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TWO SIMPLE OBSERVATIONS ON REPRESENTATIONS OF
METAPLECTIC GROUPS

MARKO TADIC

In memory of Sibe Mardesié¢

ABSTRACT. M. Hanzer and I. Mati¢ have proved that the genuine
unitary principal series representations of the metaplectic groups are ir-
reducible. A simple consequence of that paper is a criterion for the irre-
ducibility of the non-unitary principal series representations of the meta-
plectic groups that we give in this paper.

1. INTRODUCTION

Let F' be a local non-archimedean field of characteristic different from
2. Denote by | | the normalized absolute value on F' and denote by v the
character z — |z|p of F* = GL(1, F). Maximal Levi subgroups of GL(n, F')
are naturally isomorphic to GL(n1, F) x GL(ng, F'), n; + ny = n. Using this
isomorphism, J. Bernstein and A. V. Zelevinsky have introduced the notation
m1 X 7 for the representations of GL(n, F') parabolically induced by m ® s,
where m; is a representation of GL(n;, F) for i = 1,2 (see [4] or [16]). In
the case of the symplectic groups, the maximal Levi subgroups of Sp(2n, F')
are naturally isomorphic to GL(n1,F) x Sp(2ng, F), n1 + ny = n. Using
this isomorphism, one introduces the notation m x ¢ for the representation
of Sp(2n, F') parabolically induced by m ® o, where 7 is a representation of
GL(ny, F) and o is a representation of Sp(2ns, F') (see [15] or [14]). We shall
consider central extensions

1 — o — Ghae—1
of G = GL(n, F) or Sp(2n, F), where us = {£1}. For the description of the

construction of G see the second section and the references there. Let us only
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note that we realize G on the set G x {£1}. A representation of G will be
called genuine (resp. non-genuine) if ps acts in the representation space by a
non-trivial (resp. trivial) character. Each representation 7 of G in a natural
way is a non-genuine representation of é, and we shall identify them in the
sequel.

Parabolic subgroups and Levi subgroups in G are defined to/l_)\%)reimages

of such subgroups in G (see [9]). Maximal Levi subgroups in GL(n, F) are no

e~

more direct products of GL(ny, F') and GL(ns, F), but one can still define in

—_~—

a natural way m; x 7o for genuine representations m; of GL(n;, F), i = 1,2
(see [9]). Analogously, one can define m x ¢ for genuine representations 7 and

o of GL(n1, F) and Sp(2ns, F') respectively.

The genuine irreducible representation of Sp(0, F') is denoted by wyq.
Fix a non-trivial character of F' of even conductor. Define as in [11], page
231, the following character

Xu((9,€) = €v(103)7(Yauin )™

of GL(k, F'), where v(n) denotes the Weil index and 1, (z) = t(az). We have
ij; = 1. Then xy|u2 # 1, and the multiplication with y,, defines a bijection

between genuine and non-genuine representations of GL(n, F).

M. Hanzer and I. Mati¢ have proved in [8] that the genuine unitary prin-
cipal series representations of the metaplectic groups are irreducible. Now the
following theorem gives a criterion for the irreducibility of the genuine non-

unitary principal series representations of the metaplectic group Sp(2n, F):
THEOREM 1.1. Let &,...,&, be (not necessarily unitary) characters of
F*. Consider the following two conditions:
1. Forany 1 <i<mn,
& # vt/%
for any character & of F* satisfying € = ¢4 (i.e. of order 1 or 2).
2. Forany 1 <i<j<n,
& # g
(all possible combinations of two signs are allowed).

Then the non-unitary principal series representation
(Xxp€1) X ... X (Xp&n) X wo
of Sp(2n, F') is irreducible if and only if conditions (1) and (2) hold.

We expect that the above theorem must be well-known to the specialists
in the field. Nevertheless, since we could not find a written reference, we
present a proof of this simple fact here.
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In this paper we also give a formula related to computation of the Jacquet
modules in the case of symplectic and metaplectic groups.

Discussions and questions of E. Lapid motivated us to think about the
above irreducibility criterion. The irreducibility in the above theorem behaves
in the same way as the irreducibility in the case of the split odd-orthogonal
groups (see Remark 3.2). A criterion for the irreducibility in the non-genuine
case, i.e. for Sp(2n, F), can be found in [14]. The proof there does not apply
to the case that we consider in this paper. Namely, we do not have here the
theory of R-groups. Instead of that, we apply the main result of [8] which we
have already mentioned.

