GLASNIK MATEMATICKI
Vol. 52(72)(2017), 235 — 240
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ABSTRACT. Let a be an algebraic number of degree d > 2 over Q.
Suppose for some pairwise coprime positive integers ni,...,n, we have
deg(a™i) < d for j =1,...,r, where deg(a™) = d for each positive proper
divisor n of nj. We prove that then ¢(ni...n,) < d, where ¢ stands
for the Euler totient function. In particular, if n; = p;, j = 1,...,r,
are any r distinct primes satisfying deg(aPi) < d, then the inequality
(p1 —1)--- (pr — 1) < d holds, and therefore r < logd/loglogd for d > 3.
This bound on r improves that of Dobrowolski r < logd/log2 proved in
1979 and is best possible.

1. INTRODUCTION

Let o be an algebraic number of degree d with conjugates a; =
a,Qa, ..., aq over Q, and let n be a positive integer. If D = deg(a™) then the
list af, a3, ..., «} contains each of D conjugates of o™ exactly d/D times. In
particular, D = deg(a™) < d if and only if Q(a™) is a proper subfield of Q(«).
For n > 2 and d > 2 this happens precisely when " = o for some j in the
range 2 < j < d, so the quotient of two distinct conjugates of « is a root of
unity.

Put

U(a) :={n eN : deg(a") < d}.

Clearly, the set U(«) is either empty or infinite, since n € U(a) implies
nt € U(a) for each £ € N. Let F(«) be a subset of U(«) which is defined as
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follows:
F(a) :={neN :deg(a") <d and deg(a?)=d
for each ¢ € N satisfying ¢ <n and g¢n}.

As we already observed above, m € F(a) yields o™ = o for some j > 1,
so that o/a; = exp(2miu/m) with u € N satisfying 1 < v < m and, by the
definition of F, ged(u, m) = 1. In particular, deg(exp(2miu/m)) = ¢(m) does
not exceed the number of roots of unity in the field Q(ay,...,aq), so that
the set F'(«) is finite. (Throughout, ¢ stands for Euler’s totient function.)
Moreover, writing

F(a) ={m1,...,mg},
where, by the definition of F', m; does not divide m; for ¢ # j, we have
p(ma) + -+ p(mi) <d(d—1),

since there are d(d—1) quotients of two distinct conjugates of o and the degree
of each quotient which is a root of unity must be ¢(m;) for some j =1,..., k.
By the above, it is easy to see that the set U(«) can be also given in the form

(1.1) Ule) ={fm : L e N, me F(a)}.

Various aspects of the sets U(a), F(«) themselves and their comple-
ments N\ U(a), N\ F(«), the smallest positive integer ¢ for which the sets
F(at),U(at) are empty, etc. with their applications to linear recurrence se-
quences and to other problems of number theory have been investigated in
[1-6], [7, Chapter 2], [8,11-13]. The relation of the problem to linear recur-
rence sequences rests on the fact that the sets F'(«), U(w) are empty iff the
linear recurrence whose characteristic polynomial is the minimal polynomial
of o over QQ is nondegenerate.

In particular, one of the results of Dobrowolski in his famous paper [3],
where a so far unbeaten estimate for the Mahler measure M () of an algebraic
integer o which is not a root of unity was obtained, is the following;:

THEOREM 1.1 (Lemma 3 in [3]). For each o of degree d > 2 the set U(c)
contains at most logd/log2 prime numbers.

Note that, by (1.1), the prime number p belongs to U(«) if and only if
it belongs to F'(«). So the same upper bound logd/log2 also holds for the
number of primes lying in F(«).

Although it is known that the main result of [3] can be obtained without
the use of Theorem 1.1, this theorem is of interest itself. A stronger version
of Theorem 1.1, although not best possible, was obtained by Matveev (see
Lemma 6 and a subsequent remark in [10]). A slightly different proof of
Theorem 1.1 is also given in the recent book of Masser [9, Lemma 16.3, p. 204].
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[9, Exercise 16.6, p. 209] asks whether for py,...,p, € U(a), where py,...,p,
are distinct primes, the bound

(1.2) (pr—=1)...(pr —1) <d

is true.
The aim of this note is the next theorem which implies that the inequality
(1.2) indeed holds.

THEOREM 1.2. Let o be an algebraic number is of degree d > 2. Suppose
that the set F(a) contains some pairwise coprime integers ny,...,n,. Then,

o(ng...n.) < d.

In particular, if each n; = p;, j =1,...,r, is a prime number, then (1.2)
holds, since ¢(p1...pr) = (p1 —1)...(pr —1). To show that the inequality
(1.2) is best possible we can consider the number

(1.3) B :=exp (2m<pi1++pi7))

Then, S is a root of unity, P*Pr = 1 and p; ...p, is the smallest positive
integer ¢ for which 59 = 1. Hence,

d=deg(B) =¢(p1-..pr) =1 —1)...(pr = 1).

