| F3y.

If z=y+2, then z is even, so bc+1 = F,. Hence, ¢ | F, —1 = Fy19— 1.
But also, by Lemma 2.1, we have

C|LyfliFerl*FFy,l71:Fy+27Fy+Fy,171:(Fy+271)7Fy,2.

Hence, ¢ | Fy,_o. Therefore c | ged(Fsy, Fyy—2) = Fyea(sy,y—2) | F6 = 8. This
shows that o*2 < F, < ¢? < 82, s0 z < 10, a contradiction.

Ifz=y—1,thenbc=FE,-1<L, 1—1<Ly,—1=ac, a contradiction.

Finally suppose that z = y+1. If be+1 = F,, it follows that bc = Fy 1 —1.
But also ac = Ly, — 1 = (Fy41 — 1) + F,_1. Hence, ¢ | F,_1, therefore
c | ged(Fsy, Fy_1) = Fyeasy,y—1) | F3 = 2, a contradiction. If be +1 = L.,
then be = Ly41 — 1. Since ac = L, — 1, it follows that ¢ | Ly4+1 — Ly = Ly_1,
so ¢ | Fay_o. Thus, ¢ | ged(F3y, Foy—2) = Fyea(sy,2y—2) | F12. This shows that
a2 < F, < ? <1442, so z < 22, a contradiction.

From the last three subsections we conclude that neither (3.3) nor (3.4)
holds.

3.8. The case when neither (3.3) nor (3.4) holds. Here we show that the
following holds.

LEMMA 3.2. We have |z — y| < 4.

Since now we know that neither (3.3) and (3.4) hold, we get, by Lemma
2.4, that

ac = Ey —1=AEqy_s)/2E(y+6)/2,
bC = E; — ]_ = A/Ezz_él)/2EEZ+6l)/2’



32 F. LUCA AND A. O. MUNAGI

where A, A’ € {1,5} and 6,01 € {£1,£2} are such that y = ¢ (mod 2) and
z =61 (mod 2). Hence,

¢ | ged(ac,be) | ged (AE(yfé)/QE(er&)/% A'Eéz—61>/2Efz+61>/2)
|5 JI ecd(Byienjon Elomeisyyy2)
e,e1€{£1}

< 5 H Lgca((y+es)/2,(z—e161)/2)
e,e1€{£1}

o Bt Teceqin sod((y+ed)/2,(z—2181)/2)

Hence, by (2.2),
a?2 < F, < 2 < 250484_22“16&1} ng((y+66)/2,(Z—6151)/2),
which together with the fact that 52 < o’ gives
2<16+2 Y ged((y+ed)/2, (2 —161)/2).
e,e1€{£1}
By an argument used before, for each € € {£1} the greatest common divisor
of
ged((y +€0)/2,(2=01)/2)  and  ged((y +€0)/2, (2 +61)/2)

divides d1, therefore 2, and the least common multiple of the above two num-

bers is at most (y + 2)/2. So, the smallest is at most vy +2 < v/z+3. In
the same way, for each 1 € {£1}, one of the numbers

ged((z +€1601)/2,(y —6)/2)  and  ged((z +€161), (y +)/2)

is at most v/z 4+ 2. Thus, up to changing § to —¢ and/or d; to —d; if needed,
we conclude that
z— 01 z+ 01
(3.13) z <16+ Tt +2vVz+24+2vVz+ 3.
1 2

Here, dy and dy are defined by

ged((y = 6)/2, (2 = 61)/2) = (2 — 61)/(2d1);

ged((y +0)/2, (24 61)/2) = (2 + 61)/ (2dy).

Let us treat first the case when one of dy, ds equals 1. Say d; = 1. Then
y—0=Az—01). f A > 2, we then have 2 —2 < z—6; = (y—0)/A < (2+3)/2,
so z < 7, a contradiction. Thus, A = 1, so y —d = z — §;. In particular,
ly — 2| = |0 — 61| < 4, which is the title of this section. The same conclusion
is reached in the case when dy = 1.

