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ON DIOPHANTINE QUADRUPLES OF FIBONACCI
NUMBERS
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ABSTRACT. We show that there are only finitely many Diophantine
quadruples, that is, sets of four positive integers {a1,a2,a3,as} such that
a;a; + 1 is a square for all 1 <17 < j < 4, consisting of Fibonacci numbers.

1. INTRODUCTION

A Diophantine k-tuple is a set of k positive integers {aq,...,ax} such
that a;a; + 1 is a square for all 1 <47 < j < k. Dujella [4] proved that k < 5.
He, Togbé and Ziegler [10] proved that k& < 4. There are infinitely many
quadruples. In fact, given any Diophantine triple {a, b, c}, if we set

(1.1) d=a+b+ c+ 2abc+ 2/ (ab+ 1)(be + 1)(ac + 1),

then {a, b, ¢, d} is a Diophantine quadruple. Diophantine quadruples {a, b, ¢, d}
with @ < b < ¢ < d with the property that d is given by formula (1.1) in terms
of a, b, c are called regular. It is conjectured by Arkin, Hoggatt and Strauss
[1], and by Gibbs [8], independently, that all Diophantine quadruples are reg-
ular, but this has not been proved yet.

Let {F,}n>0 be the Fibonacci sequence given by Fy = 0, F; = 1 and
Foyo = Foi1 + F, for all n > 0. It turns out that {Fay,, Fonta, Fontal} is a
Diophantine triple. Indeed, this is due to the formulas

F2nF2n+2 +1= F22n+1 and FQ"F2"+4 +1= F22”+2’
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which are valid for all positive integers n. Inserting a = Fb,,, b = Fap42, ¢ =
Fyn44 into (1.1), we get, after some manipulations with Fibonacci numbers,
that d = 4F2n+1F2n+2F2n+3~ Hence, {FQna F2n+2; F2n+4; 4F2n+1F2n+2F2n+3}
is a regular Diophantine quadruple for all positive integers n. Hoggatt
and Bergum [11] conjectured that if {Fs,,, Foni2, Fonta,d} is a Diophantine
quadruple, then necessarily d = 4F5y,41Fon42Fo,43. This was proved by Du-
jella in [3]. One may ask whether d = 4F5, 11 Fo,t2Fo, 13 can be a Fibonacci
number, since then one would obtain a Diophantine quadruple of Fibonacci
numbers. This was already proved not to be so by Jones in [12], who showed
that Fgnt5 < d < Fgnte holds for all n > 1.

The following conjecture appears in [9].

CONJECTURE 1.1. There are no four positive integers a, b, ¢, d such that
{F., Fy, F., F4} is a Diophantine quadruple.

While we do not know how to prove Conjecture 1.1, we prove the next
best thing.

THEOREM 1.2. There are only finitely many Diophantine quadruples con-
sisting of Fibonacci numbers.

2. PRELIMINARY RESULTS

In this section, we collect some results which will be used in our proof of
Theorem 1.2. We start with some considerations about Fibonacci numbers.
Let (a,8) = ((1 ++/5)/2, (1 — v/5)/2) be the two roots of the characteristic
equation of the Fibonacci sequence 22 — z — 1 = 0. Then the Binet formula
for F}, is

a — ﬂn

o —

(2.1) F, for all n >0.

The Fibonacci sequence has a Lucas companion {L,},>¢ given by Lo =
2, L1 =1and Lyyo = Lypy1 + L, for all n > 0. Its Binet formula is
(2.2) L,=a"+p" forall n>0.

There are many formulas involving Fibonacci and Lucas numbers. One which
is useful to us is

(2.3) L2 —5F? =4(-1)" forall n>0.
The following result is proved in [9].

LEMMA 2.1. Assume that k > 1, n > 1 are integers and {Fan, Font2, Fi}
is a Diophantine triple. Then k =2n+4 ork =2n—2 (when n > 1) except
when n = 2, in which case also k =1 is possible.

We next recall a result of Siegel concerning the finiteness of the number
of solutions of a hyperelliptic equation.



