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ABSTRACT. We introduce a new measure of instability of area-
preserving twist diffeomorphisms, which generalizes the notions of angle of
splitting of separatrices, and flux through a gap of a Cantori. As an exam-
ple of application, we establish a sharp > 0 lower bound on the topological
entropy in a neighbourhood of a hyperbolic, unique action-minimizing fixed
point, assuming only no topological obstruction to diffusion, i.e. no homo-
topically non-trivial invariant circle consisting of orbits with the rotation
number 0. The proof is based on a new method of precise construction of
positive entropy invariant measures, applicable to more general Lagrangian
systems, also in higher degrees of freedom.

1. INTRODUCTION

The study of instabilities of Hamiltonian dynamical systems is one of the
central themes of the theory of dynamical systems (see [8,9,12,18,21,25] for
an overview and further references). In [37], we proposed a novel approach
to Arnold’s diffusion and construction of positive entropy invariant measures,
by using recently developed techniques for study of dissipative partial differ-
ential equations [13-16,36]. The goal of this paper is to apply these ideas
to the simplest non-trivial example: a neighbourhood of a hyperbolic fixed
point of an area-preserving twist diffeomorphism of the cylinder. We in par-
ticular introduce a new measure of instability, and show how it relates to two
established notions: the flux through a gap in a Cantori [26], and the angle
of splitting of separatrices ([17] and references therein).

Recall [23,27] that we can define an area-preserving twist diffeomorphism
asamap f: (z,p) — (2/,p), f:S! xR — St x R, and (z/,p’) is uniquely
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defined by the following implicit equations:

p = —Vi(z,2),
p = Valx, ).
Here indices denote partial derivatives, and V : R? — R is the generating
function satisfying for all (z,2') € R?
(A1) VisC% V(z+ 1,2' + 1) = V(x,2').
(A2) The twist condition: there exists 6 > 0 so that Via(z,z') < —0.

(A3) The second derivatives Vii(x,2’), Via(z, '), Vaa(x,2’) are uniformly
bounded and uniformly continuous on (z,z’) € R2.

(The condition (A3) appears to be somewhat more restrictive than the usual
condition of convergence at infinity of limy|_,o V(z,2 + y) = oo, uniformly
in x [23,27]; however it is chosen purely for convenience and not an essential
restriction, see Section 9.1.) A typical example is the Standard (or Chirikov-
Taylor) map given with V(z,2') = (z' — 2)?/2 — k cos(2rz) /27, thus

¥ = z+p,
p = xz+p+ksin(2rz).
We will require the following assumptions:

(N1) g is the unique (mod 1) minimum of & — V' (z,z), and (yo,po), po =
—V1 (Yo, yo) is a hyperbolic equilibrium of f.

(N2) There exists no homotopically non-trivial invariant circle consisting of
orbits with the rotation number 0.

The definition of the rotation number is recalled in Section 2. The assumption
(N1) is actually not needed, and chosen for the simplicity of the presentation
(Section 9.2). The assumption (N2) is necessary, as shown by the time-one
map of the mathematical pendulum, for which the results below do not hold.
(N2) can be interpreted as the condition of no topological obstruction to
diffusion and transport. (N1) and (N2) hold for the Standard map whenever
k # 0 (Section 9.3).

Prior to stating the main results, we introduce the new notion of insta-
bility. Let (20, p) be minimizing, homoclinic and (Zy,p) be the minimax ho-
moclinic of (yo,po) (see Section 2 for a precise definition of this and the forth-
coming terms). Denote by F a lift of f on R?, by m; : R? — R the projection
to the first coordinate, and let z = (zx)rez, 2 = (Gi)k, 2x = m1(F*(20,p)),
#r = 1 (F¥(20,p)) be the configurations in RZ corresponding to the first coor-
dinates of the orbits of (z,p), (Z,p). We can always without loss of generality
choose F, (zp,p) and (Zp,p) (see Lemma 2.3 and the following paragraph) so
that

(1.1) 0<Z)<z<% <L
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Let Ag be the Peierls barrier (see Section 9.4), defined as

oo

Ay = Z (V(Zk; Zr1) — V2, 2041))-

k=—oc0

We recall in Section 2 that (N1), (N2) imply Ag > 0, while always A < oo and

the sum is absolutely convergent. We note that A is an analogue of the flux

through a gap in a Cantori, introduced in [26] as a measure of instability and

transport (see Section 9.5). We now introduce the new measures of instability:
1.2 A= sup inf ||[VE(R)||%),

(1.2) I S IVE(R)|]i2(z)

Ap = sup inf ||[VER)||%,
1 OSESA0/2h€J\7(e)H (P)lli22)

where h € 1*(Z),
(1.3) E(h)= > (V(2k + hk, zis1 + hipr) = V(zk, 2611)),
k=—oc0

(1.4)  VE(h)r = Va(zk—1 + hi—1, 26 + hi) + Vi(zk + hi, 21 + hiyr),

and N(e) C N(e) are suitable subsets of {h € 1?(Z), E(h) = e} defined in
Section 3.

For example, in the case of the Standard map, A; can be estimated
for small k (Section 4), and calculated by elementary methods in the anti-
integrable limit, i.e. for large k, in which case it is A; = k% + O(k) (Section
9.6).

Importantly, we show in Section 3 that A; > A, > 0 whenever (N1) and
(N2) hold (hyperbolicity of (yo,po) is actually not required), and in Section 4
that, whenever stable and unstable manifolds intersect transversally, then A,
is proportional to the angle of splitting of separatrices. We will see that A;
quantifies instability, as stated in theorems below.

Let A > 1 be an eigenvalue of D f(yg,po) (there is always one by (N1);
the other eigenvalue is then 1/\ because of the area-preserving property of
f). Then by (N1), there exists a constant x; > 0 such that for every j > 0,

(1.5) 225 — ol < mATUTY, 1% —yo — 1] < mA"UFD,
Then we have:

THEOREM 1.1. Assume (N1) and (N2) hold. Then there exists an ergodic,
positive entropy invariant measure p with metric entropy h,(f) > log2/(2N),
where N is the smallest positive integer satisfying

log(4k1k2) — log Ay

1.6 N >
(1.6) log A
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Here k5 is a constant depending only on the first and second derivatives
of V, explicitly given by (7.5). From the variational principle for topological
and metric entropy [23, Theorem 4.5.3], we deduce:

COROLLARY 1.2. If (N1) and (N2) hold, the topological entropy hiop(f) >
log2/(2N), where N is as in Theorem 1.1.