So, assume that min{dy,ds} > 2. Suppose first that d; = dy = 2. Since
dy = 2, it follows that (y — §) = A\(z — 61)/2, where A\ cannot be 2. If A > 3,
then z+3 > y+2>y—0 = Az—01)/2 >3(z—2)/2,50 2 < 12, a
contradiction. Thus, A =1 and y —§ = (2 — d1)/2, therefore 2y — z = 26 — ;.
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Since also dy = 2, we get that y + 6 = A1(z + 1)/2, where A1 cannot be 2.
A similar argument as before shows that Ay = 1, s0 y + 3 = (2 + 01)/2, so
2y —z = —(20 — 61). Hence, 26 — 01 = y — 2z = —(2§ — 1), so 20 = J5.
This shows that 2y = z. In particular, y = z/2 > 60. Hence, z is even. In
particular, since (3.4) does not hold, we get

bC:Fny]..
Ifac=F,—1,thenc<F, -1, s0
Foy=1+be<c® < (F,—1)%

a contradiction for y > 60 (in fact, even for y > 2), conclusion which can be
reached using the Binet formulas (2.1). Assume that ac =L, — 1. If a > 2,
then ¢ < (L, — 1)/2, so

Fyy =1+be<c? < (L,—1)?%/4,

again a contradiction for y > 60 (in fact, even for y > 2), which can be checked
using the Binet formulas (2.1). Hence, a =1, c= L, — 1, so

Ly—1|bc=Fy —1=F,L,—1=F,(L, — 1)+ (F, — 1),

so L, — 1| F, — 1, a contradiction for any y > 3 because then 1 < F, < L,
(see Lemma 2.1). This shows that it is not possible that d; = do = 2. Hence,
min{d;,ds} = 2 and max{d;,d>} > 3. Thus, 1/d; + 1/d2 < 5/6. Returning
to (3.13), we get

2<16+ (2+2)(1/dy +1/dy) + 2z + 2+ 2Vz + 3
<16+ 1 oviTaavaTE
giving z < 776. To deal with this last range, we looked at
FL={1,2,3,4,5,7,8,11,13,18,21,.. .}
={L1,F5,F4, L3, F5, Ly, Fg,...,Fyi1, Ly, Fryo, Lnta, ...}

Let FL,, be the mth element in FL. Note that since 1 < a < b < ¢, it follows
that bc+ 1> ac+1 >4, so both ac+ 1, bc+ 1 are in

]:L\{17 2, 3} = {L37 F57 L4a F67 SERE) Fn+2; LTL+17 e }
The general formulas are
FlLi=1, FLs=2, FL3=3,

_ L2y if n=0 (mod 2)
FL, = {F(n+5)/2 if n=1 (mod 2) for n > 4.

We checked computationally that the only pairs 1 < £ < n < 1600 with
ged(FL, — 1, FL, — 1} > +/FL, which moreover satisfy &k < n — 7 are
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(k,n) = (13 + 16¢,20 + 16t) for ¢t € [0,99]. The difference n — k is always 7
for such pairs. To deal with them, we use a theoretical argument. Note that

FLi—1=Fyigs — 1= Fyryalagys,
FLp—1=1Li1y8¢ — 1= LatyeLatis.

Hence,
ng(}-Lk -1, F, - 1) = ng(F4t+4L4t+5; L4t+6L4t+5)
= Lys45 8cd(Fapqa, Lagye) = 3Lasqs.

The fact that the last ged above is 3 follows because 3 = Fy, Fy | Fyiia,
3 =Ly and Ls | Lyt and further,

ged(Fysya, Latyo) | gcd(Faiqs, Fsty12) = Fycd(stts,st+12) | Fa.
Thus, ¢ | 3L4t45. It is not possible that ¢ | Lyzys, for if it were so, then
2 < LitJrs :L8t+10_2 <L8t+11 —1=FL, —1=bc,

a contradiction. Thus, ¢ € {2L4s+5,3L4t45}. The case ¢ = 2L4445 leads to
a = F4t+4/2, b= L4t+6/27 SO

ab+1= iF4t+4L4t+6+ 1= % +1= W
_ Bsevio+ By FagsLarer
4 4 ’
while the case ¢ = 3L4445 leads to a = Fy44/3, b= Laty6/3, so
ab+1= %F4t+4L4t+6+ 1= % +1= W
_ Fsepio+Fs F4t+8L4t+2.
9 9