ON DIOPHANTINE QUADRUPLES OF FIBONACCI NUMBERS 223

LEMMA 2.2. Let K be any number field and Ok the ring of its algebraic
integers. Let f(X) € K[X] be a non-constant polynomial having at least 3
roots of odd multiplicity. Then the Diophantine equation

v’ = f(z)
has only finitely many solutions (x,y) in Ok.

We next need one more fact about Diophantine quadruples. The following
result can be deduced from Theorem 1.5 in [7].

LEMMA 2.3. Let {a,b,c,d} be a Diophantine quadruple with a < b < ¢ <
d. If ¢ > 722b%, then the quadruple is reqular.

We prove two lemmas needed for the proof of Theorem 1.2.

LEMMA 2.4. Ifk is a fixed nonzero integer, then the Diophantine equation
kF, + 1 = 22 has only finitely many integer solutions (n,x).

PROOF. Inserting F,, = (2% —1)/k into (2.3) and setting y := L,,, we get

y?> =5F2 +4(-1)" 5zt — 102% + (5 £ 4k%)) .

1
Should the above equation have infinitely many integer solutions (z,y) it
would follow, by Lemma 2.2 (we take K = Q), that one of the polynomials

frr(X) =5X* —10X% 4 (5 + 4k?)

has double roots. However, fi ,(X)" = 20X (X? — 1), so the only possible
double roots of fi x(X) are 0 or 1. Since fix(0) = 5+ 4k% # 0 and
Jak(£1) = £4k? # 0, it follows that fi ,(X) has in fact only simple roots, a
contradiction. O

REMARK 2.5. In [13], all polynomials P(X) of degree larger than 1 such
that the Diophantine equation F,, = P(z) has infinitely many integer solutions
(n,x) were classified, so, in particular, we could have used this classification
in the proof of Lemma 2.4. However, we preferred to give a direct proof of
Lemma 2.4 especially since our proof reduces to an immediate verification of
the hypotheses from Siegel’s result stated in Lemma 2.2.

LEMMA 2.6. Assume that k is a positive integer such that the Diophantine
equation
(2.4) FoFpip+1 =22
has infinitely many integer solutions (n,x). Then k = 2,4 and all solutions
have n even.
ProOF. Using (2.1) and (2.2), we get
1

1
FuFopi+ 1= 2(a” = 8%)(@"* = 8"%) +1 = = (Lanii = (~1)"Li +5).
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Thus, if (n, ) satisfy (2.4), then Lo, = 52% + ((—1)" Lk —5). Inserting this
into (2.3) (with n replaced by 2n + k) and setting y := Fo, 1, we get
5y2 = L%nJrk - 4(71)1C
=252% +10((=1)"Ly, — 5)z% + ((=1)"Ly, — 5)* — 4(—1)".
Assuming that there are infinitely many integer solutions (n,z) to equation

(2.4), it follows, by Lemma 2.2 (again, we take K = Q), that for {,n € {£1},
one of the polynomials

genk(X) =25X* +10(CLy, — 5) X2 + (CLy, — 5)* — 4n
has double roots. Now

genk(X) = X(100X? +20(CLy, — 5))

so the only zeros of the derivative of g, 1x(X) are 0 and ++/(5 — (Lx)/5.
Now g¢n.k(0) = (CLk —5)% — 4n. If this is zero, then n = 1, and (L —5 =
+2. We thus get (L = 3,7, showing that ¢ = 1 and k € {2,4}. Thus,
ke {2,4} and (—1)" = (¢ =1, so n is even.
The other situation gives

9ok (EV (5 = CLx)/5) = —4n # 0.
Hence, this situation does not lead to double roots of g¢ , x(X). Finally, when

k =2, 4 it is easy to see that if F,, F}, 1 + 1 is a square then n is even. Indeed
for n odd we have in fact

FoFnio—1=F2, and F,F,u4—1=F.,.