We note that the best lower bound above on the topological entropy is
log2/2, thus not a good estimate for maps far from integrable, e.g. for the
Standard map with large k. The reason for this is that our proof is optimized
for maps close to integrable, and we embed the 2-symbol shift in an invariant
set of f. One could adjust the argument in the case of large A; by embedding a
shift with more symbols. For example, for large k in the case of the Standard
map, we can embed a O(k)-symbol shift, and so recover the lower bound
log k 4+ O(1) on the topological entropy as in [24].

Finally, we can approximate (yo,po) arbitrarily well by positive entropy
measures, with known a-priori bounds from below on the entropy of measures
in the sequence as a function of distance from (yo, po):

THEOREM 1.3. There exists a sequence of ergodic positive entropy invari-
ant measures ji,, weak”-converging to d(y, p,)- Furthermore,

R
(1.7) s (£) = J7 W (b Ot -

Here 0y, ) is the Dirac measure concentrated at (yo,po), W1 is the L'-
Wasserstein distance of measures, N is as in Theorem 1.1, and «3 is a constant
depending on x; and .

All these results can be generalized to action-minimizing periodic orbits
satisfying analogues of (N1), (N2), and to irrational rotation numbers as long
as the associated Mather set is a Cantori (Section 9.7), by associating a local
measure of instability A;(p) to each rotation number p € R. Furthermore,
following the approach from [37], one can likely construct positive entropy
‘diffusion’ invariant measures, and embed Markov chains in a region of in-
stability of an area-preserving twist diffeomorphism as outlined in [26], with
explicit estimates of the transport in terms of Aq(p).

Let us explain the main idea behind the construction and relate it to other
approaches to estimating topological entropy. It was shown by Angenent [1,2]
and Boyland and Hall [11] that non-existence of a homotopically non-trivial
invariant circle for a single rotation number p € R implies hyop(f) > 0 (our
condition (N2) assumes that for p = 0). In our understanding their proofs do
not lead to lower bounds to topological entropy, as the methods are essentially
topological. The only rigorous lower bounds on topological entropy of area-
preserving twist maps we are aware of use some local uniformly hyperbolic
structure and a shadowing argument to embed a shift map. Examples are the
Standard map and small k, by using the estimates of the angle of intersection
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of stable and unstable manifolds of the fixed point by Lazutkin, Gelfreich and
others [17], or for large k as done by Knill [24].

In [37], we proposed a method of constructing positive entropy measures of
Lagrangian maps and flows, by constructing invariant sets of formally gradient
dynamics of the action, without assuming any uniform hyperbolicity. We
introduce the semiflow & on a subset of X C R? associated to formally gradient
dynamics of the action associated to an area-preserving twist map in (6.1). It
is well-known that invariant sets of £ contain configurations * € X which are
equilibria of £, thus correspond to true orbits of f [20,35]. The Angenent’s
proof of positive topological entropy [1,2] can be interpreted in that context:
Angenent associates to any sequence w € {0,1}% a sub-solution z,, and a
super-solution Z,, of &, such that z, < %, (see Section 2 for the partial
order on X). By the monotonicity of the semiflow £ (see Section 6), the set
z, < x <, is {-invariant, thus contains an equilibrium «,,,, which leads to
establishing conjugacy of a 2-shift and f|4 for N large enough, where A is
an invariant set of f%.

Angenent’s approach does not extend to higher degrees of freedom, as it
relies almost entirely on the ordering structure derived from the first coor-
dinate being x € R. We use instead energy estimates developed recently to
establish local control of dissipative PDEs, such as the Navier-Stokes equa-
tion [13-16], specifically the energy-energy dissipation-energy flux balance law
stated here in an appropriate form in Lemma 7.3. We refer the reader to
[37] for comparison of the method to other approaches to study of diffusion
and transport in Hamiltonian systems, including the classical Arnold example
[4,10,34].

The paper is structured as follows. We first recall the key facts of the
Aubry-Mather theory and properties of the Peierls barrier Ag. In Sections 3
and 4 we establish positivity of A; whenever (N1) and (N2) hold, and relate
it to other notions of instability. We then recall and adapt the abstract tools
of constructing positive entropy invariant measures from [37]. The Section
7 contains the core of the argument: a precise construction of a &-invariant
set associated to any w € {0,1}%?. We complete the proofs in the next two
sections, with some technical results moved to Appendices A and B.

2. PRELIMINARIES

In this section we recall the key facts of the Aubry-Mather theory [5,
28, 38] and its extensions mainly due to Bangert and Golé [7,19,20] needed
in the following. We first introduce the notation and the key notions, and
then establish the required properties of the minimising rays and Ag, and in
particular establish that (N1) and (N2) imply Ay > 0 (the condition (N1) is
actually not required, as explained in Section 9.2).
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Denote by X = R? equipped with the product topology. Let £ be the set
of all x such that for all k € Z, Va(xg—1, k) + Vi (2k, 2x+1) = 0, and then by
the twist condition (A2),

(2.1) x> (20,p0), po = —Vi(zo, 1)

is a homeomorphism of £ and R?, with = being the sequence of first coordi-
nates of the F-orbit of (xg,pp). Recall that x € X is action minimizing, if for
any finite subsegment n < m, V(zy, Tni1, ooy Tm) < V(Tny Tng1,y - Tn—1, Tm)
for any (Zp41,.-Fm_1) € R™™ "1 where

m—1

V(s Tt 1y eeey o) = Z V(xg, Trt1)-

k=n
The same definition naturally extends to segments (2, 41, ..., T ) and rays
(Tk)k<ho OF (Th)kko-

Assume (N1) throughout the Section. Following Bangert [7], we can study

for any x € (yo,yo + 1) the function

(2:2) S(@) =inf > (V(zk,2rs1) = V5o, %0)),

k=—oc0
where infimum is taken over all € R% such that
(2.3) lim zy = yo, lim x, =yo + 1,
k——o0 k—o0
and such that g = x. The following is standard [7,20]:

LEMMA 2.1. For each x € (xg, 2o + 1), the infimum in (2.2) is attained
for some x € X such that (z)k<o and (xi)r>0 are minimizing rays.

Denote by R C X the set of all  minimizing (2.2) and satisfying (2.3)
for some xg € (Yo, yo + 1). We now have the following;:

LEMMA 2.2. (i) The function x — S(x) is continuous on (yo,yo + 1),
bounded from below and above, and attains its minimum and mazimum.

(ii) For any « € R the following holds: yo < xp < yo+ 1, and xx, k € Z
is a strictly increasing sequence.

(i) If x € R is such that xo is an extremal point of x — S(z), then
rel.