The conjugates of 5 can be written in the form exp(27wi(k1/p1+ -+ kv /Dr)),
where 1 < k; < p; for j = 1,...,7r. Thus, for S defined in (1.3), we have
pj € F(B) for j =1,...,r (in fact, F(8) = {p1,...,px}). Hence, we for this
B we have equality in (1.2).

Note that the left hand side of (1.2) is at least

2-1)-B-=1)-6-1)-(pr—1),
where p,. is the rth prime. By the prime number theorem, for this r one has
the bound
logd
" Clog logd’

where d > 3 and ¢ is an absolute positive constant independent of « (and so
independent of d). Here, we can take any c¢ greater than 1 for d large enough.
The bound (1.4) improves that of Theorem 1.1 and is best possible in the
sense that there is an infinite sequence algebraic numbers ay, £ = 1,2,...,
such that deg ay = di — 0o as k — oo for which the number of primes in the
set U(ay) is asymptotic to

(1.4)

log dj,
log log dj
as k — oo.
In the proof of Theorem 1.2 we shall use the following;:
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LEMMA 1.3. If @ and o are two conjugate algebraic numbers of degree
d>2 and (== a/d is a root of unity, then deg(¢) < d.

Various proofs of Lemma 1.3 are given in [1,4,8,13]. In the next section
we shall prove Theorem 1.2.

2. PROOF OF THEOREM 1.2

Let L be the Galois closure of Q(a) over Q and G := Gal(LL/Q). Assume
that ni,...,n, are pairwise coprime positive integers lying in F(«). Here,
Ni,...,ny > 1, since 1 ¢ F(a). Note that n; € F(a) yields o™ = a;-”, where
a; # a is a conjugate of a over Q. Furthermore, by the definition of F'(a),
we have af # a? for any positive proper divisor g of n;. Thus, {; := o/a; is
a root of unity of the form (; = exp(2miu;/n;), where u; € N, 1 < uj < n;
and ged(uj,n;) = 1.

Starting with (1 = a/a;, we select an automorphism oo € G which
maps « — ay. Applying it to (2 = a/ag, we find that o2((2) = a1/02(as).
Multiplying these equalities cancels oy, so we obtain

a1 «

(2.1) Goa(Ga) = = - =

aq 02(042) 02(062)'

Next, we select o3 € G which maps «a — o3(a2) and apply it to (3 = a/as.
Multiplying (2.1) and o5((3) = o2(a2)/03(3) we further obtain

a
Cio2(C2)o3(C3) = ——-

(C2)o3(Cs) o3(as)
Continuing in this way with the next equality {4 = @/ay, etc. up to . = a/a,

we derive that

a
2.2 N >
(2.2) Go2(C2)os(C3) - - or(Cr) (o)

Since ¢; € L for each j = 2,...,r, the number ¢;(¢;) is conjugate to (;
for j = 2,...,r. Hence, 0;((;) = exp(2miw;/n;) for some w; € N satisfying
1 < w; < ny, ged(wj,n;) = 1. Setting, for simplicity of notation, wq := uy

we find that the left hand side of (2.2) is equal to
2miwy \ 1~ 2miw; (W1 Wy
(2.3) (::exp( )Hexp( ) = exp (2772(——1—---—1——)).
ni =2 n; ni Ny

Since ( is a root of unity and, by (2.2) and (2.3), equals the quotient o/, ()
of two conjugates of a of degree d, from Lemma 1.3 we deduce that

(2.4) deg(¢) < d.
Consider the number
(2.5) ﬂ+...+&:L7

ny Ny N1...NMp



QUOTIENTS OF TWO CONJUGATE ALGEBRAIC NUMBERS 239

where w := Y7 w;k; and k; := [T nj- We claim that ged(w,nq ...n,) =
1. Indeed, for a contradiction suppose that there is a prime number p which
divides nq ...n, and w. Without restriction of generality we can assume that
p|ni. Then, using plk; for i = 2,...,r and p|w, we deduce that p|wik;.
However, in view of ged(wi,n1) = 1 and p|n; the number p does not divide
wi. Similarly, p does not divide ky = ns...n,, since for each j > 2 the
numbers n; and n; are coprime.
Now, from (2.3) and (2.5), it follows that

¢ =exp(2miw/(ny ... n.)),
where w € N and ged(w,ny ...n,) = 1. Consequently, (""" = 1, where
ny...n, is the smallest positive integer with this property. Hence, deg(¢) =
©(n1...n,) and so (2.4) implies the required inequality ¢(n; ...n,) < d.
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