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SUMMARY
This paper solves a finite production rate (FPR) model with scrap and multiple shipments using an algebraic

method. Classic FPR model assumes a continuous inventory issuing policy to satisfy demand and perfect quality
production for all items produced. However, in real life vendor-buyer integrated production-inventory system,
multiple shipment policy is practically used in lieu of a continuous issuing policy and generation of defective items
during production run is inevitable. In this study, it is assumed that all defective items are scrap and the perfect
quality items can only be delivered to customers if the whole lot is quality assured at the end of the production run.
A conventional approach for solving the FPR model is the use of differential calculus on the long-run average cost
function with the need to prove optimality first. This paper demonstrates that optimal lot size and its overall costs
for the aforementioned FPR model can be derived without derivatives. As a result, it enables students or practitioners
who have little knowledge of calculus to understand and to handle with ease the real-life FPR model.
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1. INTRODUCTION

The aim of this paper is to determine optimal lot
size for finite production rate (FPR) model with
random scrap rate and multiple shipments of the perfect
quality items. In the manufacturing sector, when
products are produced in-house instead of being
acquired from outside suppliers, the FPR model is often
utilized to cope with the finite production-inventory
replenishment rate in order to minimize the expected
overall cost per unit time, Refs. [1-2]. The classic FPR
model (also known as economic manufacturing
quantity (EMQ) model) assumes that all items produced
are of perfect quality. However, in real-life production
systems, due to process deterioration or other factors,
generation of imperfect quality items is inevitable. Many
studies have been carried out to enhance the

conventional EMQ model by addressing the issue of
produced imperfect quality items, Refs. [3-11].

Another unrealistic assumption of classic FPR
model is the “continuous” inventory issuing policy for
satisfying product demand. In real life vendor-buyer
integrated production-inventory system, multiple or
periodic deliveries of finished products are commonly
used. Goyal [12] first studied the integrated inventory
model for a single supplier-single customer problem.
He proposed a method that is typically applicable to
those inventory problems where a product is procured
by a single customer from a single supplier. He gave
example to illustrate his proposed method. Studies
have since been carried out to address various aspects
of vendor-buyer supply chain optimization issues,
Refs. [12-18]. Lu [13] studied a one-vendor multi-
buyer integrated inventory model with the objective of
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minimizing vendor’s total annual cost subject to the
maximum costs that the buyers may be prepared to
incur. Lu’s model required to know buyer’s annual
demand and previous order frequency. As a result, an
optimal solution for the one-vendor one-buyer case
was obtained and a heuristic approach for the one-
vendor multi-buyer case was also provided.
Diponegoro and Sarker [16] determined an ordering
policy for raw materials as well as an economic batch
size for finished products that are delivered to
customers frequently at a fixed interval of time for a
finite planning horizon. The problem was then
extended to compensate for the lost sales of finished
products. A closed-form solution to the problem was
obtained for the minimal total cost. They also
developed a lower bound on the optimal solution for
problem with lost sale. Chiu et al. [18] examined a
finite production rate model with random scrap rate
and multiple shipments. They used mathematical
modeling and conventional derivatives on the cost
function to prove optimality, and they derived the
optimal production lot size.

A few recent studies [19-21] presented algebraic
approaches for solving classic economic order quantity
(EOQ) and EMQ model without reference to the use
of derivatives, neither applying the first-order nor the
second-order differentiations [19-20]. This paper uses
such an algebraic approach [21] to solve FPR model
with random scrap and multiple shipments (as it was
examined by Chiu et al. [18]) and it demonstrates that
optimal lot size, and expected overall costs can be
derived by using the algebraic method.

2. THE PROPOSED FPR MODEL

Recall the FPR model with random scrap and
multiple deliveries using the conventional approach
[18], in a production system where the process may
randomly produce x portion of defective items at a
production rate d. All items produced are screened and
inspection cost per item is included in the unit
production cost C. All nonconforming items are
assumed to be scrap. In order to avoid shortage from
occurring, the constant production rate P has to be
larger than the sum of demand rate λ and production
rate of defective items d. That is: (P-d-λ)>0. The
production rate of scrap items d can be expressed as
d=Px.

Unlike the classic FPR model assuming a
continuous issuing policy for satisfying demand, a
multi-delivery policy is considered. It is assumed that
the finished items can only be delivered to customers
when the whole lot is quality assured at the end of
production. Fixed quantity n installments of the
finished batch are delivered at a fixed interval of time
during the production downtime [18]. Cost
parameters considered in this study include: the
disposal cost per scrap item CS, setup cost K, unit
holding cost h, unit production cost C, fixed delivery
cost K1 per shipment, and delivery cost CT per item
shipped to customers.