From now on we fix z, Z such that zy, Zy minimize, respectively maximize
S(x) on (yo,yo0 +1). Now z is called minimizing, and Z minimax homoclinic.
We can now write Ag = S(Zg) — S(x0).

It is useful to introduce the partial order on X with ¢ < y and « < y if
for all k € Z, x < yi, resp. xx < yx. We write x < y if x < y and = # y.
We say that = and y are totally ordered if * <y or > y. Now the Aubry
Fundamental Lemma [5] implies the following:
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LEMMA 2.3. If z, Z are a minimizing and a minimax homoclinic, then z
and Z are totally ordered.

From this and Lemma 2.2 we deduce that without loss of generality, we
can choose z, z so that

(2.4) Yo < o <21 <Z0<20<21 <21 <Z<..<yo+ 1

Denote by y,, the constant configuration yo, thus by (N1) y,,y, +1 € £.
Let mg : X — R be the projection my : © — zg. We can now deduce the
following:

LEMMA 24. If Ag = 0, then the projection mo : R U {yy,yp + 1} —
[yo, Yo + 1] is a homeomorphism.

PrOOF. By the assumption Ag = 0, 7 is onto (yo,yo + 1) as for each
w € (Yo,Yo + 1) we can find a minimizing ray w € R, wg = w; thus 7 is onto
[Y0, Yo + 1]. As the domain R U {yg,y, + 1} consists of minimizing configu-
rations, by the Aubry Fundamental Lemma [5,20] any two configurations in
R U{yg, Yo + 1} can not intersect, thus 7 is injective. By definition g is
continuous, thus it must be a homeomorphism. 0

Let p(x) = lim g0 21 /|k| be the rotation number of € X whenever
defined, and let p((z,p)) = p(s~(z,p)), (z,p) € R.

COROLLARY 2.5. If (N2) holds, then Ag > 0.

PROOF. Assume Ay = 0. Consider the image of R U {y,} under the
composition i of ¢ and the standard projection R? — S' x R. Lemma 2.4
implies that it is a homotopically non-trivial invariant circle of f consisting of
orbits with the rotation number 0, parametrized by iomy ! which contradicts
(N2). d

3. PosITIvITY OF A4

We now show:
PROPOSITION 3.1. If (N2) holds, then Ay > A; > 0.

The main tool will be an infinite-dimensional version of the Morse-Sard
lemma valid for operators on [?(Z), due to PohoZaev [33]. We first establish
some basic properties of the functional E : [?(Z) — R defined by (1.3), and
then define the sets N'(e), N(e), thus completing the definition of A, A;.
Following that, we recall the Morse-Sard-Pohozaev lemma, and then complete

the proof by a simple compactness argument.

LEMMA 3.2. (i) E : 1*(Z) — R is well-defined and C?.

(ii) For all h,x € [*(Z), we have VE(h) € 1*(Z), and DE(h)x =
(VE(h),x) (the scalar product on 1*(7Z)).

(iii) For all h € I>(Z), the Kernel of D*E(h) is at most 2-dimensional.
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PROOF. Define for any h € [2(Z) a tridiagonal Z x Z matrix A(h) given
with A = [ai)j]mez,

Via(zic1 + hi—1, 2o + hy) j=1i-1,

G = Vao(zic1 +hic1, 2 +he) + Vin(zi + Ry i1 + higr)  J =1,
7 Via(zi + his zig1 + higr) ) =14+ 1,
0 otherwise.

The condition (A3) implies that * — A(h)z is a well-defined continuous linear
operator on [?(Z), with the norm

[[A(R)[12(z) < 331615(|V11((Zi + hiy zig1 + hip1) [ + [Vi2((2i + hi, zig1 + hisa)|
+ [Vaz((zi + Dy, zig1 + higa)|)-

An analogous estimate of the norm of A(h) — A(h) and uniform continuity in
(A3) implies that h — A(h) is continuous. Now as F(0) = 0 and VE(0) =0
(as z € £), it is easy to verify by that for any = € I?(Z),
E(h) = %(A(c)h, h), VE(h)x = A(c(x))x

for some ¢, ¢(x) € [0, h], thus E(h) and VE(h)x are well defined. By straight-
forward calculation it follows that VE(h) and A(h) are representatives in
12(Z), resp. L(I*(Z),1%(Z)) of the first, respectively second differential of E
at h, which gives the claims (i) and (ii).

We now note that Ker A(h) corresponds to the set of tangential orbits at
z + h, thus the set € X, A(h)x = 0 is homeomorphic to R? (equivalently,
one can uniquely solve A(h)x = 0 for & € X given any xg,x; € R by applying
(A2) and the definition of A(h)), which completes the proof of (iii). d

Let uj = 2mA 71l j € Z, where 1, A are as in (1.5). Clearly u € 1*(Z).
Define NV (e) as the set of all h € I?(Z) N X, such that E(h) = e, and such
that for all j € Z, |h;| < u;. Let C(e) be the connected component of 0 of the
set {h €1?(Z),E(h) < e}, and let

N(e) =N(e)nC(e).

It is easy to verify that A(e) is a compact subset of 12(Z), and that A (e) is
a closed subset of N (e), thus compact.

Recall the Morse-Sard-Pohozaev lemma [33] holding for Fredholm func-
tionals on real, separable, reflexive Banach spaces, thus valid on 1?(Z):

LEMMA 3.3. Assume that E : 12(Z) — R is a real C* functional, that
dim(Ker D?E(h)) < m < o0 for any h € 12(Z), and that k > max{m,2}.
Then the set of critical values of E has Lebesgue measure 0.
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_Here the critical value of E is any e € R such that for some h € 12(z),
DE(h) = 0. Clearly by Lemma 3.2, Lemma 3.3 is applicable to £ = E with
k=m=2.

_ First note that Ay > A, follows from the definition (1.2) and N(e) C
N(e). By Lemma 3.3, we now find any non-critical value 0 < ey < e of E.
As now HVE(h)||l22(Z) > 0 on N(ep), h — ||VE(h)H122(Z) is continuous and

N (eg) is compact, we can bound ||VE(h)|\l22(Z) from below away from 0 on

N (ep) which completes the proof of Proposition 3.1.

4. INTERPRETATION OF A;

We now explicitly relate A; to the angle of splitting of separatrices. We do
it by recalling the notion of phonon gap, denoted by As below. We first relate
A, to the minimal angle of splitting of stable and unstable bundles along the
orbit of the minimizing homoclinic by using the results of Aubry, MacKay
and Baesens [6], then show that A; > Aj, and finally state a conjecture on
the relation of Ay and Ay.

