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ABSTRACT. In this paper we formulate and analyze the mixed for-
mulation of the one-dimensional equilibrium model of elastic stents. The
model is based on the curved rod model for the inextensible and unshear-
able struts and is formulated in the weak form in [5]. It is given by a system
of ordinary differential equations at the graph structure. In order to numer-
ically treat the model using finite element method the mixed formulation
is plead for. We obtain equivalence of the weak and the mixed formulation
by proving the Babuska—Brezzi (inf-sup) condition for the stent structure.

1. INTRODUCTION

A stent is a mesh tube that is inserted into a natural conduit of the body
to prevent or counteract a disease-induced localized flow constriction. For
instance, to keep the arteries open, a stent is inserted at the location of the
narrowing. Performance of coronary stents depends on the mechanical prop-
erties of the material the stent is made of and on the geometrical properties
of a stent, e.g., number of stent struts, their length, their placement, the strut
width and thickness, geometry of the cross section of each stent strut, etc.
As a consequence the behavior of the stents is very complex and reliable and
efficient models are desirable.

Since the stents are usually made of metals we consider a stent to be a
three-dimensional elastic body defined as a union of three-dimensional struts.
If the deformations in the problem are small behavior of stents can be mod-
eled by the linearized elasticity. The equations of linearized elasticity in thin
domains are very demanding for numerical approximation and qualitative
analysis. Therefore, it is appealing to construct a more simple analytical ap-
proximation. The one-dimensional model of stents was first considered in [15]
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and then reformulated in [5] as a system of ordinary differential equations
given on the graph defined by the middle curves of the stent struts. The
model is one-dimensional in a sense that it is given by the ordinary differen-
tial equations with respect to the natural parameter of the middle curves of
the struts as the variable (arc-length variable). However the model describes
full three-dimensional behavior of the stent. Thus, each stent strut is mod-
eled using the curved rod model (see [10,11] for the rigorous derivation of the
model from three-dimensional elasticity) and a set of transmission conditions
at joints (vertices of the graph) describing: continuity of displacement and
rotation and equilibrium of forces and couples. Note that the model is not
restricted to stents but can be used to model behavior of any elastic structure
made of elastic bodies which are thin in two directions (rod-like).

The function space on which the stent model is posed in the weak formu-
lation, includes conditions of inextensibility and unshearability of rods that
model struts. Therefore to build a finite element approximation within this
function space (V& in Section 3) one needs to fulfill these restrictions with
each finite element function. However this is not a simple task. The associ-
ated mixed formulation removes the conditions from the function space using
the Lagrange multipliers. These conditions then become adjoined equations.

When the stent is considered solely with no interaction with surrounding,
natural boundary conditions are of the Neumann type, i.e., contact forces
are prescribed. As usual associated to this pure traction problems are two
qualitative properties, a necessary condition for the existence (total force and
moment are zero, see (3.8)) and nonuniqueness of the solution of the problem
(up to an infinitesimal rigid deformation, see (3.7)). We remove both no-
tions by fixing the total displacement and total infinitesimal rotation in (3.7).
This adds two more equations in the mixed formulation (and two Lagrange
multipliers from R?).

The main tool to obtain the equivalence of the classical weak (variational)
formulation and the mixed formulation is the Babuska-Brezzi condition, see
[7, Theorem 4.1 and Corollary 4.1] or [3, Theorem II.1.1]. To obtain it we
use techniques applied in [18] and [16] for solving a particular problem on the
same graph prescribed by the stent, but for simplified constitutive law, zero
forces and prescribed non-zero extension and shear of the cross—section. The
solution is obtained by explicitly integrating problems on struts, and then
incorporating the solution, with respect to the topology of the graph, into a
large algebraic system.

In Section 2 we start with the problem on a single curved rod and the
formulation of its mixed formulation to introduce the problem and present
the ideas. Then, in Section 3 we formulate the stent model, recall the H'
space on the graph, and prove the Poincaré type inequality for this space.
Using this estimate we prove the ellipticity of the stiffness form on the space
that includes inextensibility and unshearability of rods. Finally we prove the



MIXED FORMULATION OF THE 1D MODEL FOR ELASTIC STENTS 221

Babuska-Brezzi inf — sup condition for the stent structure in Lemma 3.5 which
then gives the equivalence of the formulations.

2. 1D CURVED ROD MODEL

2.1. Differential formulation. A three-dimensional elastic body with its two
dimensions small comparing to the third is generally called an elastic rod, see
Figure 1. A curved rod model is a one-dimensional approximation of a "thin"

FiGurEg 1. 3D thin elastic body

three-dimensional curved elastic structure given in terms of the arc-length of
the middle curve of the rod as an unknown variable. Thus in order to build
the model a natural parametrization ® : [0, 1] — R3 of the middle curve of the
curved rod (red in Figure 1) has to be given. Further, let the cross-section of
a rod be rectangular, of width w in direction of the binormal b on the middle
curve and thickness ¢ in direction of the normal n on the middle curve.

