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Abstract
The advancement of science and computer development enabled the processing and analysis of large amounts of data for 
which the geostatistical methods have become indispensable when researching and presenting the results in a variety of 
geosciences. One of the most noted and most accurate geostatistical estimation method is the Kriging method, which 
estimates the value of the analysed variables at unsampled locations. There are several Kriging techniques, while the 
most widely used is Ordinary Kriging, at the global level, as well as in Croatian geology. Here, Universal Kriging is de-
scribed, the purpose of its use and the terminology associated with it in order to facilitate the understanding and use of 
this technique. It is a technique that is most appropriate when the input data is marked by a trend, and as such can often 
be applied in geology.

Keywords:
geostatistical methods, residuals, terminology, Universal Kriging

1. Introduction

Geostatistical methods are commonly used for inter-
polation of, e.g., geological data. Field or other measure-
ments are converted into a continuous surface allowing 
the distribution of analyzed variables. The purpose of 
spatial prediction is to estimate variable values at un-
sampled locations. Since the 1970s, one of most used 
estimators for interpolation of spatial data are Kriging 
techniques, of which Ordinary Kriging (abbr. OK) is 
most frequently used. It was con  rmed by numerous 
Croatian authors as the best method for displaying the 
spatial distribution of reservoir variables (e.g., Malvi  
and urekovi , 2003; Bali  et al., 2008; Malvi , 2008; 
Husanovi  and Malvi , 2014). Even so, the choice of 
which Kriging technique to use depends on the charac-
teristics of the data. It is characterized as an advanced 
interpolation method since it is preceded by variogram 
analysis which determines spatial dependencies. Sim-
pler interpolation methods such as inverse distance, 
nearest neighborhood and moving average are also used 
in Croatian geology (e.g., Bali  et al., 2008).

Kriging techniques used for geological mapping in 
Croatia are diverse. For example, Factorial Kriging 
Analysis (abbr. FKA) is used for the mapping of chemi-
cal variables to determine soil contamination (e.g., Cas-
trignano and Romi , 2007; Sollitto et al., 2010). Some 
authors use linear Kriging for geochemical mapping and 

the assessment of pollution in soils (e.g. Miko et al., 
2000), or Regression Kriging for predictive mapping of 
top soil organic matter (e.g., Hengl et al., 2007). Ac-
cording to this, Kriging found its place as an irreplacea-
ble mapping method in geochemistry when assessing 
soil pollution and distribution of organic matter.

As mentioned before, the most commonly used Krig-
ing technique is OK. In Croatia, it is used for estimating 
porosity and thickness (e.g., Husanovi  et al., 2015), 
and depth (e.g., Špeli  et al., 2016). Of other Kriging 
techniques, it is important to mention Indicator Kriging 
which was used for mapping of the Late Miocene sand-
stone facies (Novak Zelenika et al., 2010).

The aim of this paper is to describe the Universal Krig-
ing (abbr. UK) technique as another statistical tool for 
mapping geological variables and to contribute to new 
Croatian geological terminology and overall usage re-
garding the afore-mentioned technique. The purpose is to 
give appropriate terminology guidelines for using the UK 
technique as an advanced mapping method. It was previ-
ously described as a better interpolation method compared 
with OK in the case of the oil and gas Šandrovac Field 
where a depth variable of e-log marker Z’ (the border 
 between Pannonian and Pontian) with an expressed linear 
spatial trend was mapped (Mesi  Kiš, 2016a).

2.  About geomathematical terminology 
and its development in Croatia
When working with advanced geostatistical and geo-

mathematical methods, knowing the appropriate termi-
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nology is crucial for obtaining accurate results and un-
derstanding them. So far, there are several geostatistical 
and geomathematical dictionaries in Croatian literature 
(eg., Malvi  et al., 2008; Malvi  and Vrbanac, 2013; 
Malvi  and Novak Zelenika, 2013). The terminology is 
constantly expanding (e.g., Mesi  Kiš and Malvi , 
2015; Mesi  Kiš, 2016b, Malvi  et al., 2016) as a result 
of more research and popularization of the mentioned 
methods due to their accuracy in geological assessments 
of different variables.

Some authors are confused when trying to work with 
the Universal Kriging technique because there are two 
other terms for it and it is more mathematically advanced 
in comparison to the OK. The use of this technique is 
still in its initial stages in Croatian geology, therefore the 
terminology and the theory of the technique itself will be 
explained hereinafter.