Let

(4.1) As = |ID*E(0) |,

We have shown in Lemma 3.2,(i) that E is C?, thus A, is well defined when-
ever D?E(0) is invertible; we set Ay = 0 otherwise. The quantity A, is
exactly the phonon gap of the ’equilibrium state’ corresponding to the mini-
mizing homoclinic (z,p), as defined in [6].

REMARK 4.1. Assume (N1) and that the stable and unstable manifold of
(Yo, po) intersect transversally at (z,p). Then as shown in [6, Proposition 2,
(2.56)], Ay can be explicitly bounded from below by

A—1
AQ Z 9
2K10K4

where A, k1 are as in (1.5), and «, k4 are constants inverse proportional to the
minimal angle of splitting of stable and unstable bundles along the orbit of
(z,p), and constants depending only on the second derivatives of V' (refer to
[6] for a precise definition of «, k4). Note that the angle of splitting of stable
and unstable bundles is typically minimal exactly at (z,p) [17].

LEMMA 4.2. Assume (N1),(N2), and that V is C3. Then
(42) Al 2 I{5A§,
where kg is an explicit constant depending on the third derivatives of V.

PROOF. The constants ks, kg used below depend only on the bounds on
third derivatives of V on |z — 2'| < 3. As V is C3, it is easy to verify as in
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the proof of Lemma 3.1 that E is C® on the interior of 1?(Z) N X3. We now
see that for any h € [>(Z) N X, (and as z € A7) we have that

B(R) = 3 (D*E(0)h h)/2 + Ov (Il )

%

1

SRkl +Ov (1Bl z))
IVER)|2@z) = ||D2E(0)h||lz(z) +Ov (| |kl ()
> Aollh|li2(z) + Ov (||h\|122(2)> ;

thus

E(h)

IVE(R)|1%
‘” - < kgl ||z,

2A4

Ay
B0) — S| < el o

Now it is easy to see that it suffices to choose ey = A3/32k2 and recall the
definition of A/(eg) in the previous section, to obtain that for each h € N (eg)
we have that HVE(h)||122(Z)/(2A2) > ep/2, which completes the proof with

ks = 1/(32K2). O

REMARK 4.3. Assuming (N1), (N2), one can similarly establish Ay >
k7 A3, where k7 is also an explicit constant depending only on the third deriva-
tives of V. The proof is omitted.

Finally, we conjecture the following;:

CONJECTURE 4.4. For a generic C? area-preserving twist diffeomorphism,
Ay > A3,

The rationale for this is that intuitively A}/ % is expected to be generically
proportional to the maximal derivative of s — E(h(s)) on [0, 1], where s —
h(s) is the straight line connecting h(0) = 0 and h(1) = Z—z, thus E(h(1))—
E(h(0)) = Ao.

5. SHADOWING INVARIANT MEASURES

We recall the definition of a shadowing invariant measure, introduced
in [37]. In this section we will always consider a measurable space (€, F),
where () is a compact metric space and F the Borel o-algebra. Let S be a
homeomorphism on 2 and g a S-invariant probability measure on (£, F).

DEFINITION 5.1. Let G be a o-subalgebra of F. We say that a S-invariant

Borel-probability measure v G-shadows a S-invariant probability measure i on
(Q,F), if u is a factor of v, and if for each D € G, we have u(D) = v(D).
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The notion of shadowing measure is an ergodic-theoretical analogue of
the notion of a shadowing orbit, as it will be clear from its application later.
The following relation of shadowing to ergodicity will be useful.

LEMMA 5.2. Assume that v G-shadows p, that u is S-ergodic, and that
G satisfies the following: for each D € G, =Y (M1 ND) C D. Then almost
every measure in the ergodic decomposition of v G-shadows p.

For convenience of the reader, we repeat the short proof from [37].

PRrROOF. Consider the ergodic decomposition of v, i.e. a Borel-probability
measure y on the compact, metrizable space of probability measures M ()
(equipped with the weak*-topology), such that y-a.e. measure is S-invariant
and ergodic, and such that the usual representation formula for v in terms of
X holds [39]. Then it is straightforward to check by verifying the definition of
the ergodic decomposition [39] that (6*)*x is the ergodic decomposition of y,
where (60*)* is the double push defined in a natural way. However, the ergodic
decomposition is unique, and as p is ergodic, (6*)* x must be concentrated on
u. That means that for y-a.e. measure o (i.e. almost every measure in the
ergodic decomposition of v), we have 8*(7) = u. By construction, u is then a
factor of 7.

It remains to show the shadowing property. As u(M;j) = 1, we have

(5.1) #(D) > #(6~1(My N D)) = u(M; N D) = u(D),
and analogously (D) > u(D¢). However, 1 = u(D) + u(D°) = o(D) +
(D°) = 1. We conclude that the equality in (5.1) must hold. ad

As entropy is always non-increasing under factor maps [39], the following
follows directly from the definition.

LEMMA 5.3. If v G-shadows p, then h,(S) > h,(S).

6. CONSTRUCTION OF SHADOWING INVARIANT MEASURES

In this section we introduce the formally gradient semiflow £ of the action,
and then use it to explicitly construct invariant measures of f with a-priori
specified ergodic properties. We do it by constructing invariant (Borel proba-
bility) measures of X with respect to the shift S, (Sx)r = xx+1, as equilibria
of the induced semiflow £* on the space of S-invariant measures on X.

Let Xk, K € N to be the subset of all configurations * € X, such that
Supjez |2 — zj41| < K. We consider the system of equations on X
60 T v (0),20) - Vil 0,2, (0)

The flow can be understood as formally gradient, as it can be formally written
as
dx(t)
dt

= —Vo(x(1)),
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where ®(2) = 37,7 V(2j,zj41) is a formal sum - the action of x = (z;);ez.
Clearly ®(x) is typically not well-defined; and the system of equations (6.1)
does not typically generate a gradient flow. Intricacies of its dynamics, and
the related theory of extended gradient systems, is discussed in some detail
in [36]. Let X = X /Z, where the quotient with respect to Z is obtained by
identifying & +n for all n € Z, and let Xy = Xk /Z. Denote by S the induced
map S on X, X, and let £ = £/Z and i = #or, 7 : X — X the projection. It
is well-known that (6.1) generates continuous semiflows & and € on X, resp.
Xx for all K € N. (In particular, Xx and Xx are invariant, see e.g. [36].)