One-dimensional equilibrium model for curved elastic rods we use here is
given by the following first order system. For a given force with line density
f the model is expressed in terms of (u,w, g, p) that satisfy

(2.1) 0=p +f,

(2.2) 0=q +txp,

(2.3) 0=w'-QH 'Q"q,
(2.4) O=vu+txw

together with associated boundary condition. Here, u is the displacement of
the middle curve, w is the vector of the infinitesimal rotation of the cross-
sections, q is the contact couple and p is the contact force. The first two
equations describe the balance of contact force and contact moment, respec-
tively, while the last two equations describe the constitutive relation for a
curved, linearly elastic rod. The last equation can be interpreted as the con-
dition of inextensibility and unshearability of the rod. The matrices H and
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Q are given by

uK 0 0
H= 0 Elll E112 5 Q:[t n b}
0 FElIL, Flx

see e.g. [4]. Here E = p(3A+2u)/(A+p) is the Youngs modulus of the material
(1 and X are the Lamé constants), I;; are the moments of inertia of the cross-
sections and pK is the torsion rigidity of the cross-sections. Therefore, H
describes the elastic properties of the material the rods (struts) are made of
and the geometry of the cross-sections.

This model is linearization of the Antman-Cosserat model for inextensible,
unshearable rods, see [1] for the nonlinear model and [5] for the linearization.
The model can also be seen as a linearization of the nonlinear model derived by
Scardia in [12] from three-dimensional nonlinear elasticity. It was show in [10]
and [11] that the solution of the one-dimensional model can be obtained as a
limit of solutions of equilibrium equations of three-dimensional elasticity when
thickness of the cross-sections (both, w and t) tend to zero. Corresponding
result for the dynamic case is given in [13]. Therefore, for three-dimensional
rods which are thin enough one-dimensional curved rod model can provide
well enough approximation. Moreover, in [14], it was shown that curved
geometry can be approximated with a piecewise straight geometry with an
error estimate. This will further simplify the equations of the one-dimensional
model.

2.2. Mized and weak formulations. To obtain classical existence and unique-
ness result one classically rewrites the problem in the weak/variational formu-
lation. In the weak formulation inextensibility and unshearability conditions
are incorporated in the function space which complicates the numerical ap-
proximation of the problem. Therefore the mixed formulation of (2.1)-(2.4)
is called for.

Let us take (@,
by @ and (2.2) by
We obtain

¢ ¢ ¢ ¢
Oz/p"ﬁds—k/f—ﬁds—i—/q’-wds—k/txpwbds.
0 0 0 0

After partial integration in the first and the third term on the right hand side
we obtain

¢ ¢ ¢ ¢
0= —/O p~uds+/0 f-uds—/o q~wds—|—/0 @ xt-pds
T p(0) - @(0) — p(0) - (0) + q(£) - &(¢) - q(0) - B(0).

) €V = HY0,4R?) x HY(0,4;R?) and multiply (2.1)

@
@ and sum the equations and integrate them over [0, £].
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Inserting g from (2.3) we obtain

¢ ¢ ¢
0= — (@ +tx@)d - @ds — HQ'w' - @'d
/Op(u—i-xw)s—k/ofus/oQwas
+p(0) - a(l) — p(0) - w(0) + q(¢) - @(¢) — q(0) - ©(0).
Finally from (2.4) for all p € L?(0,¢; R3) we obtain

¢
/ﬁ-(u'+txw)ds:0.
0

Let us define function spaces V = H(0,¢; R3) x H(0,4;R3), Q = L*(0, (; R3),
bilinear forms

14
kE:VxV =R, E((u,w), (1, @)) = / QHQ'w' - &'ds,
0

¢
b:QxV =R, b(p,(ﬁ,a:)):/p~(11/+t><a:)ds,
0
and the linear functional
¢
1: V=R, l('&,d’)):/f-'&ds.
0
Now the mixed formulation of the one rod problem (2.1)-(2.4) is given by:
find ((u,w),p) € V x Q such that
k((u, w), (@, @)) + b(p, (@, @))
= (@, ®) +q(0) - &(¢) - q(0) - ©(0)
+p(0)-a(l) —p(0)-a(0), (a,0)cV,
b(p,(u,w)) =0, PpeQ.

For a single rod, the boundary conditions at s = 0, £ need to be prescribed.
At this point we assume (the most difficult case for the subsequent analysis)
that the rod is clamped at s =0 and s =/, i.e.,

u(0) = w(0) = u(f) = w(t) = 0.

Therefore we define the function space containing these boundary conditions,
namely

(2.5)

Vo = {(u,w) € V: u(0) = w(0) = u(l) = w(¥) = 0}.
w),p) € Vo x @ such that
k((u,w), (@, ©)) + b(p, (@, ®)) = l(@,®), (&,o)¢c Vo,
b(p, (u,w)) =0,  Ppeq.
REMARK 2.1. For the stent problem, the boundary conditions will be

given by the kinematic and dynamic contact conditions. They consist of
continuity of displacement and infinitesimal rotation and requirement that the

Now the mixed formulation is given by: find ((u,

(2.6)
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sum of contact forces be equal to zero, and that the sum of contact moments
be equal to zero, for all rods meeting at the given vertex.