It remains to show that neither Fy;i3L4s+7/4 nor FypsLario/9 belongs to
FL. This follows right away for ¢ > 1 because in this case Fyy3/4 >
1, Lyry2/9> 1 and 4t + 8 > 4t + 7 > 12. Thus, if either of

Fyiy3Llyqr Fypy8Llaya
A3 AT B, or e kR i

4 9

holds, then w > 4t + 7 > 12 in the first case and w > 4¢ + 8 > 12 in the
second case, and by Carmichael’s primitive divisor theorem we get that E,
has in both cases a prime factor that does not divide the left-hand side of
its corresponding equation, which makes the above equalities impossible. For
t = 0, 1, we checked by hand and for ¢t = 0 we do in fact get the sporadic
solution ¢ = 3Lgs45 = 33, a = Fyp44/3 = 1 and b = Lys46/3 = 6. This implies
that even in the range 120 < z < 776, we have that |z — y| < 4.
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3.9. z € [z—30,y+1]. Continuing with the argument from the preceding
section, we saw that there exist d§, d1 € {£1,£2} such that y = § (mod 2),
z =061 (mod 2) and y — 0 = z — d;. Furthermore,

ac=Ey —1=AEq_s5/2Ey15)/2;

be=E, =1=AE(_;,5E( 52 = A By 5 /2E 125 -5)/2°

The three numbers (y — 6)/2, (y + 6)/2, y + 261 — §)/2 are distinct except if
0 = 61. Assume for the moment that d # 6;.

If Ey—s)/2 7 By _g) /20 then {Ey—5)/2, B, _s)/5} = {F(y-8)/2: L(y—s)/2}-
Further, in this case,
¢ | ged(ace, be)
| 5ged(Fiy—s)/2: Liy—5)/2) 8cd(Ey—s)/2, Efy 125, -5 /2)
x ged(Ey+5)/2, E(y—s)/2) 8cd(Ey16)/2, By o5, —5)/2)
| 52 ng(Fyﬂia Fy+251*5) ng(Fyﬂia Fy+5) ng(Feréa Fy+251*5)
| 10FRs, o5 Fayss
so ¢ < 10F82F4 = 13230. So, a*"2 < F, < ¢ < 132302, therefore z < 42, a
contradiction. So,
(3.14) Eqy-s)/2 = Ely_g)2-

But then

¢ | 5Ey-0)/28d(By+0)/2 By 125, -9)/2)
| 5E(y*5)/2ng(Fy+57Fy+251_6)
| 5E(y—s)/2F|26, 261
therefore
¢ <5Ly_g52Fs < 105aY/211 < qv/2+11
Hence,

Ey_1> Fy, -1 y/2—13
c = /21 = )

where the last inequality holds by (2.3). Thus,

TP > Ly >ab+1>a? > a¥ 20 > 2730,

giving z > z — 30.

This was in case § # 0;. But if § = 41, then y = 2, therefore ac = F}, — 1,
bc=Ly,—1,and yis odd. Thus, c| Fy,—1landc|L,—1=(F,—1)+2F,_1,
showing that ¢ | 2F,_;. Since y is odd, ac = F, — 1 = Ey—1)2Ey11)/2-
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Hence,
¢ | 2ged(Fy-1,Ey-1)/2, Ey11)/2)
| 2E(y-1)/28cd(Fy—1, E(y11)/2)
| 2E(y-1)/2 8ed(Fy—1, Fy41)
| 2By _1)/2,
SO

¢ <2L¢y 1y2 < 2a0T/2 < qu/2F3,

So, even in this case when § = 1, we have ¢ < a¥/213 < ¥/2+11 and the
previous argument leads to > z — 30. To see that x < y 4 1, assume that
this is not so. Then z > y 4+ 2 and

ab=FE;,—-1>F,,0—-1>L,—1=bc,

a contradiction. The middle inequality above follows because, by Lemma 2.1,
we have L, = Fy1 + Fy_1 < Fy42, where the last inequality holds for y > 5,
which is our case since y =z —d1 + 6 > z — 4 > 117. Thus, we have proved
the following lemma.