We are very thankful to M. Hanzer for discussions and explanations re-
garding representation theory of metaplectic groups, and for reading the paper
and corrections.

The content of the paper is as follows. In the second section we introduce
the notation used in the paper. The third section brings the proof of the
above theorem while the last section proves a formula relating computation
of Jacquet modules in the case of symplectic and metaplectic groups.

2. NOTATION AND PRELIMINARY RESULTS
In this paper we shall consider central extensions
~ P
(2.1) l—py—>G—>»G—1

of a p-adic general linear linear or a p-adic symplectic group G, where py =
{£1}. The group G has a natural topology of a locally compact totally
disconnected group (see [9]). By a representation in this paper we shall always
mean a smooth representation. A representation of G will be called genuine
(resp. non-genuine) if po acts in the representation space by a non-trivial
(resp. trivial) character.

The Grothendieck group of the category of all the smooth representations
of G will be denoted by R(G). Further, the Grothendieck group of the cate-
gory of all the genuine smooth representations of G (resp. non-genuine smooth
representations of ) will be denoted by R(G)9" (resp. R(G)™°"9°"). Since
each non-genuine representation of G factors uniquely to a representation of
G, and conversely, each representation of G in a natural way extends to a
non-genuine representation of é, we identify the non-genuine representations
of G with the representations of G. We identify in a natural way R(G)™°n—9¢"
with R(G).

Fix a p-adic field F' of characteristics different from 2. The normalized
absolute value of F will be denoted by | |r. We denote by v the character of
F* = GL(1,F) given by = + |z|p.

For GL(n) := GL(n, F), we realize GL(n) on the set GL(n) x ps with
the multiplication defined by (g1, €1)(g2, €2) = (9192, €1€2(det(g1), det(g2)) r),
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where ( , ) denotes the Hilbert symbol. In analogous way as in [4], in [9]

is introduced the multiplication X among genuine representations of GL(nq)

—_~—

and GL(ng). The sum of all R(GL(n))9¢™, n > 0, will be denoted by RI™.
One can factor the multiplication through RI°" ® R9°", and the obtained
mapping is denoted by m. : R9°" @ R9°" — R9°". In analogous way as in
[3], in [9] is defined the comultiplication, denoted m* : R9¢™ — RI™ ®@ RI™.
The transposition map on R9¢" @ R9°"™ (which switches the tensor factors) is
denoted by k.

In the case of symplectic group Sp(2n) := Sp(2n, F') of rank n, Sp(2n, F)
equals as a set to Sp(2n, F) X ua, while the multiplication is given by Rao’s

cocycle crao ([13]) with the formula (g1, €1)(g2, €2) = (9192, €1€2CRa0(91, g2))-
For 0 < k < n, there is a parabolic subgroup' Py = M) x Ny standard
with respect to the upper triangular matrices in Sp(2n), whose Levi fac-
tor My is naturally isomorphic to GL(k) x Sp(2(n — k)) (see [9]). Now
parabolic subgroup ﬁ(k) is defined to be the preimage p‘l(P(k)). With
M(k) = pil(M(k)) we have P(k) = M(k) X N(/k)7 where N(/k) = N(k) X {1}

Now there is a natural epimorphism
(2.2) GL(K) x Sp(2(n — k)) — M,
(see [9]). If m and o are both genuine (or both non-genuine) representations
of GL(k) and Sp(2(n — k)) respectively, then 7w ® o factors to a representation
of M(k), and the representation of Sp(2n, F') parabolically induced by 7 ® o
from ﬁ(k) is denoted by

T X 0.
Define
a((g,€)) = (det(g), =1)r.

—_~—

Then this is a character of GL(k) and in the Grothendieck group holds

(2.3) mXo=(aT)Xo.

Further, the sum of all R(Sp(n))9°", n > 0, is denoted by RZ™. Then x
factors in a natural way to x : RI*"QR%™ — RL™. For an irreducible genuine

—_—

representation 7 of Sp(n), the Jacquet module with respect to ]B(k) = Mk) X

—_—~

N{(yy can be pulled back to a representation of GL(k) x Sp(2(n — k)) using
epimorphism (2.2). Its semisimplification can be considered as an element of
R9™ @ RZ™. Now the sum of all these semisimplifications for 0 < k < n is
denoted by

p(r) € R9" @ RL™.