To the problem (2.6) we can also associate the weak formulation. For
that we first define the subspace

Ve = {(u,w) € Vo :u/ +t x w =0}

of Vi which includes the inextensibility and unshearability condition given by
(2.4). Then the weak/variational formulation is given by: find (u,w) € Ve
such that

(2.7) E((u,w), (1, @) = l(@,o), (@,&)c VEr.
Note also that the form b defines the linear operator B : V — Q' by
b(p, (ﬁ" (ZJ)) = Q <B(ﬂ, a)’p>Q'
This operator is important for the analysis of the mixed formulation.

LEMMA 2.2. One has:

a) the form k is V< —elliptic.
b) B(Vy) is closed in Q.
— If the parametrization of the middle curve of the rod ® is not
affine then Im B = Q = L*(0,(;R3).
— If ® is affine with constant tangent t then

¥
B(Vo) = {A € L2(0, ;R - / A(s)ds -t = 0.
0

PROOF. a) For (u,w) € V" we estimate using the Poincare inequality
three times

[(w, W) < CUlw' 720,008y + 1911720, 2:55))
< C(llu" +t x w20 em3) + 18 X WlIT200,0m8) + 1917200 0:r5))

< C||w'||%2(o,e;R3) = C||QT"‘J/||2L2(07Z;R3)

< e (), ()
b) Let us take A € Q. We try to find (u,w) € Vp such that
A=u +txw.
For that we search for the solution of the system
p' =0,
/ _
(2.8) Z,tzxzpm :

uHtxw=X
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such that (u,w) € Vj. Note that we actually need to solve only the last equa-
tion and that the first three equations are arbitrary. However this formulates

the system very similar to the one already analyzed in [18]. Therefore, for
some constants P, Q € R? one has

pe) =P, q(z)=Q - / #(s) x Pds = Q — Aws)-a(0) P,

where A, is the skew-symmetric matrix associated with the vector v, i.e.,
A,x = v x x. Integrating the third equation in the system we obtain

£
q(s)ds = / Q — Ag(s)—a0)Pds

¢
={-7)Q— / Ag(s)—a(0)dsP.
Now from the fourth equation we obtain
¢
—u(z) =ul) —u(x) = / A(s) —t(s) x w(s)ds
¢ ¢
= / A(s)ds — / ®'(5) x w(s)ds
Iz mz
:/ A(s)ds +/ ®(s) x w'(s)ds + P(x) x w(x)
e e
= [ A(s)ds +/ ®(s) x q(s)ds + ®(z) x w(x)

L Y4
= / )\(s)ds + / (I’(S) X (Q — A@(S),@(O)P) ds + q’(l‘) X w(a:)
L

14 14
:/ )\(S)dS*F/ A@(S)dSQ—/ A@(S)Aq,(s)_q)(o)dsp
+ ®(z) X w(x).

Applying the boundary conditions at x = 0, for u,w we obtain the equations
¢
0=10Q — / Ag(s)-2(0)dsP,
0

14 l 14
0= / /\(s)ds + / A@(S)dSQ — / A@(S)A@(S),q)(o)dsp.
0 0 0

Multiplying the first equation by A_g ) and adding to the second we obtain

¢ ¢ ¢
0 :/ A(S)dS‘F_/ Ag(s)-a(0)dsQ —/ Ags)-a0)Aa(s)-a0)dsP.
0 0 0
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Thus the system for constant vectors P and @Q is given by

/1 —fo Aq;.(s O)dS |: Q :|
? . P
Jo Aa—a@ds — [y As(s)-a0) As(s)—a(0)ds

B [ —ﬁfg(sms } ‘

The matrix of the system, denote it by MY*6, is symmetric. Moreover, for
all Q, P cR3

wr[8]:(3

(2.9)

4 4
=1Q-Q — 2/ Ags)-a0)dsP-Q —/ Ags)-a0)As(s)-20)dsP - P
0 0

¥/
= / (Q - As()-20)P)  (Q — As(s)-a)P) ds > 0
0

and thus is positive semidefinite. It is positive definite unless, for some 0 #
(Q.P) eR°

¢
0=/ (Q—As(s)-2)P) - (Q — Ag(s)—a(0) P) ds.
0

Then
Q-As)—a0)P =0, s€0,4].
Choosing s = 0 we obtain @ = 0. Therefore
Az~ P =0, s €[0,4].

If ® is not affine (the rod is not straight) this implies P = 0 and therefore
M6%6 is regular. Hence we have the unique solution of (2.8). Therefore
ImB = Q' = L(0,0).

If ® is affine, i.e., ®(s) —®(0) = st, for some constant vector ¢ then M6*6
is of rank 5 with Ker M%*6 = span{(0,¢)} and with the image Im M%*¢ =
{(0,#)}*. Thus the system (2.9) has solution if and only if

(2.10) /OZ A(s)ds-t=0.