Hence, if also one of F,, F,, 42+ 1 or F, F, 14+ 1 is a square, we would get two
squares whose difference is 2, which of course is impossible. O

3. PROOF OF THEOREM 1.2

For a contradiction, we assume that there are infinitely many Diophantine
quadruples of Fibonacci numbers. We denote a generic one by {F,, F, F.., Fq}
with a < b < ¢ < d. Hence, d — oo over such quadruples. Since

F,Fy+1=0

and d — oo, it follows, by Lemma 2.4, that a — oo. We next show that
both d — ¢ — oo and ¢ — b — oo. Assume say that ¢ — b = O(1) holds for
infinitely many quadruples. Then there exists a positive integer k such that
¢ = b+ k holds infinitely often. By Lemma 2.6, it follows that k € {2,4} and
b is even. If kK = 2, then by Lemma 2.1 applied several times, it follows that
(a,b,¢,d) = (a,a + 2,a + 4,a + 6), which contradicts the results of Dujella
[3] and Jones [12]. Thus, we must have ¢ = b+ 4. Consider the following
equations
FoFy+1=22 and F,Fy4+1=1y?



ON DIOPHANTINE QUADRUPLES OF FIBONACCI NUMBERS 225

with some integers z and y. Multiplying the two relations above we get
F2FyFyyy + Fo(Fy + Frya) + 1 = (ay)?.

Since FyFyqq = FZ,, £1 and Fyyg + F, = 3Fy 49, we get
(zy)? = F2(Ffo £ 1)+ 3F,Fypo +1

3\* /(5 .,
(Fan+2+§) (Z:FFa)a

FAF2 +5 = (2F,Fyyo +3)? — 4(xy)?
= (2F, Fyi2 + 3 — 22y) (2F, Fpi2 + 3 + 22y).

The absolute value of the right-hand side is > 2F, Fyyo + 3 + 22y > a®t?b,
(because 2F, Fy12 + 3 — 2zy is a nonzero integer), while of the left—hand side
is < o?*. We thus get that

SO

a2a > Oéaer,
showing that b—a = O(1). By Lemma 2.6 again, it follows that b—a € {2,4}
with finitely many exceptions. The case b = a+2 leads, via Lemma 2.1 applied
again several times, to the situation (a, b, c,d) = (a,a+ 2,a+4,a+ 6), which
we already saw that it is impossible, while the situation b = a 4 4 together
with ¢ =b+4 = a + 8, leads to
FoFors+1 =101,
which, by Lemma 2.6, can have only finitely many solutions a. Thus, ¢ —b —
oo. Notice that d was not used in the above argument (we only worked with
the triple {F,, F, F..}). Thus, the same argument implies that d — ¢ — oo by
working with the triple {Fy, F., F;} instead of the triple {F,, Fy, F..}.
Next assume that ¢ > 4b + 15 infinitely often. Then

Fe > Fupp15 = FigFap + FisFay—1 > T22Fy, > T22F,

so, by Lemma 2.3, it follows that the Diophantine quadruple {F,, F, F., Fy}
is regular. Hence,

Fd:Fa+Fb+Fc+2FanFc+2\/(Fan+1)(Fch+1)(FaFc+1)-

m

Since F), = a—\/g_)(l +0(1)) as m — o0, and a — oo, we get

a? 4

- _ a+b+c

S+ 0(1)) = a1+ o(1),
showing that

4
ad-ambme _ 5‘ =o(1), as a— oo.

Thus, a?~27%=¢ = 4/5, which is impossible because 4/5 does not belong to
the multiplicative group generated by a.
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Hence, ¢ < 4b+ 14 holds with finitely many exceptions. Thus, we arrived
at the scenario where
FyF. +1 = 2>
has infinitely many integer solutions (b, ¢,x) with b < ¢ < 4b+ 14. Now the
Corvaja-Zannier method based on the Subspace Theorem (see [2]) leads to
the conclusion that there exists a line parametrized as

b=rin+sy, c=ron-+ sy

for positive integers r1, 7o and integers s1, s2, such that for infinitely many
positive integers n, there exists an integer v,, such that