LEMMA 3.3. We have x € [z — 30,y + 1].

Before closing this section, we record an important byproduct of it, which
is the following:

LEMMA 3.4. In the notation
ac = Ey —1=AEy_s)/2E(y16)/2;
bC = E; — ]_ = A/Eéz—(sl)/QEzz"l‘él)/Q’

with the natural conditions A, A" € {1,5}, 6,61 € {£1}, y =6 (mod 2), z =
01 (mod 2), we have
Ety—s)/2 = E(z—5,)/2-

Indeed, this was shown above explicitly when J # &1 (see (3.14)), while
for 6 = 61, we have y = 2, E, = F,, E, = L, = L,, y is odd, and then the
desired conclusion follows from Lemma 2.4 because

Ey —-1= Fy —1= F(y_l)/QL(yJ’_l)/Q and E; —1= Ly —1= 5F(y_1)/2F(y+1)/2,
or
Ey—1=F,=1=Fypyply-npand B, 1= Ly = 1= L)Ly

according to whether y = 1, 3 (mod 4), respectively, hence taking 6 = 1, we
get Ey_sy/2 = Eéz_él)/Q = Fy_1)20r L(y_l)/Q according to whethery =1, 3
(mod 4), respectively.
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3.10. The range z € [120,1100]. Now we make a computation to cover
the range 120 < z < 1100. To do that, we generated all triples 1 <[ < k <
n < 2200 of elements of FL with the following properties:

(i) ke{n—-9,...,n—1}

(i) L e {n—61,...,kz—1}
(i) (FLx —1)(FL;—1)(FL,-1)=0;
(iv) FLp — 1| (FL, — 1)(FL, — 1);

FL—1[(FLy = 1)(FLp — 1)

FL,—1|(FL; — 1)(.7-'L;€ -1).

Indeed, the relevance of the above conditions is that if we write
ab+1=FLy, ac+1=FL bc+1=FL,,

then (i) follows from the fact that |z — y| < 4, (ii) comes from the fact that
x € [z — 30,y + 1], (iii) comes from the fact that

(FL, — 1)(FLy, — 1)(F,, — 1) = (abc)?,
and (iv) comes from the fact that

FLe-n(FL-1)
“= FL, —1 ’

b— (FLp — 1)(FL,—1)
N FL—1 ’

| (FLi-1)(FL, - 1)
“= FLp—1 ’

are all integers. We got a certain number of possibilities, but all of them came
from (i) of the theorem, which are triples of the form

(I, k,n) = (8t — 3,8t — 1,8t + 4)

for some positive integer ¢t > 15.
Let us now formulate the analogue of (3.3) and (3.4) for the first equation
of the system (3.1):

(3.15) ab+1=L,, x  even.

3.11. The case when (3.15) holds. This is very similar to the arguments
used in Sections 3.6 and 3.7 so we just recycle those ideas here. Assuming
that (3.15) holds then

Egz/Q

E)’

ab=L, —1=

be=E. —1=AEl_/5E 15,2
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giving
b | ged(ab,be) | ged(Esy 0, A'E(_s,)/2E(o45,)/2)
| 5ged( gx/Q’ EZz—él)/Q)) ng(ng/Q’ E2z+51)/2))7
SO
b < 5Lged(3z/2,(2—61)/2) Lged(32/2,(2+61)/2)
< 5Oégcd(3:v/2,(2761)/2)+gcd(393/2,(z+61)/2)+2'
Hence,

Oéa:72 <F, < b2 <a11+2gcd(Sz/Q,(zfﬁl)/2)+2gcd(393/2,(z+61)/2)’

where we used again the fact that 5 < o3®. Hence,
x <124 2gcd(3z/2, (2 — 01)/2) + 2 ged(3x/2, (2 + 61)/2).
As in Sections 3.6, 3.7, one of ged(3x/2, (z—61)/2) and ged(3z/2, (2+01)/2) is
at most v/3xz. So, thereise; € {41} such that ged(32/2, (z—e161)/2) = 3z/2d
with some positive integer d, and further
x <124 3x/d+ 2V 3.