Therefore the system (2 8) has a solution if and only if (2.10) holds. Therefore

{X e L%0,4;R3) : fo s)ds-t =0} C Im B. On the other hand for A € Im B
one has

u +tXxw=A

Integrating over [0, ¢] we obtain

t /Oéw(s)ds = /Oé)\(s)ds.
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Thus (2.10) is fulfilled, B(Vp) = {A € L*(0,£,R3) : [} A(s)ds-t = 0} and thus
Im B is closed (moreover of codimension 1). 0

PROPOSITION 2.3. a) For every f € L%*(0,¢;R3) the problem (2.7)
has a unique solution (u,w) € V.

b) For every f € L?(0,¢;R3) the problem (2.6) has a unique solution
((u,w),p) € V x Q. The function (u,w) also satisfies (2.7).

¢) If (u,w) € Vy is the solution of (2.7) then there is p € Q such that
((u,w),p) is solution of (2.6).

PROOF. The statement a) is a direct consequence of Lemma 2.2a), con-
tinuity of forms k£ and b and linear functional [ and the Lax—Milgram lemma.
Statements b) and c) are classical results about the linear variational prob-
lems with constraints, see [7, Theorem 4.1 and Corollary 4.1] or [3, Theorem
I1.1.1). d

3. STENT AS A 3D NET OF 1D CURVED RODS

3.1. Differential formulation. As mentioned earlier, stent is a three-dimensi-
onal elastic body defined as a union of three-dimensional struts. Each strut

iy T RN SRS 0 s T T v T
R B RS R S o

e e s e

-

FIGURE 2. Cypher stent by Cordis (upper figure) and its 1d
computer idealization (lower figure)

we model by the one-dimensional curved rod model. Thus for defining the
one-dimensional model we only need to prescribe:

V set of ny vertices of the stent (points where middle lines meet),

€ set of ng edges of the stent (pairing of vertices),

®' : [0,/;] — R? parametrization of the middle line of ith strut (edge
€; €g>,i: 1,...,n¢,

i, B2; parameters of material from which ith strut is made of, ¢ =
1, .o ng,

Ié’ﬁ a,f = 1,2 and K* moments of inertia and torsional rigidity of
cross-sections of ith strut, i =1,...,ng.
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Note that N/ = (V,€) defines a graph and sets the topology of the stent.
Adding precise geometry of struts by prescribing parametrizations is also im-
portant. This actually introduces orientation in the graph however it is not
important for the mechanics of the system.

A one-dimensional model of the given three-dimensional stent is given by
the family of equations on each strut (edge)

0= aspi + fia

0=0,q"+t" x p',

0= 0w~ QH)Q)'q
0=0.u’+t x '

—_— — ~— —

1
2
3
4

w W w w

(
(
(
(

for all e; € £. Additionally, we need to prescribe the coupling conditions that
need to be satisfied at each vertex of the stent net where the edges (stent
struts) meet. As mentioned earlier, two sets of coupling conditions hold:

e the kinematic coupling condition: (u,w) continuous at each vertex,
e the dynamic coupling condition: balance of contact forces (p) and
contact moments (g) at each vertex,

Wi(0) = w*(l), ieJi kedf,  j=1,...,ny,
u'(0) = u®(4y), ieJi keJf,  j=1,...ny,

(3.5) Y p)- > p0)=0, j=1,...ny,

D-Q&
—
)
N
~
\
Qs
—~
(e
=
Il
<o
<
|
—_

N VS

here J;~ stands for the set of all edges that leave (i.e. the local variable is
equal 0 at) the vertex j and J j’ stands for the set of all edges that enter (i.e.
the local variable is equal £ at) the vertex j.

This constitutes the one-dimensional model of stents. Since the body
is not fixed at any point the solution is not unique and there is associated
necessary condition for the existence. It is easy to check that the functions

(3.6) u'(s) = const, —®"(s) x const,,, w'(s) = const,,, i=1,...,n¢

satisfy (3.1)-(3.4) for zero loads (f* =0, i =1,...,ng). Thus, to obtain the
problem with unique solution we add the conditions

ne l; ) ne l; )
(3.7) Z/ u'ds = Z/ w'ds = 0.
i=170 i=170
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Accompanied with this nonuniqueness are necessary conditions for the exis-
tence

e 4 . e & . .
(3.8) Z/O Fi(s)ds =0, Z/O ®'(s) x fi(s)ds = 0.

These conditions are exactly the equilibrium conditions for the total force and
the total moment. For more details in a bit more complex setting see [16,18].

Thus the model of stents we consider in the sequel is given by the rod
equations (3.1)—(3.4), contact conditions (3.5) and the conditions of zero mean
displacement and zero mean rotation (3.7).