2
Fringsi Fronts, +1 =15,

We sketch the details of this deduction in the appendix. See also, for example,
[5, 6] for completely worked out instances of this machinery. The condition
c < 4b+ 14 implies o < 4r1. The condition ¢ > b together with the fact that
¢ —b — oo, implies that ro > 1. By writing s; = r1q + s} with ¢ = |s1/71]
and s; € {0,1,...,7 — 1} and making the linear shift n — n + |s1/r],
we may assume that s € {0,1,...,71 — 1}. Finally, we may assume that
ged(ry,r2) = 1 (otherwise, we let § := ged(r1,72) and replace n by on). We
may also assume that both rin and ron are even infinitely often (this is the
case when n is even, for example), so f™" = o~ "™ and ™" = o~ "2". The
other cases can be dealt with by similar arguments. We now use formula (2.1)
and get

1
FT‘1?’L+81F7‘21’L+82 + 1= 5(ar1n+51 _ 5T1n+51)(a7“2n+52 _ /37’277,“”52) + 1

a*n(ﬁ +r2)

_. n
= Py ry,s1,80 (™),

5
where

P7'177'21317s2 (X) = (O‘81X27‘1 - 681)(0482)(27‘2 - BSQ) + 55Xt
Let K := Q(v/5). We thus get that

n an(ri+r2)/2 ? 2
(3.1) Pryrasi,s0 (@) = (T) Un

infinitely often with some integer v,,, and the right—-hand side above is a square
in Ok for infinitely many n. Thus, the Diophantine equation

y2 = PTl,T2751,52 (SL')

has infinitely many solutions (z,y) in Ok. In particular, P, ;s s, (X) can
have at most two roots of odd multiplicity by Lemma 2.2. In fact, we shall
show that it has no root of odd multiplicity. Indeed, assume that zy is some
root of odd multiplicity of Py, ry.s;,5,(X). Let D be any positive integer.
Infinitely many of our n will be in the same residue class » modulo D. Thus,
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such n can be written under the form n = Dm + r. We may then replace X
by XPa" and work with Q(X) := Pr, ry.5,.5,(XPa’). Equation

v’ = Q(x)

still has infinitely many solutions (z,y) in Ok (just take in (3.1) positive
exponents n which are congruent to r modulo D), yet Q(X) has at least D
roots of odd multiplicity, namely all the roots of XPa" — zy. Since D is
arbitrary (in particular, it can be taken to be any integer larger than 2), we
conclude that this is possible only when P, ,, 5, s, (X) has all its roots of even
multiplicity, so it is associated to the square of a polynomial in Og[X]. So,
let us write

P'r177“2,81,s2 (X) = 7(X2T1+2T2 + 71X2T2 + 72XT1+T2 + 73X2T1 + 74)

for some nonzero coefficients v, vy1,7v2,7v3,74. Since r; < ro, all the above
monomials are distinct. Write Py, ., s, .5, (X) = YR(X)? for some monic poly-
nomial R(X) € K[X] and let us identify some monomials in R(X). Certainly,
R(0) # 0. Further, degR(X) = r; 4+ 2 and the last nonzero monomial in
R(X) is certainly X2"1. Hence, we get

PT17T2,51,52 (X) = fy(XTlJrTQ +- 51){27“1 + 50)27

for some nonzero coefficients dy, 91 which can be computed, up to sign, in
terms of v, 73, y4. Assume first that R(X) does not have other monomials.
Then
’)/R(X)Q — ,Y(X27‘1+27'2 + 261X37‘1+7‘2 + 5%X4T1
+ 200 X2 426051 X2 + 63).

The second leading monomial above is X371+ and matching it with the
second leading monomial in Py, ,, s, s, (X), which is X%, we get ro = 3ry.
Hence, since ged(r1,r2) = 1, we get (r1,7r2) = (1,3).