If d > 4, then
x <124 3z/4+ 2V 3z,

giving z < 300, so z < x + 30 < 330, a contradiction. If d < 2, then

(2 42)/2> (s — c61)/2 > 3/(2d) > 3(z — 30)/4,
giving z < 94, a contradiction. If d = 3, we get (z — €d1)/2 = Ax/2 for some
integer A > 1. If A > 2, then 2+ 2 > z — 101 > 2z > 2(2 — 30), s0 2 < 62, a
contradiction. Finally, if A = 1, then z—e101 = . Thus, z = z+2, z+1, z—1.
The fact that z = z — 2 is not possible follows from the argument of Lemma
3.1 which in particular implies that z > x — 1. Now the argument from the
end of Section 3.6 (just interchange the pair (c,y) there with the pair (b, x))
gives b < 864, so o® ! < F, < b? < 8642, so = < 30, a contradiction with
x > z— 30> 1070.

3.12. Allof x, y, z are in an interval of length at most 8. Here, we recycle
the ideas of Section 3.8. Write
1/ anll 1 .
ab = Ez —1= A E(migz)/2E(m+52)/2,
bc = E; - ]. - A/Ezz—él)/QEZZJ"(Sl)/Q'
Hence,

b | ged(ab,be) | ged(A"E(, s, 0B (v 620 A Elamsy) 2B o v60)/2)
1!

| 58cd(E(,_s,) /20 B(s—61)/2) 8A(E(y_5,) /2 E(161)/2)
X 8ed(E(y 45,120 Elz—s1)/2) 8B _s,) /20 Elays,)/2)5
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S0
b<5b H Lyca((x—e282)/2,(2—€161)/2)
e1,e2€{£1}
< a7'5+251’52€{i1} gcd((w—6262)/2,(z—alél)/2).
Since
"2 < F, < B} <V
we get

r<1642 Y ged((z —£202)/2, (2 — £161)/2).
e1,e2€{£1}
As in Section 3.8, for each 1 € {£1} one of
ged((z +€101)/2, (x — 02)/2), and ged((z +101)/2, (x + d2)/2)
is at most v/z + 2, while for each g5 € {£1}, one of
ged((# +€202)/2, (2 = 61)/2), and  ged((z + €202)/2, (2 + 01)/2)
is at most /= + 2. So, there are £1,e9 € {£1} such that if we put
ged((z +€202) /2,2 +€101)/2) = (2 + €161)/(2dy),
ged((x — €202)/2, 2 —€101)/2) = (2 — e11) /(2d2),
then
<164 (z+e101)/di + (2 — €101) /da + 2Vx + 2+ 2Vz + 2.
Since, z < z + 1, we get
(3.16) 2 <164 (2+€161)/dy + (2 —€101)/da + 2V2 + 3+ 22 + 2.

Assume that one of dy, dy equals 1. Say, d; = 1. Then z+ 202 = Mz +£101)
holds with some positive integer A. If A > 2, then

z24+3>24+2>x 46200 = Az +e101) > 2(z — 2),

so z < 7, a contradiction. Hence, A = 1 and x + e202 = z+¢1d1. In particular
|z — x| = |e2ds — €161] < 4. But also |z — y| < 4, so we get the desired
conclusion. This was when d; = 1. When ds = 1 a similar argument shows
that  — €20y = 2z — £101, and we get a the same conclusion that |z — x| < 4.

It remains to study the case when min{dy,ds} > 2. If also max{d;,d2} >
3, then 1/dy + 1/d2 < 5/6, so going back to (3.16) and using that x > z — 4,
we get

z2—30<z <164+ (z+2)(1/di +1/d2) +2vVz+3+2vVz+2
<16+5(242)/6+2Vz+3+2Vz2+2,

giving z < 1100, a contradiction. Finally, assume that d; = do = 2. Then
x+e902 = A(z+¢€101)/2 for some integer A which is not 2. If A = 1, we then get
2—32<x—2 < x+4e202 = (24+£101)/2 < (2+2)/2, so z < 66, a contradiction.
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If A>3, then z4+3 > 2 +2 > x+e2d2 > 3(z+¢€161)/2 > 3(z — 2)/2, so
z < 12, again a contradiction.