3.2. Weak and mized formulations. Next we turn to the weak and mixed
formulation of the problem. The kinematic coupling conditions are satisfied
by including this condition into the space of test functions, thereby requiring
that all possible candidates for the solution must satisfy the continuity of
displacement and the continuity of infinitesimal rotation at every net vertex
(avoiding the stent rupture (caused by jump in displacements or infinitesimal
rotations of the cross-section), in which case the model equations cease to be
valid). We begin by first defining the space of H!-functions ug, defined on
the entire stent net £, such that they satisfy the kinematic coupling condition
at each vertex V' € V. The vector function ug consist of all the state variables
(u,w) defined on all the edges €',i = 1,...,ng, so that

s = (Yo y") = (), @), o, (02, w07)).

The kinematic coupling condition requires that the displacement of the middle
line u, and the infinitesimal rotation of the cross-section w, are continuous at
every vertex V' € V. More precisely, at each vertex V' € V at which the edges
e’ and e’ meet, the kinematic condition says that the trace of y’ evaluated
at the value of the parameter s € {0,/¢;} that corresponds to the vertex V,
ie., y'((®)1(V)), has to be equal to the trace y/((®7)~1(V)). Thus, for
k € N, we define the space

ne
HY(N;RF) = {us =(y'...,y") € HHl(O,&;Rk) :
i=1

Y (@)Y V) =/ ()" H(V)), YW eV, Veen ej}.

The dynamic coupling conditions, however, are satisfied in the weak sense
by imposing this condition in the weak formulation of the underlying equa-
tions. To get to the weak formulation of the mixed formulation of the stent
problem we sum up the weak forms of the mixed formulations for each strut
on a space of functions Vg = H'(AN;R%) which are defined on the whole stent
and which are continuous in vertices (globally continuous). Then by the dy-
namic contact conditions contact couples and forces from the right hand side
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of (2.6) cancel out. Let us denote by
neg
Vs =H'(N;RS), Qg =L*(N;R%) xR®xR® = [T L?(0,£; R?) x R® x R?
i=1
the function spaces and define bilinear forms obtained by summing the asso-
ciated forms for each rod
(3.9)

ne

L
ks : Vs x Vs =R, ks(us,@s) = Z/ QH Q") 0,w" - 0,@'ds,
i=170
ne Ki ) ) ) )
bs: Qs x Vs =R, bs(pg,ts) = Z/ p'- (04" +t' x @')ds
i=1"0

ne L ne 2
va Y [Taasis Y [ et
i=1"0 i=1"0

and the linear functional
ZS Ve — R, ls(ﬂs) = Z/ fz . ﬁlds;
i=170

here, we use the notation
pS = (pla e 7pn£7a7/6)'
Let us also define the function space

Vst = {ais € Vs : bs(Bg, @s) = 0,Bs € Qs}-

Now the weak formulation is given by: find ug € V& such that
(3.10) ks(US, ’ils) = ls(’&s), ug € Vé(er.

More details on the model can be found in [5]. This model actually is not
limited for stents. It can be used to model any elastic structure made of
rods. The associated static model is rigorously justified in [8] from three-
dimensional linearized elasticity. The weak formulation of the problem is
essential for obtaining the numerical approximation using the finite element
method. However because of the inextensiblity and unshearability constraints
that are difficult to satisfy by the finite elements the mixed problem is impor-
tant.

The mixed formulation of the problem (3.10) is given by: find (ug,pg) €
Vs x Qg such that

ks(us,@is) + bs(pg, s) = ls(@s), s € Vs,
bs(Ps,us) =0, Ps € Us.

In the sequel we analyze the existence and uniqueness and the relation of
the solution of the weak and mixed formulations. Obvious part is that any

(3.11)
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solution (ug,pg) € Vs x Qg of the mixed formulation is the solution of the
weak formulation. For the opposite some more analysis has to be made.

Equivalence of the weak formulation and the mixed formulation is im-
portant in order to go back to the strong formulation. Then from the mixed
formulation it is easy to conclude the regularity result, namely

pi S Hl(O,Ki), qi GHQ(O,&), w' €H3(0,€i), u’ € H4(0,£i).
Even more smoothness is obtained if the force density is assumed more regular

on edges. Further, the strong formulation is then given by: find (u, w?, ¢*, p%),
i=1,...,n¢ and , B € R? that satisfy the equations at edges

osp' —a+ f1 =0, 1=1,...,n¢,
dsq' +t' xp' —B =0, i=1,...,n¢,
dsw' — QHH 1 (QH) ¢ =0, i=1,...,n¢,

deu’ + ' x w' =0, i=1,...,n¢,

(3.12)

that has total mean displacement and rotation zero, i.e. (3.7) holds and that
the kinematic and dynamic contact conditions (3.5) at all vertices hold.