Assume next that R(X) contains monomials of intermediary degrees be-
tween 11 4+ ro and 2r;. Let the leading one of them be of degree e. Thus,

R(X)= X" 46X+ + 6, X" + 6,

with some nonzero coefficient §. Then the second leading monomial of yR(X)?
is X"t *72+¢ and matching that with the second leading monomial appearing in
Py ra.51,55(X) which is X?72, we get that 71 +ra2+e = 219, therefore e = ro—7.
The condition e > 2r; yields ro > 3r;. Now let us look at X2 Tt might
appear with nonzero coefficient in R(X)?, or not. If it does, its degree must
match the degree of one of the monomials of a lower degree in Py, ,, 5,5, (X),
which are X™1+72 or X272, We thus get 2e = 2ry — 271 € {ry +12,2r2}, which
give ro = 371 or ro = 271, respectively, none of which is possible since we just
established that 7o > 3r;. So, X2¢ cannot appear in R(X)2. Well, that is
only possible if R(X) itself contains with a nonzero coefficient A the monomial
X7 such that §2X2¢ appearing in R(X)? is eliminated by the cross term
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20X "1H724f of R(X)2. Comparing degrees we get 71 +72+ f = 2e = 2ry — 271,
so f =1y — 3r;. However, since f > 271, we get ro — 3r1 > 2ry, so r9 > bry,
a contradiction since 7y < 4r;. Hence, this case cannot appear.

Thus, the only possibility is (r1,r2) = (1, 3). Since r; = 1, it follows that
s1 = 0. Thus,

Pryrysrise(X) = Pr3o.s,(X) = (X% - 1)(a2X5 - 3%2) + 5x4
=a2((X% - 1)(®2X°% — (=1)%2) + 5”2 X*).
We thus took
Pi(X,Y) = (X? - 1)(Y?X® — () +5YX* for (e {£1}.

We computed the derivative of P;(X,Y) with respect to X and computed the
resultant, with respect to the variable X, of this polynomial with Pr(X,Y).
We got
Qc(Y) := Resx <P<(X, Y), %(X,Y)) .

So, the roots of Q¢(Y) are exactly the values of Y for which P.(X,Y) has a
double root as a polynomial in X. It turns out when ¢ = 1, the only roots
of @1(Y) are zero, and the roots of an irreducible polynomial of degree 4, so
such roots are not of the form a2 for some integer exponent sy. However,
when ( = —1, we have that

Q_1(Y) = —256Y"'3(Y? - 29Y — 1)%(27Y?% — 527Y — 27)?,

and we recognize that a” and 7 are roots of Q_1(Y). The factor 27Y? —
527Y — 27 has roots which are not algebraic integers, so they cannot be powers
of « of integer exponent. Thus, the only possibilities are sa € {+7}. However,

Pfl(Xv a7) - (X2 - 54)2G(X)7
where
G(X) _ O[14){4 _ (a13 Jr049))(2 _ a8
is an irreducible polynomial of degree 4 in K[X]. Replacing a7 by 37 above
gives the conjugate of P_1(X7,a”) in K[X]. Thus, there is no instance in
which Py, r,s,.5,(X) has all its roots of even multiplicity, which finishes the

proof.
APPENDIX

Here, we prove the following lemma.

LEMMA A.1. Assume that there are infinitely many triples of positive
integers (b, c,x) with b < ¢ < 4b+ 14 such that

(A.1) FyF.+1=2%



ON DIOPHANTINE QUADRUPLES OF FIBONACCI NUMBERS 229

Then there exist integers r1 > 0,79 > 0,81, s2 such that for infinitely many
positive integers n there is an integer v, with

2
Fringsi Fronts, +1 =15,

PROOF. Since there are infinitely many values for the triple (b, ¢, z), we
may assume that the parities of b and ¢ are fixed. We also assume that b is
large. Let ¢ = (—1)°, n = (—1)°. We take square roots in (A.1) getting

obe)/2

Tr = TFILC(l/a)?

where

Foo(z) = /(1 = (22)(1 — z2¢) 4 520+,

We expand F, .(z) in Taylor series around the origin getting

1 .
Fie(2) = 1+ 5 (=02 =02 +0¢2 420 452770 4

1/2 , .
+ ( ]{: )(Cz2b _ anc + n422b+2c + 5Zb+6)k 4
= D Cige"te
§,5>0
We separate in the above formula the terms with ¢ + 7 < 5. We thus write