3.13. Final considerations. Let us now write

ab = E:IEI —1= AIIE£;762)/2E2;+52)/2;
ac=Ey —1=AEqy_s5/2Ey15)/2;
be=E,—1=AE, 5 s

We already saw that y — 6 = 2z — 01, that E,_s5)/2 = Eéz—dl)/2 (see Lemma
3.4) and that up to changing the sign of d2, there exists €1 € {£1} such that
$—52=Z—€1(51.

Let us show that EZ;—62)/2 = Eéz—elél)/? Here, we recycle the ideas of
Section 3.9.

Consider first the case 0 # 101, If EZ;_52)/2 + EEz—elél)/w we then have

{EG 5220 Elocr6)2) = {Fla—82)/2: L@—s2)/2}- Hence,

b | ged(A"E(, s, 2B (i160) /20 A E 251y 2B (s161)/2)
| 5ged(Fla—s,)/2: Liz—s2)/2) 8¢A(E(,—s,) 20 Blus2e16,—62)/2)

U

X 8ed(E(, _5,) /25 Elyr6)2) 86U E (12615, —62) /20 Bl 52)/2)
| 5.2 ng(sz& ) Fm+2€161752) ng(FGE*!sz ) F1+52) ng(Fm+25161762 ’ Fm+62)
X 10F2\52‘F‘|2251517252 |

so b < 10F4F82 < 30 x 212 < 13230, giving a® 2 < F, < 132302, so x < 42,
a contradiction with x > z — 8. This was when 161 # J2 and showed that
EE;_52)/2 = Ezz_f'fl(sl)/2. But if €161 = d2, then x = 2, s0 ab = F, — 1, bc =
L, —1 and z is odd. By Lemma 2.4, we have

F.—1=F_._12Lcqy1y/2, and L, —1=5F_._1)2F.41)/2,
and

F.—1=F.y12Lli-1)/2, and L,—1=Le_1)2L41)/2,
according to whether z =1, 3 (mod 4), respectively, so it follows that we can
take 0o = 1 and EE;_52)/2 = E22+8151)/2 = F(._1)/2 or L(;_1)/2 according to
whether z =1, 3 (mod 4), respectively.

So far we showed that the last of the sets of two elements
(3.17)
1!

{EC—6) 20 Eluronyats ABw—s)2s Eyroyzts AE(—s1)/20 E(s161)/2)
has a common element with each of the first two. A similar argument shows

that the first two sets have a common element. Indeed, just assume that this
is not so and recycle the same ideas from Section 3.9 and the beginning of the
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current one with ab = A”E&fdz)/QE&Jr&)/Q and ac = AEy_s)/2E(y15)/2 in
oder to bound a. To bound then = use the fact that

b_be _Ei-l Lol o oy

a a E,—17 F,—17 av2 -
(because z — y < 4), to get that b < aa’, so a®*"2 < F, < b? < o'*a? to
conclude that a small bound on a leads to a small bound on x. We do not
give the details of such a calculation since it is similar to previous ones and
the conclusion is that « is very small (say, < 100).

Thus, any two of the sets shown at (3.17) have a common element. Fur-
ther, the product of all the above 6 elements (from the union of the three
sets) together with AA’A” equals (abc)?, which is a perfect square. The next
immediate goal is to show that A = A’ = A” = 1 and that the above 6 ele-
ments can be grouped in three equal pairs. Well, the claim that the elements
in the union of the sets shown at (3.17) can be grouped in three equal pairs
is equivalent to saying that the three sets look like

(3.18) {U,V}, {V, W}, {U, W}

for some positive integers U, V, W. Well, if this would not be so, then the
only way that any two of them have a common element is if they are of the
form