REMARK 3.1. Inserting the displacements and infinitesimal rotations from
the kernel of the stent operator, i.e. of the form (3.6), in the mixed formulation
(3.11) we obtain the equation

ng 4; ) ne £;
- Z/ (const,, — ®*(s) x const,)ds + 3 - Z/ const,,ds
i=1"0 i=170

ne ¢ 4 ‘
= Z/ f* - (const, — ®'(s) x const,)ds,
i=170

for all const,,, const,, € R?. This implies
ne £; ne
a:Z/ fids/z&,
i=170 i=1
ne i ) ng l; ) ne
B = (—Z/ fzxél(s)ds—FaXZ/ <I>Z(s)d5>/Z€i.
i=1"0 i=170 i=1

Note that the weak formulation (3.10) will have a unique solution as a con-
sequence of Lemma 3.3, since the form kg is be(cr—elliptic. Also, there is no
necessary condition for the existence. The role here has been done by the
multipliers o and B since they are chosen such that f* — a satisfy the nec-
essary conditions of the form (3.8). Note further that if we take loads that
satisfy necessary condition (3.8) then oo = 8 = 0.

First we prove the Poincare type estimate on the stent.
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LEMMA 3.2. There is C > 0 such that

ne ] ne i ne £i i
3 i = O (3100 o 13 [ )
i=1

i=1 i=1
us = (u',...,u") € H'(NV;R?).

PROOF. Let us suppose that the estimate does not hold. Then there is a
sequence (ug,) C H'(N;R?) such that

ne
(3.13) Z HUZH%II(O,@;RS) =1
i=1
and that
ul, —u' weakly in H'(0,£;; R?), i=1,...,n¢,
dsul, =0 strongly in L?(0, ¢;; R3), i=1,...,n¢,
(3.14) gly ( i ) £

ne £
E / u,, — 0.
i=170

From the first and second convergence dsu’ = 0 and thus u’ = const,i =
1,...,ne due to the continuity requirement from the definition of H!(N;R?).
From the first and third convergence in (3.14) we obtain that

ne l;
> [ w0
i=170

This now implies ug = 0. The first and second convergence in (3.14) also
imply u!, — wu' strongly in H'(0,¢;;R3) for i = 1,...,ng, ie., u’f, — 0
strongly in H*(0, ¢;; R3), which is in contradiction with (3.13). d

LEMMA 3.3. The form kg is VET —elliptic.

PRrROOF. As in the proof of Lemma 2.2 we estimate the function ug €
VEer In the first estimate we use Lemma 3.2 and (3.7)

ne
||uS||§11(N;R6) = Z(”ul”%l(O,Zi;Rf“) + ||wz||§11(o,zi;R3))
1=1
ng
< Cp(O (10w 720,085y + 105w 172 (0.0,:m5))
=1
ne £; ) ne £; )
HY [Py [
i=170 i=170
ne
<2Cp Z(Has“Z +1' X wZH%Z(O,éi;H@) + [t x wz”%z(o,ei;m)
=1

+ 1105w’ 1320,0,:25))
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ne
=C Z HasleQL?(O,éi;]N) <

i=1

C
W’@(“S;US)-

|

Together with continuity of the forms kg, bg and the linear functional lg
this Lemma implies the existence theorem for the weak formulation (3.10).
We proceed with the analysis of the mixed formulation only for stents which
belong to the class S (see below) since then we know how to prove the inf sup
estimates (see Lemma 3.5 for more details).

DEFINITION 3.4. The stent belongs to the class S if one of the following
is satisfied

e all edges are curved,

e there are straight edges. Then

Dt = > ait'=0, j=1...,ny, & =0, i=1... ng

i’ ieJ;
here a; = 0 for edges which are not straight.

LEMMA 3.5. Let the stent be in the class S. Then there is Bgg > 0 such
that
bs(pg,u
_inf  sup = S(p~s’ s) > BBB-
Ps€Qs ascVy ||pS||Qs HUSHHI(N;]RG)

PRrROOF. For a given pg = (A1,...,Ang, 0, 8) € Qg we will find ug =
(ul,wh), ..., (u",w"e)) € Vg such that

Ou’ + 1 x w' =\, i=1,...,n¢,
ne £ )
Z/ u'ds = «,
(3.15) —Jo
ne £ )
Z/ w'ds = B3,
i=170

and such that there is a constant C' independent of us and pg for which

(3.16) [wsllmwvire) < CllPsllos-
The statement of the lemma then follows since
wp  bss.@s) Bl
aseVs IPsllosll@slmrvre)y — 1PsllQsllwslarvre)

D 1
_ H S”Qs > — =: Bpp.
|usll ey — C
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We impose more restrictions that still lead us to the solution of (3.15):
d,p' =0, 1=1,...,n¢,
0.¢" +t' xp' =0, i=1,...,n¢,
Ow' —q' =0, 1=1,...,n¢,

du' + 1 x w' = N, i=1,...,n¢,
ne £;

Z/ u'ds = a,

i=170

ne £

Z/ wids = B,

i=170

and the functions (u’,w?, g%, p’), i = 1,...,ng have to satisfy the kinematic
and dynamic contact conditions:
T i) — gk . - + o
Q= w'(0) = w*(lg), ied; ke J, ji=1,...,ny,

U’ = u'(0) = u*(4), iejjf,kgj;r7 j=1,...,ny,
(3.18) Z p'(l:) — Z p'(0)=0, j=1,...,ny,

(3.17)

ier* ied;
z'er* ieJ;

This system corresponds to the equilibrium stent problem with zero forcing,
for specific material and with the proposed extension given by A"’s. This
problem is very similar to (3.1)—(3.5).