(b+c)/2 (b4c)/2
o . «
(A2)  |o——Fr— Y Cija I = T
V5 i+5<5 V5 i+j>6

We estimate the right-hand side of (A.2). Note that the Taylor expansion of
Fy..(z) comes from the Taylor expansion of

VITw= kg (f)w,

with w := —(2%0 — nz2¢ 4 (nz?0T2¢ 4+ 520%¢. The sum of the absolute values
of the coefficients of w (as a polynomial in z) is < 10. It thus follows easily,
using | (*/?)| < 1, that |C;;| < 1077, Since b < ¢ < 4b + 14, it follows, from
the above remarks, that the size of the right—hand side in (A.2) above is

k
(A3)  <a™? E E Cijo 7 < a5b/2§ kQ( b) <L a2
k>6 it+j=k k>6 @

C’i,ja_’b_]c )

The above calculation is justified for b large because in this case a® > 10, so
the above series is bounded by the second derivative of the geometric series
in 10/a®. We will apply the subspace theorem with the following data. We
assume b+ c is even, for simplicity. The case when b+ ¢ is odd can be treated
similarly. We take K = Q(v/5). This is a real quadratic fields with two
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infinite places |o|; and [e|_ given by [yl = |o(y)|"/? and |y|- = |7(y)['/?,
where ¢ and 7 are the two embeddings of K in R given by a(\/g) = /5 and
7(v/5) = —/5, respectively. We take S = {4, —} to be the set consisting of
the two infinite places of K. We take N = 22 and define the following 2V
linear forms in N-variables. Observe that there are (g) = 21 pairs (i,5) with
i+ 7 < 5, namely

(0,0), (0,1), (0,2), (0,3), (0,4), (0,5), (1,0),
(A4) (1,1), (1,2), (1,3), (1,4),(2,0), (2,1), (2,2), (2,3),

(3,0), (3,1), (3,2), (4,0), (4,1), (5,0).
We take

x = (zo,@ij 1 i+7j<5),

where we label the last 21 variables of x as in (A.4). As for the linear forms,
we take

Lot(x) =m0— Y Cijwij, Lo_(x)=x0, Lijx(x)=mi;, i+j<5.
i+j<5
We compute the double product
(A5) P =|[Lot(®)4|Lo-x)|- [ IZij+(ls|Lig— ()],
i+j<5

b+c)/2
albre)/ —ib—jc

when zo = x and z;; = a for i +j < 5. Since |o|; leaves «

unchanged while |e|_ maps « to 3, it follows that

IT 1Ziss Ol Lig - (x)] - = 5722 < 1.

i+j<5
Since z € Q, it follows that 7(z) = =, so |Lg _(x)|- = |=|'/2, while since
o(xz) =z and o(a) = «, it follows that
1/2
(b+c)/2 o
|Lo,+(x)|+ = |z — a Z C’i7ja_’b_]c < a4

\/5 i+j<6
by calculations (A.2) and (A.3). Thus, for the product P shown at (A.5)
(A.6) P < T T « (bt /4o o b/2,

We now compute the height of x. Recall H(x) = H(\x) for every algebraic
number A, and that if the components of x are algebraic integers, then

x|y = max{le;li1 << N}, [xl- = max{|a;| ;1< j < N},

and
H(x) = max{1, ||+ } - max{1, x|_}.
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For us, the components of v/5x are algebraic integers, so

|X|+ < 1‘1/2 < asb/4’

(A.T) x| < aBe=(+0)/2)/2 o ((9c=b)/4 a35b/47
SO
(A.8) H(x) < o'

Thus, from (A.6) and (A.8), we get that

(A9)  |Los () +|Lo~ ()= ] 1Lij+()l4lLij—(x)- < H(x)~H*.
i+j<5

It follows, by the subspace theorem, that there exist only finitely many hyper-

planes in KV containing the solutions x of the above inequality (A.9). That

is, there are finitely many nonzero many vectors ¢ = (cg/\), .. .,cg\?)) for
A=1,..., M, such that any solution x of (A.9) satisfies

N
(A.10) ch(/\):ci =0 forsome Ae{l,...,M}.

i=1

Assume that our x satisfies one of the equations (A.10). We distinguish two
cases.