It is maximal parabolic subgroup except for k = 0.
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We extend additively pu* to a mapping p* : RE™ — R9°" @ RY™ (see details
in [9]).
Now we shall recall of an important formula of [9]
(2.4) (% o) = M () % 4 (o),
where
M:=(m.®id)o(a-"®@m) kML,
(here ~ denotes the contragredient mapping).

Fix a non-trivial character ¢ of F' of even conductor. Define as in [11],
page 231, the following character

Xu((9,€) = ev(¥3)7(Yauin )™
of 55(7@’), where (7)) denotes the Weil index and 9, (x) = ¢¥(az). We have
4 _
The following three facts are essential for us
a=xi,
X¢|M2 5—'& 17
and for representations 7; of GL(n;) holds
(2.5) Xy (M1 X m2) = (xym1) X (XyT2)

when both 7; have the same restriction to us ([9]).
Observe that the multiplication with x, defines an isomorphism of R —
R9°™, which is also denoted by xy.

For representations 7; of GL(n;), 1 < i < 3 and a representation o of

—_~—

Sp(2n) holds

(26) 7T1><(7T2>(7T3)g(ﬂ'1 >(7T'2)><7T37
and
(2.7) T X (T2 X o) = (1 X ™) X O

The above two isomorphisms follow from the general facts proved about rep-
resentations of {-groups in [4].

3. NON-UNITARY PRINCIPAL SERIES REPRESENTATIONS OF METAPLECTIC
GROUPS

Each character ¢ of F'* can be written in a unique way as

o= Ve(¢)¢ua
where e(¢) € R and ¢, is unitary.

THEOREM 3.1. Let &,...,&, be (not necessarily unitary) characters of
F*. Consider the following two conditions:
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1. Forany 1<t <mn,
& # v%
for any character & satisfying &€ = £€~1 (i.e. of order 1 or 2).
2. Forany 1 <i<j<n,

& #ve
(all possible combinations of two signs are allowed).

Then the non-unitary principal series representation

(wal) X ... X (wan) X Wo

of Sp(2n, F) is irreducible if and only if conditions (1) and (2) hold.

PROOF. For the proof, first observe that in the Grothendieck group we
have
(X&) X wo = alxy, & 1) @ wo = (xwé& ') @ wo,
ie.

(3.1) (X&) X wo = (xp&; ') X wo.

From this and the property x.(m1 X m2) = (x¢71) X (xy72) that we have
mentioned earlier, follow easily that all the following elements

(3.2) (Xw&pny) X - X (Xp€pin)) X wo

define the same element of the Grothendieck group, for any permutation p of
{1,...,n} and any choice of ¢; € {£}.
Recall that

(xw&i) X wo
reduces if and only if & = v*'/2¢ for some character ¢ satisfying € = £~ (this
follows for example from [10]; it is explicitly written in [7]). Now this and the
reducibility in the GL(2) case, directly imply that if (1) or (2) does not hold,
we have reducibility.

We are going now to prove the irreducibility. Suppose that (1) and (2)
hold. We shall do it by induction. For m = 1 the claim obviously holds.
Consider n > 1 and suppose that the irreducibility holds for smaller indexes.

Now (3.1), (2.6) and (2.7) imply that all the representations (3.2) are not
only equal in the Grothendieck group, but they are all isomorphic.

Observe that since for all the choices of ¢; in (3.2) we get the same element
in the Grothendieck group, it is enough to prove the irreducibility for one of
them. In this way we get that it is enough to prove irreducibility in the case

e(&) > - > e(6a) > 0.

We shall assume this below.
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If e(¢) = 0, [8] implies the irreducibility. Therefore we need to consider
the case e(§;) > 0. Take the biggest 7 such that e(§;) is still > 0. Clearly,
1> 1.

The formula (2.4) and the fact that M* (xy) = XpE@ 1+ XyER1+1@ xpé
imply that

(3.3) [(xpér) x oo X (xp&)] ® [(xpéiv1) X - .. X (Xyp&n) X wo

has multiplicity one in the Jacquet module of (x4&1) X ... X (xy&n) Xwo. Note
that (3.3) is irreducible since we know that the left hand side tensor factor is
irreducible from the case of general linear groups (applying (2.5)), and right
hand factor is irreducible by the inductive assumption. This implies that
the last representation has unique irreducible subrepresentation, and that
the irreducible subrepresentation has multiplicity one in the whole induced
representation.