Denote by /\/l(/i, S ) the set of Borel probability S-invariant measures on
a Borel-measurable subset A of X'. Furthermore, the semiflow ¢ has the well-
known order-preserving property ([20] and references therein) analogous to
the maximum principle for parabolic semilinear scalar differential equations,
needed later in the following form for rays:

LEMMA 6.1. Assume & € £ and A > 0. Then:
(i) If
(6.2) r_j(t) <T_5, j=0
fort =to, and xo(t) < &g fort € [to,to + A, we have that (6.2) holds
for all t € [to,to + A].
(i) If
(6.3) zi(t) 2 25, j =1,
fort =to, and x1(t) > &1 for t € [to,to + A, we have that (6.2) holds
for allt € [to,to + A].

We first establish why it suffices to consider S-invariant measures on &.

LEMMA 6.2. Let p € M(f,g) Then the pushed measure i*p is an f-
invariant measure isomorphic to .

PRrOOF. This follows from easily verifiable facts that ¢ : £ S!'xRisa
homeomorphism, and that oS = foi. ]

Assume now p € X , and let G be a o-subalgebra of Borel sets of X,
satisfying the following:

(M1) The separation property. There exists a Borel-measurable set
M, C X such that u(M;) =1, and such that {D N M;, D € G} gen-
erates all Borel-measurable sets on M. Specifically, for each ¢ € M1,
there exists D, € G, ¢ € D, such that if ¢,§ € My, ¢ # g, then
D, NDg = (). Furthermore, for any ¢ € My, Dg(,) = 5(D,).

(M2) Measurability. If My = Ugepq, Dy, then the map 6 : My — M,
given with 6(D,) = ¢ is Borel-measurable. Specifically, M3 is Borel-
measurable.
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(M3) The closed-sets property. There exists a family D; € G of closed
sets, ¢ € T, such that G is generated by this family Furthermore, for
each i; € T there exists a sequence i,, € Z, n € N such that D; are
pairwise disjoint, and such that pu(US2,D; ) = 1.

(M4) The ¢-invariance. For each ¢ € M7 and each D € G, if ¢ € D, then
for all t > 0, £'(¢) € D.

In applications, (M1)-(M3) will typically trivially follow from the con-
struction, with the core of the argument being in demonstrating (M4).

in

PROPOSITION 6.3. Assume pu € M(Xk,S) for some K € N. Let G be
a o-subalgebra of Borel sets on X satisfying (M1)-(M4). Then there exists
v e M(&,8) which G-shadows pu.

Furthermore, if u is g-ergodic, we can choose v to be S’-ergodic.

The proof of Proposition 6.3 is analogous to the proof of [37, Theorem
4.4]. For convenience of the reader, we give it in the Appendix A.

REMARK 6.4. Let N > 1 be an integer. Then the statements of Lemma
6.2 and Proposition 6.3 hold if we replace S, f with S, fV everywhere,
including the shift-invariance in (M1); the proofs are analogous.

7. INVARIANT SETS OF THE FORMALLY GRADIENT SEMIFLOW

Let = {0,1}% equipped with the product topology. The main result of
this section is a construction of a non-empty, closed, {-invariant subset of X
associated to any w = (w;);ez € Q.

We first define the notation, and then state the result. The 'nesting’ two-
step approach to proving &-invariance is specified in Lemma 7.2. The two
steps are based on an order-preserving, and an energy argument.

Fix w € Q. Let ji, k € Z be the increasing sequence of positions of 1 in w
such that jo < 0 < j; (the construction can be adapted in a straightforward
way to the case of finitely many or no ones in w, thus not discussed separately).
Let N > 0 be an integer constant specified later (we omit dependency of N
in the notation introduced below for simplicity).

The idea is that we ’glue’ 2N-large pieces of the minimizing equilibrium
Yo = Yo whenever w; = 0, and of the minimizing homoclinic z whenever
w; = 1. Specifically, let m € Z, —N +1 < j... < N, and k such that
Je <m < jry1 (e.g. for positive m, k is the number of ’ones’ between 0 and
m). Then we define

e o Yo+ k wm=0,
2mN+j — Zj+k Wy = 1.
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Furthermore, we combine minimax homoclinics, in the following way:

P = Zi + k 1=2ixgN+j, ke€Z, j=1,...,2(igx1 — ir)N,

3

w,+

T =2 g +k =2 N—j k€Z j=0,..,20—ir_1)N — 1.

Clearly %~ < % < x“*. Let A, be the set of all £ € X} such that
¥ < x < g,
Let h — h” be the truncation map X — [?(Z) given with

(7.1) hT =

0 otherwise.

Now by the definition of Ay, we can choose 0 < eg < Ag/2 such that for all
h € N(eg), we have

(7.2) IVER) B = Ar/2

We define By, to be the set of all & € X; such that ™" := [§2Nikg — | — z]T
satisfies

E (xT’k) < €0,

and furthermore that &™* is in the connected component of 0 of the set
{E(h) < eg, h € I2(Z)}, for all k € Z. We have that % € B, as by definition
(x*)™* = 0 and E(0) = 0.

PROPOSITION 7.1. Assume N satisfies (1.6). Then for any w € Q, A, N
B, is a {-invariant, closed set, non-empty as x,, € A, N B, .

The proof is based on the following nesting trick from [37] (for the conve-
nience of the reader, we repeat a short proof of Lemma 7.2 below). Assume for
the moment that £ is an abstract continuous semiflow on a separable metric
space X, and let A, B be subsets of X. Assume they satisfy the following for
every semiorbit ¢(t),t > o of the semiflow ¢:

(B1) B is A-relatively é—invariant set. It means that if ¢(tp) € B, and if
there exists t; > to such that for all ¢ € [to, 1], ¢(t) € A, then for all
t e [to,t1], q(t) € B.

(B2) There exists A > 0 such that, if ¢(tg) € ANB, then for all t € [to, to+ ],
q(t) € A.

LEMMA 7.2. Assume A, B are subsets of a separable metric space X
satisfying (B1), (B2) with respect to a continuous semiflow & on X. Then
AN B is £-invariant.

PROOF. Assume the contrary and find a semi-orbit ¢(t) of &, ¢ > #o,
q(to) € AN B which violates the conclusion of the Lemma. Let

to =sup{t; >0, q(t) e ANBforallte[0,t]}.
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Then if t3 = max{tg,t2 — A\/2}, by construction ¢(¢3) € AN B. Now by (B2),
for all ¢ € [t3,t3 + A], we have ¢(t) € A, and by (B1), for all ¢t € [t3,t3 + ] we
obtain ¢(t) € B. But t3 + A > ta, which is a contradiction. |

To complete the proof of Proposition 7.1, it suffices to show that A4, and
B, satisty (B1), (B2).