CasE 1. cg/\) = 0. This means that the unknown z¢ = z is not involved
in (A.10). In this case, the only variables involved are x; ; for ¢ +j < 5, so

equation (A.10) is of the form
P(a’,af) =0,
where
P(X,Y)= > D;;X'Y
i+j<5
is not the zero polynomial. This equation is an S-unit equation, where S is
the multiplicative subgroup generated by « in K. As such, by the theorem
on the finiteness of the solutions to nondegenerate S-unit equations, it has
finitely many projective solutions. In particular, if we take (i, 5) # (i1, 1) such
that D; ; # 0 and D;, j, # 0 (which must exist, otherwise P(X,Y") is just a
monomial, so P(a’,a®) = 0 has no positive integer solution (b, ¢) whatsoever),
then o*+ic /q#1b+i1¢ takes only finitely many values. Thus, (i —i1 )b+ (j —j1)c
takes only finitely many values. Thus, (b, ¢) is a point on one of finitely many
lines. Since there are infinitely many possibilities for (b,c), we conclude that
there is some line containing infinitely many of them.

CASE 2. cg/\) = 0. In this case, we can express

N
(A.11) wo=—y (M /eM)ai

=2
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using formula (A.10) and insert this into
1
(4.12) 2 = FF. + 1= (0’ = (a™")(a" = na™) + 1.

Now zq is linear combination of monomials (of positive or negative degrees)
in (X,Y) = (a®, a®). If the resulting relation is degenerate (thus, if the above
formula holds identically for all b and ¢), it then follows that

(X2 - O)(Y?—n)+5XY

is associated to a square in K[X,Y]. Since it is monic of degree 2 in both X
and Y, it follows that we must have a relation of the form

(A.13) (X2 QY2 =) +5XY = (XY +---4+6)? in K[X,Y].

In the right-hand side of (A.13), we cannot have non—constant monomials
different from XY, since otherwise upon squaring we would end up with
monomials of degree at least three different than X2Y? which do not exist in
the left—hand side of (A.13). However,

(XY +6)? = X?Y? 4+ 26XY + 6°

contains neither X2 nor Y2, which do appear in the left-hand side of (A.13),
a contradiction. Thus, the relation is nondegenerate, meaning that relation
(A.12) with zq given by (A.11) yields a relation of the form Q(a’, a¢) = 0,
with some nonzero polynomial Q(X,Y) € K[X,Y]. Asin Case 1, the theorem
on the finiteness of nondegenerate solutions of S-unit equations yields the
conclusion that the point (b, ¢) belongs to finitely many lines.

Hence, there exists a line containing infinitely many points (b,c¢). In
particular, there are rational numbers (71, s1,72, s2) such that for infinitely
many n, the pair

(b,¢) = (rin+ s1,m2n + $2)
consists a positive integers (b, ¢) satisfying equation (A.1) for some integer x
(depending on n). It remains to justify that r1,s1,72, s2 can be assumed to
be integers. Well, let A be common denominator of r; and ry. Since there are
infinitely many n, infinitely many of them will be in the same residue class r
(mod A). Thus, writing such n as Am + r, we get

(b,c) = ((riA)ym + (rir + s1), (reA)ym + (ror + $2)).

Now m, A, ro/, b, ¢ are all integers so rir + s; and ror + sy are also
integers. Replacing (r1,72) by (r14A,r2A) and (s1,82) by (r17 + s1,r2r + $2),
we may assume that r1, 79, s1, 59 are integers. Thus,

(A-14) Frimys, Fromts, +1

is a square for infinitely many m. Clearly, r1 and ry are positive. This finishes
the proof of the lemma. O
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