From the first equation in (3.17) we conclude that all p® are constant.
Integrating the second equation we obtain that

=1

g'(s) = 4'(6) + / £(r)dr x p = qi(6) + &' (s) x p',

where i’l(s) = ®'(¢;) — ®'(s). Let us now insert the values for p’ and ¢’ to
the dynamical contact conditions (the last two in (3.18)). We obtain

Zpi—Zpizo, Jj=1,...,ny,

z‘eJ;f ied;

(3.19) . , i ,
Y @)= > (q)+@(0) xp)=0, j=1....ny.
ier* i€

Let Az € M3y, 30, (R) denote the incidence matrix of the oriented graph
(V,€) with three connected components (organized in the following way: a
3 x 3 submatrix at rows 3¢ — 2,3¢ — 1, 37 and columns 35 — 2,35 — 1,37 is I if
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the edge j enters the vertex i, —I if it leaves the vertex ¢ or 0 otherwise). Let
us also denote projectors

Py € M3 3., P, € Ms 3,

on the coordinates 3i — 2,37 — 1,37 and 35 — 2,375 — 1, 37, respectively. Then
we define the matrix

ny
(3.20) As =) > (B Az Pt
Jj=1 ieJ;
(the matrix A, is the skew-symmetric matrix associated with the axial vector
v, ie., A,z =v x x,x € R?). Using the notation
P=((")"....0")")", Q=g (C)",....(g" (te))")"
since . ' . 4
PLAsP =) Az PeP =) &(0)xp’
i€ i€
the equations (3.19) can be written by
(3.21) ~A;P=0, —A;Q+AsP=0.
The integration of the third equation in (3.17) implies
S S .
w'(s) —w'(0) = / q'(r)dr = sq'(4;) —|—/ &' (r) x pldr
0

(3.22) 0

=sPLQ + / Agi(, drP:P.
0
Integration of the fourth equation in (3.17) implies
u'(4;) — u'(0) = —/ t'(s) x w'(s)ds —|—/ X' (s)ds
0 0

£;

=— D@ (s) x (wi(O) + /OS qi(r)dr> ds + /Oéi \'(s)ds

0
s £;
= —®'(0) x w(0) — <<I>Z(s) X /0 ql(r)dr> 0
i £;
+ f ®'(s) x ¢*(s)ds + A'(s)ds
0 0



236 L. GRUBISIC, J. IVEKOVIC, J. TAMBACA AND B. ZUGEC

Therefore

[i . .
W () = (0) = —A g W' (0) - / Agiy(PeQ+ Agi  PLP)ds
(3.23) 0

6
+ / A'(s)ds.
0
Next we introduce three vectors
Q= (@), ....(2m)hH7T,
U=(UhH,....,m™)H,
A lng
A= ((/ A(s)ds)T, ..., (/ A" (s)ds)T)T.
0 0
The equation (3.22) for s = ¢; is now given by
Z,; .
PLATQ = 4, PLQ + / AgidsPLP.
0

Thus we obtain

ne ne ne l; )
ATQ = Y (PPLALD = (3 (PDGPDQH(S P [ Ag,dsthP
i=1 i=1 i=1

which gives the third equation

(3.24) ~ATQ+NgQ+Nga, P =0,
where the matrices
ne ne ‘ 4
N =S (BL)T6P:,  Nia, = > (5T / Age dsPh
=1 i=1 0

are block diagonal matrices with diagonal elements given by

15
£;1 and / A@i(s)ds,
0

respectively.

The last equation we obtain from the integration of the fourth equation,
i.e. (3.23). Let us use the notation: ¢(i) = numeration of the leaving vertex
of the edge i. Then we obtain

£;
i ATTT _ ) o (i) ) i
]P)SAIU = _Aéz(o)]P)V Q— /O A&)7(é)d8 ]P)gQ
£ . .

Therefore, similarly as before we obtain

(3.25) ~ATU - AgQ2 — Nga,Q—Na,xa,P+A=0,
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where
ne

£;
_ i\T . . g
Na;ka; = Z(Pe) /0 A«il(s)A@(S)dS Pe
i=1

is the diagonal matrix with diagonal elements given by foe Agi (S)A & (s)ds
and
ne
— i o (7)
Ag =) (Pe)" AgiP}".
i=1

Note that the sum in the definition of Ag is over all exiting edges from all
vertices. Therefore this sum can be written over all edges but for prescribed
exiting vertex. Therefore Ag = —AZL! Therefore the system given by (3.21),
(3.24), (3.25) for (U, £, Q, P) can be written by

s (RA)(2)=(0)

where
B( Nk Nka; )7 A<_AI Ag >7

=(2) w=(w) =(X)

Following [17] we compute the null space of the matrix
B AT
n=(2 )

Ker(H) = {( Z ) .z € Ker(B) NKer(A), u € Ker(AT)}

as

and since according to [18, Lema 3.1] we have for stents of class S that

Ker(B)NKer(A) = {0} we see that the vector ¢ := ( f7 0 )T is orthogonal
to Ker(H). For Hermitian matrices H this is equivalent to the statement that
¢ € Im(H), and so the system (3.26) has at least one solution x such that
Hyx = ¢.