As noted in the introduction, in the first step we use an energy argument
adapted from applications to PDEs, specifically the energy-energy dissipation-
energy flux balance law, where in our case energy is the truncated action.

LEMMA 7.3. The action flux balance law. Assume k =0, jo =0, and
let h(t) = z(t)™° = [x(t) — 2]". Then

(1.3 OO _ p(t) ~ VBB oy

where F(t) satisfies

(7.4) |F(t)] < komax{|x;(t) — 2|, i € {—N,—N +1,N,N +1}},
(7.5)

ke = 8max{|Vi(a,y), [Va(e, ), | — yl < 2} - max{|Via(a,y)l. |z — y] < 2).

The proof is a straightforward calculation, given in Appendix B. We will
now show that the flux term F(¢) is by (1.5) and (7.4) exponentially small
~ AN whenever z(t) € A, (in the case jo = 0). We use this to bound
|F'(t)| from above, and the definition of B, to bound the dissipation term
||VE(h(t2))||l22(Z) in (7.3) from below, and to establish the following:

LEMMA 7.4. Assume (1.6) holds. Then the sets A, and B,, satisfy (B1).

PROOF. Let k = 0, assume jo = 0, and set h(t) = z(t)™" = [z(t) — 2]".
Assume x(t) € A, for all t € [tg,t1], t1 > to, and that
(7.6)
h(t) is in the connected component of 0 of the set {E(g) < eo, g € I*(Z)}

for t = tg. We now show (7.6) holds for all ¢ € [t1,t2]. Assume the contrary,
i.e. that (7.6) fails for some ¢ € [tg,t1]. Let t2 be the infimum of such ¢, and
then ¢y < t2 < t; and by assumption E(h(t2)) = eo.

We first show that
(77) h(tg) S N(eo).
It suffices to show that for all k € Z, |h;(t2)| < u; = 2127111, We use that
x(ta) € A, thus

" < m(ty) < at,

and by definition for any —N +1 <i < N,

aP T <z <af,
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thus for all -N +1<i <N,

(7.8) [hi(t2)] < x;‘”+ -z
Consider —N + 1 <4 < 0. Then inserting ¢ = —2¢_1 N + j in the definition
of 2%~ and i = 2igN — j = —j in the definition of % T, and using the fact

that j — Z; is increasing and 4;_, < —1, we get

w,— ~ P s 3

T, 2 Z i Nyi— 12 Zongi— 122 —12Z;1—1,
w,+ = I

T S Zig1l = Z(ji|-1)s

which combined with (1.5) yields %" — 2%~ < 2\ "%l as required. Analo-
gously we show the same for 1 < i < N. As by definition, h;(t3) = 0 for any
1 outside —N + 1,..., N, we have shown (7.7).

Now we see that by (7.2),

(7.9) IVE(h(t2))l[f2(z) = A1/2.

Now we bound the flux |F(t2)| from above. Analogously as above, we deduce
that for i € {—~N,—N +1, N, N + 1}, we have that |z;(t) — z;| < k1A~ thus
by (7.4),

(7.10) |F(to)| < kikad™N.
Inserting that in (7.3), we get that
dE(h(t A
7((#( 2) < ki AN — 717

which is < 0 whenever (1.6) holds, thus (7.6) holds on some interval [ta,t2+ 4],
d > 0, which is a contradiction. Thus (7.6) holds for all ¢ € [t1, t2], as claimed.
We prove an analogous claim for any combination of k, ji (e.g. by reducing
it to the case k = 0, jo = 0 by a translation), which yields (B1). d

LEMMA 7.5. Assume (1.6) holds. Then the sets A, and B,, satisfy (B2).

PrROOF. We first prove the following claim (we will later see that it suf-
fices): if &(tp) € B, in the case iy = 0, and if
x—](t) < 2—j+17 ] > 07

7.11

for t = to, then there is an absolute A > 0 such that (7.11) holds for ¢ €
[to, to + )\]

Let Ey, E1 C (yo,yo + 1) be the connected components of zg, z1 respec-
tively, of the set {S(x) < ep}. By continuity of S, Ey = [ag, bo], E1 = [a1, b1],
and by the definition of eg, 2, z and S, we have that

(712) Zo<ag<by<Zz
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and Z; < a; < by. Let 6 = min{Z; — bg,a1 — Z1}, 6 > 0. It is easy to check
from (6.1) that |dx(t)/dt| is bounded uniformly in k € Z, t on Xy, thus there
exists A > 0 such that

If I’o(to) S Eo, then for all t € [to, t() + A], .’,Eo(t)

<z
7.13
(7.13) If x1(to) € E1, then for all ¢t € [to,to + A], z1(t) > Z1.

Finally, it is easy to check that if x(tg) € Aw N B, in the case i, then
[x(t0)]™" € N(eo), thus by the definition of S we have that zo(tg) € Ey and
x1(tg) € Eg. From this, (7.13) and the order-preserving property Lemma 6.1
of the semiflow for rays we deduce that (7.11) holds for ¢ € [tg,to + A

Now, it is easy to check that x(tg) € A, in the case iy = 0 implies (7.11)
for t = tg. We show an analogous claim for an arbitrary k, ji by substituting
x with (S?NJkz — k) in (7.11). Finally, if (7.11) holds for ¢ € [to,to + A] for
all (S?Nikg — k), k € Z, by definition x(t) € A, for t € [to,to + A]. O

REMARK 7.6. Assume = € A, N B,,. We have established in the proof
of Lemma 7.5 that if wg = 1, then zg € Ey = [ag, bo], where ag, by satisfy
(7.12). Tt is easy to check from the definition of A, that if wy = 0, then
Z21 — 1 <z < Z%9. We will need that later.

8. PROOFS OF THE MAIN RESULTS

Consider the dynamical system Bernoulli shift (2, B(Q),0, uq), where
Q = {0,1}% as in Section 7, B(f) is the Borel o-algebra, o is the shift map,
and pqo the product (Borel probability) measure on (€, B(£2)). It is well-
known [23] that the metric entropy h,,(0) = log2. We will prove the main
results by constructing a f2V-invariant measure which has (2, B(Q), o, uq) as
a factor, by combining Lemma 6.2 and Propositions 6.3, 7.1, in the light of
Remark 6.4.

PROOF OF THEOREM 1.1. Fix the smallest integer N > 1 satisfying
(1.6). Let x : Q@ —» Xy, x(w) = ¥, and let ¥ : Q — X, ¥ =moy,
w — &“, fig = {*po. Then by construction, (X1, B(X1), 52N, ig) is conju-
gate to (2, B(Q), o, pna), thus

(8.1) g (52N) = log 2.