{E7X}’ {E’Y}7 {E7 Z}
for some positive integers E, X, Y, Z. If this is the case and if p is a prime
factor of ged(E, X), then p divides ged(Fi—s,, Fiis,) | Fajs,), 50 p can only
be 3. A similar argument applies to ged(E,Y") and ged(E, Z). Since then

AA'A"(EX)(EY)(EZ) = (abc)?,

we get that F = A, where A € {1,3,5,15}. Since F = E_s,))2 €
{F(x_(;?)/Q,L(x_(;Q)/Q}, none of the resulting equations has such large solu-
tions, namely with > 970 (see, for example, [1, Theorem 4] for the Fibonacci
case and [2, Theorem 2] for the Lucas case). This shows that indeed the sets
(3.17) look like (3.18). Then

AAA"(UV) (VW) UW) = (abe)?,

showing that AA’A” is a square. So, it is 1 or 52. Note now that a Fibonacci
number among E!, E,, E. has the property that the corresponding expres-
sion B —1, E, —1, E. — 1 contributes one Fibonacci and one Lucas numbers
among the elements from the sets (3.18), so an odd number of Fibonacci and
Lucas numbers, whereas Lucas numbers among E!/, E,, E’ have the prop-
erty that the corresponding expressions E — 1, E, — 1, E!, — 1 contribute
an even number of Fibonacci and Lucas numbers (2 or 0) to the elements of
the sets (3.18). This observation together with the fact that at least one of
E!, E,, E! is a Fibonacci number, shows that exactly two of such numbers
are Fibonacci numbers and only one is a Lucas number. Thus, by Lemma
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2.4, two of A, A’, A” are 1 and the third one is in {1,5}. Since the product
of all three is a square, it follows that A = A" = A” = 1. In particular,
UV =ab, VW = ac, UW = be, so {U,V,W} = {a,b,c}. Thus, a, b, c are
Fibonacci and Lucas numbers. Finally, since two of E!/, E,, E. are Fibonacci
numbers, and one is a Lucas number, and for the one who is a Lucas num-
ber, say E! (just to give an example), we have that E —1 = A”UV, with
A" =1, it follows that both U and V are Lucas numbers. In conclusion, not
only do we infer that {a, b, ¢} are Fibonacci and Lucas numbers, but we learn
that exactly two of them are Lucas numbers and one is a Fibonacci number.
Finally, since y — 6 = z — §; and z + 61 = x — J2, we conclude that a,b,c
are Fibonacci and Lucas numbers with indices in an interval of length 2. If
{Fk, L} C {a,b,c}, then FL; +1 = Fy; + 1 must be a Fibonacci or a Lucas
number, which is false for such large values of x, y, z since

Fop < Fop, +1 < Fopqq holds for all k>1,

while

Lop o < Fop +1 < Log_q holds for all k> 2.
Hence, {a,b,c} = {F,, Ly, L, } with distinct indices u,v,w and {u,v,w} =
{t,t+1,t + 2}. Considering the cases t = 2k and t = 2k — 1 (so, t even and
odd respectively), we only need to analyze the following six possibilities

{a,b,c} = {Fox, Lay1, Larv2}, {Lak, Foary1, Lokya}, {Lok, Loky1, Forta},
{Far—1, Lok, Lary1}, {Lok—1, For, Lowt1}, {Lon—1, Lok, Fory1}-

The first one is the one we want. The remaining five cases can be eliminated
right—away by trivial inequalities. For example, for the second triple on the
first row above, we have

max{F4k+3, L4k+2} < L2kL2k+2 +1< min{F4k+4, L4k+3} for all k Z 2,

so LopLog+2 + 1 cannot be a Fibonacci or Lucas number with index at least
997. Similarly,

max{F4k+2, L4k+1} < L2kL2k+1 +1< min{F4k+3, L4k+2} for all k Z 2,

maX{F4k+1, L4k} < L2k—1L2k+1 +1< Hlin{f‘—hk_,_g7 L4k+1} forall k> 2,

maX{F4k+1, L4k_1} < LQkFQkJ’_l +1< min{F4k+2, L4k} for all k> 2.
The theorem is proved.
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