Let 7 be an irreducible subquotient of (xy&1) X ... x (xy&n) Xwo. Then 7
is not cuspidal (the proof goes analogously as the proof of (d) in Theorem in
section 2.4 of [4]). Using this, and the formula for p*((xy&1) x ... %X (xp&n) ¥
wp), we get that a Jacquet module of 7 has some (Xwéf,tl))@ . .®(X¢§;?n))®wo
for a quotient, with ¢; and p as in (3.2). Now the Frobenius reciprocity
implies that 7 embeds into some of the representations (3.2). Since all the
irreducible subrepresentations for the family (3.2) are isomorphic, and since
that subrepresentation has multiplicity one, we get irreducibility. ]

REMARK 3.2. Consider now split odd-orthogonal group SO(2n + 1; F).
We shall use the notation introduced for these groups in [15]. Let &1,...,&,
be (not necessarily unitary) characters of F'*. Then the non-unitary principal
series representation

§1X...X£n><llso(1)

of the split special orthogonal group SO(2n + 1, F') is irreducible if and only
if conditions (1) and (2) from Theorem 3.1 hold for &i,...,&,.

Therefore the representation & x ... x &, % 1go1) of SO(2n + 1, F) is
irreducible if and only if the representation (x&1) X ... X (Xy&n) X wo of

Sp(2n) is irreducible.

4. LINEAR AND METAPLECTIC CASES

In [16] is introduced a Hopf algebra constructed on the sum R of
R(GL(n,F)),n > 0. The multiplication and comultiplication are denoted
there by m and m* respectively.

A multiplication x between representations of general linear and sym-
plectic groups is introduced in [15]. There is proved that

(1 o) = M* () x 41" (0),
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where
M*=(m®id)o(C@m*)®k®m*

The formula for p*(7 x o) = M*(7) x p*(0), where 7 and o are genuine
representations of corresponding covering groups, was very useful in the case
of metaplectic groups. We can write the genuine representation 7 as

T = XyT,

where 7 is a representation of a general linear group (i.e. a non-genuine rep-
resentation of the covering group). Now we shall write a very simple formula
relating M* (xym) and M*(m):

LEMMA 4.1. We have

In other words, if 7 is a finite length representation of GL(n) and if we write
M*(m) = Zﬁi @ i,

then

M2 (xym) =3 XBi ® X Yi-

PRrROOF. First the formula y.(m1 X m2) = (Xym1) X (xym2) for represen-
tations m; of GL(n;) implies

M~ © (X @ Xup) = Xap © M.

Consider the projection p : GL(n) — GL(n), and the standard Levi
subgroup M =: GL(n1) x GL(n2) in GL(n), where ny + no = n. Let M
be the preimage of M, and denote by ¢ : M — M the restriction of the
projection p. Before Proposition 4.1 in [9] it is observed that the equality

(x| M) 0 ¢ = Xy © Xy holds.
Now one directly sees that the following dual relation holds

mZ o xy = (X¢ ® xy) om™.

Let now 7 be a finite length representation of GL(k) (i.e. a non-genuine

representation of GL(k)). Consider



ie.
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~a®mi)onomiox¢(7r)

*

ra@ml) o ko Xy ®xp) om(w

) (

)o( (m)
m~®id)0(~-a®m*~)0(x,/,®x¢)Oﬁom*(w)
Mm@ id) o ((* a0 xy) ® (7, 0 X)) 0 50 m* ()

) o (

)

(Mo (Xy @ Xy)) ® xp) o (" ®id ®id)o(id @ m*)okom™(r)
= ((xp om) ® xyp) o (®id®id) o (id ® m*) o k o m* ()

= (X¢ ® xy) 0 (M®id) o ((®id®@:id) o (id ® m*) o ko m*()
= (xyp @ xy) 0o (m®id) o ("®m*) okom*(r)

= (Xv @xy) o M*(m),

we have proved that

MZ(xym) = (xy ® xy) © M* ().

(
(
(
(
(
= (m~ ®id) o (xy -~ ® (Xy @ (xy) om*)) o K om*(m)
(
(
(
(
(
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Dvije jednostavne opservacije o reprezentacijama metaplektickih

grupa
Marko Tadié

SAZETAK. M. Hanzer i I. Matié¢ su dokazali da su unitarne
osnovne serije metaplektickih grupa ireducibilne. Jednostavna
posljedica toga rezultata je kriterij ireducibilnosti neunitarnih os-
novnih serija metaplektickih grupa koji donosimo u ovom ¢lanku.
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