We now construct v € M(é‘ , 2N ) G-shadowing [iq, where G is a o-subalgebra
satisfying (M1)-(M4) in the sense of Remark 6.4, to be constructed below.
Recall the definition of the interval Ey = [ag, bg] in the proof of Lemma 7.5.
Let ﬁw,k, (w,k) € Z, T ={0,1} x Z, be the set of all & € X, such that

N [ap,bp] mod 1 w=1,
ToNk € 4 . -
[Z21—1,%] modl w=0.
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Let G be the o-algebra generated by D, 4, (w, k) € Z. By (7.12), for all k € Z,
ZA)O,;c and 1517;C are disjoint, and by definition closed, which yields (M3). Let

M = {ﬁ:w, w € Q},
Dy = ﬂkezﬁwk,m

MQ = UwGQIZA)ﬁ:“’ .

It is straightforward to verify (M1),(M2). Let o, = 7(Ay N By). By Propo-
sition 7.1, C,, is é—invariant for any w € ). By construction we have that
¥ e éw, and by Remark 7.6 and the definition of the sets we have Cu C Dae
which yields (M4).

Now by Proposition 6.3 we establish existence of an ergodic v €
M(&,8*N) which G- shadows fig, thus by Lemma 5.3, h, (52V) > log2. By
Lemma 6.2 and the variational principle for metric and topological entropy
[23, Theorem 4.5.3], we deduce that hop(f*) > log 2. To complete the proof,
it suffices to use hop(f*Y) = 2Nhiop(f) [23, Proposition 3.1.7] and (1.6). O

Recall now the definition of the Li-Wasserstein distance of measures,
required in the proof below. Let d be the canonical metric on S! x R, and p,
v be two Borel probability measures on S' x R. Then

Wiluo) = it [ A, )y (2, ),
YEL(1,v) J (ST xR) x (S XR)

where I'(p1, v) is the collection of all Borel probability measures on (S! x R) x

(S x R) whose marginals are u, respectively v. It is well-known that W;

induces weak*-topology on the set of probability measures on S! x R.

PrOOF OF THEOREM 1.3. Let N > 1 be the smallest integer satisfying
(1.6), and construct v, € M(E,52"N) as in the proof of Theorem 1.1, with
nN instead of N, n > 1 an integer. Then by construction and Lemma 6.2,
the measure

is a f-invariant measure. Choose the following coupling

nN-—1
1

B > (705" vn) @ b(yo,p0),

=N

and insert in the definition of W;. We obtain the bound (1.7) by using the
definition A,, and the bounds (1.5). We omit the details of the routine cal-
culation. |
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9. REMARKS AND EXAMPLES

1. The condition (A3) could be replaced with a weaker one of convergence at
infinity uniformly in = of lim|y|_, V(2,2 4+ y) = oo. Indeed, in construction
we need values of V(x,y) and its derivatives only on the set |z — y| < 2; we
can always modify V outside this set so that (A1-3) hold.

2. The condition (N1), assumed for simplicity of the statements and the
proofs, is not needed for Theorems 1.1 and 1.3 to hold. Hyperbolicity of
(Yo, Po) is used in (1.5) and implicitly in the fact that |u;| used in the definition
of N'(e) is in I2(Z). The condition (1.5) could be replaced with a more general
one of finding N such that |Z2_y —yo| < A1, |Zy —yo— 1] < Ay; the definition
of the N(e) should then be appropriately adjusted (we omit the details).
Uniqueness of the action-minimizing fixed point is also not needed: one could
construct required invariant measures in a gap between two action-minimizing
fixed points as long as (N2) holds.

3. In the case of the Standard map, it is elementary to check that if k& # 0,
then (0,0) is the unique action-minimizing fixed point. The fact that (N2)
holds for small |k| > 0 follows from the result by Lazutkin and Gelfreich that
the angle of splitting of separatrices is > 0 whenever k # 0 [17], Remarks 4.1,
4.3 and Corollary 2.5. For larger k, it can be established e.g. by applying the
criteria of Angenent [2] for non-existence of invariant circles.

4. Our definition of the Peierls barrier differs from the one chosen by Aubry
and Mather [5,20,38] in the case of rational rotation numbers, as they consider
difference in action between the minimax periodic and the minimizing periodic
orbit. It is, however, the same in the case of irrational rotation numbers, to
which our approach generalizes without much difficulty (see 9.7 below).

5. In [26], the flux through a gap of a Mather set was considered for irrational
rotation numbers only, in which case the Mather set is a Cantori whenever it
has a gap. We use the fact that the definition of Ay, as used here, extends
naturally also to rational rotation numbers, in this paper p = 0.

6. One can relatively easily show by elementary methods that in the case of
the Standard map, for h € Up<c<a, N (€), we have E(h) = —kcos(2m(zo +
ho))/2m + O(1), [|[VE(h)||;2(z) = k|sin(2m(z0 + ho))| + O(1), which yields
Ay = k2 + O(k).

7. The results of the paper can be extended to irrational rotation numbers.
Analogously to the approach in Section 3, one can show that if the Mather
set with the rotation number p € R\ Q is a Cantori, then A;(p) > 0. We
conjecture that the topological entropy can then be bounded from below by an
expression depending on A (p), on number-theoretical properties of p (related
to recurrence properties and return times of the dynamics restricted to the
Cantori), and on the size of the paratingent cones of the Mather set as a
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generalized notion of hyperbolicity of Mather sets in line with the results of
M.-C. Arnaud [3].

APPENDIX A: PROOF OF PROPOSITION 6.3

Assume all the notation from Section 6. The proof of Proposition 6.3 is
in two steps: we first construct a measure v € ./\/l(c‘f ) by applying the LaSalle
principle for gradient-like flows, and then show that it indeed G-shadows p.

Let £* be the pushed semi-flow on M(Xg). It is continuous and well-
defined (i.e. £ € M(Xg) for t > 0), as £ and S commute and as X is
g—invariant.

LEMMA 9.1. (i) The semi-flow é* is gradient-like, with the Lyapunov
function

L(y) = / V (w0, 21)dp(a),

X
L continuous and bounded.
(ii) The set of equilibria of £ is M(E N Xx).
(iii) For each pu in M(Xk), the w-limit set w(u) with respect to £* is a
non-empty subset of M(E N Xi).

PROOF. First note that M(Xx) is a compact metrizable space (with
metric e.g. the Wasserstein L;-distance), thus standard results for continuous
semiflows apply.