The Universal Kriging is known as a Kriging tech-
nique with a trend and was originally described by 
Matheron (1969). However, there are other terms that 
describe this technique, such as Regression Kriging 
(abbr. RK) and Kriging with external drift (abbr. KED). 
Most of the authors (e.g., Deutsch and Journel, 1992; 
Wackernagel, 1998) think that the UK technique refers 
to a case where the trend is modelled as a function of the 
coordinates only. When the drift is de  ned ‘externally’ 
through some auxiliary variables (such as parameters de-
rived from digital elevation modelling, remote sensing/
imagery or thematic maps), rather than coordinates, KED 
term is most commonly used (e.g., Chiles and Del  ner, 
1999; Wackernagel, 1998). Odeh et al. (1994, 1995) 
suggested that the drift and residuals can be  tted sepa-
rately and then summed afterwards, naming it RK. Com-
pared with UK, the difference is that the regression in the 
UK is done with the spatial coordinates as the explana-
tory variables. Mathematically speaking, they are the 
same techniques, it is the co-variables that are different. 
According to McBratney et al. (2000), UK, KED and 
RK belong to the group of the so-called “hybrid”, i.e. non-
stationary geostatistical methods (Wackernagel, 1998). 
A stationary process is one whose statistical properties 
such as mean, variance and autocorrelation, are constant.

3. The Application of Universal Kriging

The process of using UK can be described through the 
following steps:

1) It is necessary to understand why the trend exists 
based on the nature of our data. For example, when cre-
ating palaeostructural maps, one can presume a trend in 
data since mapped surfaces often have a structural trend 
towards one cardinal direction, or a sequence of geolog-
ical structures.

2) It is required to use a simple form of the trend if 
possible and avoid extrapolation beyond available data. 
In geology, a linear trend can often be identi  ed in input 
data, which is simple to use.

3) After the trend selection, it is subtracted from the 
observed data to obtain the residuals. Residuals (e) rep-
resent the difference between the observed value of the 
dependent variable (y) and the predicted variable ( ), 
which can be expressed by the simple equation e = y – . 
A method for predicting the value of a dependent varia-
ble Y, based on the value of an independent variable X, is 
least squares linear regression.

If there are two independent variables, multiple re-
gression analysis is used for trend removal. An estimated 
model would have following Equation 1:

  (1)

The estimation of  coef  cients is given by resolving 
normal equations of the least square method. The sum of 
the residuals is always zero, whether the data set is lin-
ear or nonlinear. A residual plot is used to show the ap-
propriate model for the data. It represents a graph that 
shows the residuals on the vertical axis and the inde-
pendent variable on the horizontal axis. A linear regres-
sion model is appropriate for the data if the points are 
randomly dispersed around the horizontal axis, other-
wise, a non-linear model is more appropriate (http://stat-
trek.com/regression/residual-analysis.aspx?Tutorial=AP).

4) Those residuals are used for variogram computa-
tion and spatial estimation. This step represents a big dif-
ference compared to the OK technique where variogram 
computation is used on observed data.

5) Finally, kriged residuals are added back to the 
trend (e.g., Isaaks and Srivastava, 1989). The result is 
a map interpolated with UK. Interpolation can be done 
in different software like Surfer Golden software (e.g., 
Mesi  Kiš, 2016a) and ArcGIS (both are commercial), 
or freeware such are Gstat or SAGA GIS.

UK splits the random function into a linear combina-
tion of deterministic functions, the smoothly varying 
and nonstationary trend, that is also called a drift (x)  
R, and a random component Y(x):= Z(x) - (x) represent-
ing the residual random function (Wackernagel, 2003). 
Therefore, this technique assumes a nonstationary re-
gionalized variable (the mean value varies and is not 
constant) that can be considered having two components 
(Davis, 1973): drift (average or expected value of the 
regionalized variable) and a residual (difference between 
the actual measurements and the drift).The random func-
tion Y(x) has a stationary covariance function Cy(h) that 
describes the covariance between any pair of random 
variables {Y(x), Y(x + h)} independently of the position 
of the point x in the domain (Wackernagel, 1994):

  (2)

The method of UK assumes that the mean function 
m(x), also called the drift, has a functional dependence 
on spatial location and can be approximated by model 
with form (e.g. Kumar, 2007):
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  (3)

Where are:
al – lth coef  cient to be estimated from the data,
  –  lth basic function of spatial coordinates that de-

scribes the drift,
k –  the number of functions used in modelling the 

drift.
Spatial trend or a drift represents any detectable ten-

dency for the values to change as a function of the coor-
dinate variables. It is assumed that the drift is a smooth 
function of the coordinate vector x and that it can be rep-
resented by a polynomial of order k with coef  cients al.

The mean can be a function of the coordinates in a 
linear, quadratic or higher form. The mathematical mod-
el with two variables considering a linear trend is (e.g. 
Kastelec and Košmelj, 2002):

  (4)

Where are:
Z(s) – random variable at location s,
x1(s) – longitude at location s,
x2(s) – latitude at location s,

0, 1, 2 – coef  cients of the linear trend,
(s) –  intrinsic stationary random process with exist-

ing variogram 2 (h), where h = si - sj is a dis-
tance vector between locations si and sj.