Let now HT be the Moore-Penrose generalized inverse of H. It is the
unique Hermitian matrix HT such that matrices HH™ and HTH are both
orthogonal projections onto Im(H) and Im(H™) respectively. Recall that a
matrix is an orthogonal projection if it is Hermitian and idempotent.

Thus the vector

Xo = H"¢
satisfies
Hy, = HH'¢ = ¢,
since ¢ € Im(H) implies HH*¢ = ¢. Therefore X, is a particular solution
of (3.26) whose norm is controlled by [|¢|| = || f||. Thus for (z? u” )T = Xp
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there is a constant C' = |H™||, depending only on the geometry of the stent
such that

el < ClfIl < ClAll,  [lul < ClfI < ClIA].
Using the definition of @, w and A we obtain
ne
(3.27) 1P+ 1QIP + 21 + [U* < O 1IN 720,075
i=1

These constants (U, €2, Q, P) uniquely determine the function ug by (3.22)
and (3.23) and for this solution one has

ng
(3.28) lwslF arme) < CZ IN11Z 20,0, 75)-
=1

Next we need to satisfy the last two equations in (3.15), so we define

1 ne ol
Q=——1|8- / w'(s)ds |,
Ei—g1€i< ; 0 () )
1 ne £; ) ne £ )
U= —=—— |a— /ulsds—k /<I>lsds><ﬂ .
Ziﬂi( ; ; (s) ; ; (s) )

Now we denote &' = u' + U — &' x Q, &' = w' + Q. Then (a',&°, ¢, p')
satisfies the same equations as (u!,w?, g%, p'), i.e., (3.17) and (3.18), but with
different values in contacts, namely

W'(0) =U—-d(0)xQ, &'(0)=Q, a'()=U-d')xQ, &) =0
However,

udP = (W' +U-®' xQ,w' +Q),..., (u" +U - 3" x Q,w" +Q)) € Vs
and U and Q are defined such that

ne i ng 2; ng ne 0; )

Z/ ﬁlds:Z/ u%s—kZ&U—Z/ d' x Qds = a,
i=1 70 i=1 70 i=1 i=1 70

ne l; ) ne l; ne

Z/ &'ds = Z/ wids + Y LR =B

i=1 70 i=1 70 i=1

Therefore from (3.28) we obtain

(3.29)
ne
[w$? 13 arimey < C <Z INN1Z 20,6082 + 11 + |Q||2> < Clpsld,-
=1

Thus the function ugf’ﬁ satisfies (3.15) and (3.16) as announced and thus the
lemma is proved. O

PROPOSITION 3.6. a) The problem (3.10) has a unique solution.
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b) For every ls € L?(0,4;R3)" the problem (3.11) has a unique solution.
This solution satisfies also the problem (3.10).

c¢) Let ug € V& be the solution of (3.10) then there is pg € Qs such
that (us,pg) satisfies (3.11).

d) There exsits a constant C' such that

|us|lvs + IPsllos < Crealllsrz(ers)-

PROOF. As in Proposition 2.3 the statement a) is a direct consequence
of Lemma 3.3a), continuity of forms ks and bg and linear functional g and
the Lax—Milgram lemma.

Again, as in Proposition 2.3 the statements b) and c) are classical results
about the linear variational problems with constraints, see [7, Theorem 4.1
and Corollary 4.1] or [3, Theorem II.1.1]. O
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Mjesovita formulacija jednodimenzionalnog ravnoteznog modela
elasticnog stenta

Luka Grubisié, Josip Ivekovié, Josip Tambaca i Bojan Zugec

SAZETAK. U ovom radu formuliramo i analiziramo mjeSovitu
formulaciju jednodimenzionalnog ravnoteznog modela elasticnog
stenta. Model je baziran na modelu zakrivljenog Stapa za ne-
produljive i nesmicljive bridove. Originalna formulacija modela
je dana u slaboj formulaciji u [5], a moze se zapisati kao sustav
obi¢nih diferencijalnih jednadzbi na grafu. Zbog uvjeta u prostoru
u formulaciji modela za numericki tretman metodom konac¢nih
elemenata pozeljno je napisati model u mjesovitoj formulaciji.
U ovom radu pokazujemo da je zadovoljen Babuska—Brezzijev
(inf-sup) uvjet za model stenta, $to povlac¢i ekvivalenciju slabe i
mjesovite formulacije modela.
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