As because of (A1), V(zg + n,z1 + n) = V(xg, 1) for an integer n, L is
well-defined, i.e. the integrand is independent of a representative of x € X in
X (this also holds for all the integrands in the calculation below). Continuity
of L follows from the definition of weak*-topology, and boundedness from
boundedness of @ — V (o, 1) on compact X.

Differentiating with respect to t, we get

dL(p(t)) _ /

o (Vi(wo, z1)d0 + Va(wo, 21)31) du(t)(x)

X

== [ Vilwo,z1)(Va(z -1, 20) + Vi(xo, 1)) dp(t)(z)

Xk
- /. Va(mo, z1) (Va(mo, 21) + Vi (21, 22))du(t) ()
== /X Vi(zo, z1)(Va(z-1, m0) + Vi (2o, 21))dp(t) ()

- /X Va(z1,20) (Va(w_1, 0) + Vi (20, 21))dpa(t) ()

X

_ / (Va1 20) + Vi (0, 2))?du(t) () = /X ot 2dp(t) (),
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where in the first row we swapped the derivative and the integral (p0551ble
because of (A1-3) and compactness of X ); and in the third row we applied S-
invariance of yu(t). We see that dL(u(t))/dt < 0. Applying again S-invariance
to the last row, we deduce that dL(u(t))/dt = 0 if and only if p(t)(€) = 0,
which is equivalent to p(t) being an equilibrium of £*, which gives (i) and
(ii). (iii) now follows from the LaSalle principle for continuous gradient-like
semiflows on compact metric spaces. 0

LEMMA 9.2. Assume (M1)-(M/). Then any v € w(u) G-shadows .

PROOF. It suffices show that § : My — M, defined by (M2) is the factor
map, and that for all D € G, (D) = v(D). By (M2), § is measurable, and by
(M1), oS = S0 on My. Denote by pu(t) = £+ p. By (M4), £/(M1ND) C D,
thus by definition

(9-1) u(t)(D) = p(MyND).

Take any D;, i € T as in (M3). As D; is closed, by the characterization of
the weak® convergence, and as u(t,) — v for some sequence t,,, we have that

(9.2) v(D;) > limsup u(t,)(D;) > p(M1ND;).

n—oo

We now show that u(My ND;) = u(D;) for any i € Z. Indeed, by (M3)
and p(Mj) =1 given in (M1),

oo

1=p(U2,D;,) Z/‘ S ZZ (Di,NMy) = 1 ((U52,D;;) N M) =

thus equality must hold everywhere. Analogously from (9.2) we obtain

oo
1>v U°° Zl/
=1

thus v(D;) = p(D;) = w(D; N M) for all ¢ € Z. As by (M1) and (M2),
-1 (D; N My) = Dy, as (Dy,i € I) generates G, and as (D; N My,i € T)
generates the Borel o-algebra on M, this completes the proof that 0 is a
factor map, and of the shadowing property u(D) = v(D). d

Mg

(Dij NMy) =p ((U;ilpij) N Ml) =1,

1

<.
Il

APPENDIX B: PROOF OF LEMMA 7.3

We use the notation from the statement of Lemma 7.3, and write h,
instead of h(ta), x(t2). The derivative is always evaluated at t = ts.
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As z € £, by definition ||[VE(h)||% (z) is the finite sum

IVEM)|[7azy =(Ve(z-n-1,2-~) + Vi(z-n,2-n11))* + (Va(z-n, 2N 41)
N-1

+ Vi N rong)’ Y (Valwyor,2) + Vi, 2541))
j=—N+2

+ (Va(zn—1,2n) + Vi(zn, 2n41))?
+ (Va((zn, 2n41)) + Vi(zng1, 2r42))2

Denote the first two and the last two summands by F, Fy, F3, Fy. Differenti-
ating carefully we see that

dE(h)(t
% =—Volz_n, 2 Ni1)(Va(z_ny2_ni1) + Vi(Z_Ni1, T N12))
—Vi(@-Ni+1, - Ni2)(Va(@_n,2-n41) + Vi@ Ni1, T-N12))
N-1
- Z (‘/vQ(.fL'j,l’{,L'j)+V1(xj’xj+1))2
j=—N+2

—Va(en—1,2n)(Va(zn-1,2N) + Vi(zN, ZN41)

—Vi(zn, zne)(Va(en -1, 2n) + Vi(on, 2n41)-
Denote the first two and the last two summands by F3, Fg, F7, Fs. We now
see that (7.3) holds with F(t2) = Fy + ... + Fs. Now as z € £, we have that
Vo(zon—-1,2-Nn) = =Vi(2-N,2-N+1), thus
[F1| = (Vi(z-ny2-n41) = Vi(z-n, 2o 1))

Vie(z-nse)llz-ni1 — 2Ny | - (Vi(z— v, - Ny1) |+ [Vi(z- N, 2v41)])

IN

Ko
< Z|9LN+1 — z_n41l,

where ¢; € [2_N+1,Z_n+1] and k2 as in (7.5). Now by an analogous argument
in the second row below, we get

|Fo+ F5 + Fg| = [Va(z-n,2-nt1) — Va(@_ N, T-n41]
Valzon, 2-nt1) + Vi(@— N1, ToN42)|
<2 |
Zle_n — z_n]|-
< L le-n N

We similarly deduce analogous bounds on |Fy|, |F3 + F7 + Fs|, and by the
triangle inequality obtain (7.4).
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MEASURE OF INSTABILITY OF TWIST MAPS

Nova mjera nestabilnosti i topoloske entropije tvist
difeomorphizama koja ¢uvaju povrsinu

Sinisa Slijepcevié

SAZETAK. Uvodimo novu mjeru nestabilnosti tvist difeo-
morfizama koja Cuvaju povrsinu, generaliziraju¢i pojmove kuta
razdvajanja separatrisa, te tok kroz procijep u Cantoriju.
Kao primjer primjene, dobivamo preciznu > 0 donju ogradu
topoloske entropije, u okolini hiperbolicke, jedinstvene fiksne
tocke koja minimizira akciju, pretpostavljaju¢i samo da nema
topoloskih prepreka difuziji, tj. homotopski netrivijalnih invari-
jantnih kruznica koje se sastoje od orbita s rotacijskim brojem
0. Dokaz se temelji na novoj metodi precizne konstrukcije inva-
rijantnih mjera s pozitivhom entropijom, koja je primjenjiva na
opcenitije Lagrangeove sustave, takoder s vise stupnjeva slobode.
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