The kriging estimate is of the form (e.g. Kumar, 
2007):

  (5)

Where are:
Z’ (s0) – estimated value at s0,
Z(si) – observed values at points si,
N – sample size,
i –  weights chosen for si so as to satisfy follow-

ing statistical conditions:
(a) Unbiasedness

 (6)

(b) minimum variance

 (7)

According to Journel and Huijbregts (1978), the 
minimisation of Equation (7) that is subject to the con-
straint of Equation (6), using the Lagrange multiplier 
( ), results in the following UK system:

 (8)

Where are:
(si, sj) – semivariogram between two points si and sj,
l –  Lagrange multiplier associated with the lth unbi-

ased condition.
The optimum weights i can be obtained by solving 

these equations simultaneously. For the calculation of 
-s, a variogram which is a measure of spatial continuity 

of the data, is required (Kastelec and Košmelj, 2002). 
The variance of this estimation is given in Equation 9 
(e.g. Kumar, 2007):

  (9)

As mentioned in the Introduction, the UK technique 
was used for the interpolation of a depth variable of 
e-log marker Z’ in the case of the oil and gas Šandrovac 
Field (Mesi  Kiš, 2016a). It represents a classical up-
lifted structure in the Bjelovar Subdepression (the south-
western part of Drava Depression and the Croatian part 
of the Pannonian Basin). Input data were depths of e-log 
marker Z’, which has chronostratigraphical importance 
in the Drava Depression. It is situated approximately in 
the middle of the 2nd transtension and represents the bor-
der between the Pannonian and Pontian (and between 
the formations Ivani  Grad and Kloštar Ivani ). The 2nd 
transtension lasted from the Late Pannonian (9.3-7.1 
Ma) to the Early Pontian (7.1-6.3 Ma) and was marked 
by the deposition of a monotonous series of sandstones 
and marlstones.

Figure 1 shows the successful application of the UK 
technique in the above mentioned area. It shows a homo-
cline, where the entire Šandrovac Field sinks towards the 
SE. Because of that, it was relatively easy to determine a 
simple linear trend using a scatter plot that showed a pos-
itive linear trend of depth with longitude and a negative 
linear trend with latitude. Since there were two independ-
ent variables, multiple regression analysis was used for 
trend removal. Residuals were given by subtracting the 
real value of dependent variable from the estimated, 
which was then used for variogram analysis.

Figure 1: The Universal Kriging structural map (m) 
of Šandrovac Field (Mesi  Kiš, 2016a)
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4. Discussion

All interpolation methods estimate the value at a 
 given location as a weighted sum of data values at adja-
cent locations. According to Isaaks and Srivastava 
(1989), Kriging assigns weights according to a (mo-
derately) data-driven weighting function, rather than an 
arbitrary function. Even so, it is still just an interpo-
lation algorithm that can give similar results compared 
to other methods. However, an advantage of Kriging 
when compared to inverse distance or moving average 
methods, is that it provides a measure of the probable 
error associated with the estimates. It is most appropri-
ate in a case of spatially correlated distance or direc-
tional bias in the data. Universal Kriging is recommend-
ed in a case of non-stationary data, when input data are 
described with a trend. It represents an adaptation of 
the OK technique that allows for the accommodation of 
a trend, e.g. when estimating temperature or a depth 
that are modelled as a function of the coordinates 
(north=cooler/south=warmer; or when interpolating pal-
aeostructural maps: N-S deeper, E-W lower depth, e.g., 
Mesi  Kiš, 2016a). The UK technique produces good 
local estimates in the presence of a trend, and in a case 
when an experimental semivariogram indicates the non-
stationarity of the data. The trend is easier to follow on a 
small surface (like Šandrovac Field) along some direc-
tion, in comparison to a bigger surface where it can be 
interrupted (for example by faults in geological surfac-
es). Uncertainties using Kriging techniques are deter-
mined through variogram analysis. Variograms are 
made using computer programs, but they can be incor-
rectly interpreted depending on the experience of an 
 interpretor. In UK, a variogram model is used on residu-
als from the trend. Calculating this model properly is not 
simple.

Ordinary Kriging is the most used method for data 
interpolation in Croatian geology, but as aforemen-
tioned, UK has an advantage when having a trend in 
 input data (especially on small surfaces). Figure 2 
shows a simple  ow chart describing when to use OK 
or UK.

5. Conclusions

The purpose of this paper was to enable the reader to 
understand one of the Kriging techniques: Universal 
Kriging. The application of this technique is still in its 
initial stage in the mapping of geological variables in 
Croatia, and is suitable for the mapping of the area in 
which there is a structural trend. It is used on non-sta-
tionary data. A trend can be determined by using a scat-
ter plot, after which residuals are obtained by the remov-
al of the observed trend in the data. If the trend is not 
properly determined, the results will not be accurate. If 
an experimental semivariogram shows second order sta-
tion arity of the data, Ordinary Kriging would be a more 
acceptable method. Cross validation helps in the selec-
tion of an appropriate method of interpolation, where 
one with a smaller cross validation value is advisable 
to use.
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