Additional notation includes production lot size Q
and cycle length T, production uptime t1, time
required for delivering all quality assured finished
products t2, the maximum level of on-hand inventory
H in units when regular production process ends, the
total costs per cycle TC(Q), and the long-run average
costs per unit time E[TCU(Q)]. Figure 1 depicts the
level of on-hand inventory of perfect quality items in
the proposed FRP.

Fig. 1  On-hand inventory of perfect quality items in FPR
model with scrap and a multiple delivery policy

By using mathematical modeling and analysis [18],
the total costs per cycle TC(Q) and the long-run
average production-inventory-delivery costs
E[TCU(Q)] can be derived as follows:
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3. SOLVING PROPOSED FRP MODEL
USING ALGEBRAIC APPROACH

Instead of using conventional differential calculus
on the long-run average cost function E[TCU(Q)] for
optimality and solution to proposed FPR model, this
study employs algebraic approach. Let β0, β1, and β2
denote the following:
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Substituting Eqs. (3) to (5) into Eq. (2), one has:
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By further rearrangement of Eq. (6), one obtains:
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From Eq. (7), if the following square term is zero,

then E[TCU(Q)] has the minimum value:
1

1 2 0Qβ β− − = (8)

or:
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Substituting Eqs. (4) to (5) into Eq. (9), one obtains
the optimal production lot size as follows:
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It is noted that Eq. (10) is identical to Eq. (15) in

[18]. It follows that optimal E[TCU(Q*)] is (from
Eq. (7)):

( ) 0 1 2E TCU Q* 2β β β= + ⋅ ⋅⎡ ⎤⎣ ⎦ (11)

The long-run average costs per unit time
E[TCU(Q*)] revealed in Eq. (11), is a simpler form in
comparison with that of Eq. (2).

4. VERIFICATION BY NUMERICAL
EXAMPLE

The aforementioned results derived by this study
(i.e. Eqs. (10) and (11)) can be verified using the same
numerical example given by Chiu et al. [18].
Reconsider that a manufactured item has experienced
a flat demand rate of 3,400 units per year and it can be
produced at a rate of 60,000 units per year. There is a
random scrap rate during the production uptime, which
follows uniform distribution over the interval [0, 0.3].
Other parameters considered by this example are given
as follows:

K = $20,000 per production run,
C = $100 per item,
CS = $20, repaired cost for each item reworked,
K1 = $4,400 per shipment, a fixed cost,
h = $20 per item per year,
n = 4 installments of the finished batch are

delivered per cycle,
CT = $0.1 per item delivered.
Using Eqs. (10) and (11), one obtains that

Q*=4,768 and E[TCU(Q*)]=$475,432. Both of them
are identical as shown in Ref. [18].

5. CONCLUSION

This study shows that optimal production lot size
Q* and the long-run average production - inventory -
delivery costs E[TCU(Q*)] for the proposed FPR
model can be derived using the algebraic approach (i.e.
without derivatives). As a result, it also presents a
simpler form for the long-run average costs
E[TCU(Q*)] (as revealed in Eq. (11)). This simplified
method enables, practitioners or students with little or
no knowledge of calculus to understand or handle with
ease the real-life FPR model.
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RJEŠAVANJE MODELA OGRANI]ENE PROIZVODNJE S OTPACIMA I VIŠESTRUKIM
ISPORUKAMA KORISTE]I ALGEBARSKI PRISTUP

SA@ETAK

Ovaj rad se bavi rješavanjem modela ograni~ene proizvodnje s otpacima i višestrukim  isporukama koriste}i
algebarsku metodu. Klasi~an model ograni~ene proizvodnje (FPR) pretpostavlja politiku kontinuiranoga izdavanja
inventara u svrhu zadovoljavanja potra`nje za proizvodom kao i savršenom kvalitetom svega proizvedenog.
Me|utim, u stvarnom prodava~-kupac integriranom proizvodno-skladišnom sustavu koristi se politika višekratne
isporuke umjesto politike kontinuirane isporuke pa je neizbje`an pojam ošte}enih proizvoda tijekom proizvodnje. U
ovom radu se pretpostavlja da su svi neispravni predmeti otpaci, a da se samo predmeti savršene kvalitete mogu
isporu~iti kupcima ako je sveukupna proizvedena koli~ina dokazano kvalitetna na kraju proizvodnje.
Konvencionalan pristup rješavanju FPR modela je korištenje diferencijalnog ra~una za izra~unati dugoro~an
prosje~an trošak, ponajprije zbog potrebe dokazivanja optimalnosti. Ovaj rad dokazuje da se ukupna koli~ina i
ukupan trošak za ranije navedeni FPR model mo`e izra~unati bez izvedenica. U kona~nici to omogu}ava studentima
i stru~njacima bolje razumijevanje i lako}u korištenja FPR modela u stvarnom `ivotu.

Klju~ne rije~i: FPR model, proizvodnja, optimalna sveukupna koli~ina, otpadak, višestruke isporuke.


