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ABSTRACT. Since the theory of ideals plays an important role in the
theory of quotient semirings, in this paper, we will make an intensive study
of the notions of Noetherian, Artinian, prime, primary, weakly primary
and k-maximal ideals in commutative quotient semirings. The bulk of this
paper is devoted to stating and proving analogues to several well-known
theorems in the theory of the residue class rings.

1. INTRODUCTION

The concept of semirings was introduced by H. S. Vandiver in 1935 and
has since then been studied by many authors (see, for example, [2], [3], [5], [6],
[7]). This paper is concerned with generalization of some results of factor ring
theory to quotient semiring theory. A number of results concerning prime,
weakly prime, primary, weakly primary, maximal and k-maximal ideals of
such semirings are given (see section 2).

For the sake of completeness, we state some definitions and notations
used throughout. A commutative semiring R is defined as an algebraic system
(R, +, ") such that (R,+) and (R,-) are commutative semigroups, connected
by a(b+ ¢) = ab+ ac for all a,b,c € R, and there exists 0 € R such that
r+0 =rand 70 = Or = 0 for each r € R. In this paper all semirings
considered will be assumed to be commutative semirings. A semiring R is
said to be a semidomain if ab = 0 (a,b € R), then either a = 0 or b = 0.
A semifield is a semiring in which non-zero elements form a group under
multiplication.

A subset I of a semiring R will be called an ideal if a,b € [ and r € R
implies a + b € I and ra € I. A subtractive ideal (= k-ideal) K is an ideal
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such that if z,z4+y € K then y € K (so {0} is a k-ideal of R). A prime ideal
of R is a proper ideal P of R in which x € P or y € P whenever zy € P. So
P is prime if and only if A and B are ideals in R such that AB C P, then
AC Por BC P where AB={ab:a € Aandb € B} (see [3, Theorem 5]).
A primary ideal of P of R is a proper ideal of R such that, if zy € P and
x ¢ P, then y™ € P for some positive integer n.
An ideal T of a semiring R is called a partitioning ideal (= Q-ideal) if
there exists a subset @@ of R such that
(1) R=U{g+1:q€Q}
(2) If g1,q2 € Q then (g1 + 1) N (g2 + I) # 0 if and only if ¢1 = ¢o.
Let I be a @-ideal of a semiring R and let R/I = {q+ 1 :q € Q}. Then
R/I forms a semiring under the binary operations @ and ® defined as follows:

(+Dd (2 +1)=gs+1
where g3 € @) is the unique element such that ¢ + g2 + 1 C g3 + 1.
(@ +DO(e+D)=q+I

where g4 € @ is the unique element such that q1¢g2+1 C g4+ I. This semiring
R/I is called the quotient semiring of R by I. By definition of @-ideal, there
exists a unique ¢’ € @ such that 0+ 1 C ¢’ +I. Then ¢’ + I is a zero element
of R/I. Clearly, if R is commutative, then so is R/I (see [5, 6]).

2. QUOTIENT OF SEMIRINGS

Our starting point is the following lemma:

LEMMA 2.1. Let R be a semiring, I a Q-ideal of R and A a k-ideal of R
with I C A. Then I is a AN Q-ideal of A.

PRrROOF. It suffices to show that A = U{g+ 1 : ¢ € QN A}. Since
U{g+1T:qe€ Q@nA} C A is trivial, we will prove the reverse inclusion.
Suppose that z € A. Then = € ¢+ I for some ¢ € @; hence there is an
element a of I C A such that x = ¢+ a. Then ¢ € ANQ since A is a k-ideal,
so we have equality. O

PROPOSITION 2.2. Let R be a semiring, I a Q-ideal of R and A a k-ideal
of R withI C A. Then AJI ={q+1:q€ ANQ} is a k-ideal of R/I.

PROOF. Let ¢’ be the unique element in @ such that ¢’ + I is the zero
in R/I. First, we show that ¢/ + I € A/I. Let a+1 € A/I C R/I where
a€ ANQ. Then (a+1)® (¢ +I) =a+ 1 where a+¢ +1 Ca+ 1, so
a+q +e =a+ f' for some €, f' € I; hence ¢ € ANQ since A is a k-ideal
of R. Thus ¢’ + T € A/I. Next, suppose that § = q1 +I,a = g2+ 1 € A/I
where ¢1,q2 € AN Q. There is a unique element ¢z € Q with ¢t ® g = g3+ 1
and g1 +q+1Cqg3+1,80q1+q+e=q3+ f € Afor some e, f € I; hence
gs € QN A since A is a k-ideal of R. Therefore, ¢ ® g2 € A/I. Now it is
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enough to show that if r+7 € R/T and a+1 € A/I (wherer € Q, a € ANQ),
then (r+1)® (a+I) € A/I. There exists the unique element ¢4 € Q such
that (r+I)®(a+1I)=qg+Tandra+ICq+1,sora+c=q+deA
for some ¢,d € I. It follows that ¢4 € AN Q; hence g4 + 1 € A/I. Thus A/I
is an ideal of R/I.

Finally, assume that t+1 € A/I and (t+1)®(s+1) =u+1 € A/I where
ttue ANQ,seQandt+s+I1 Cu+I. Thent+s+c=u+de A for some
¢,d € I; thus s € ANQ since A is a k-ideal of R. Therefore, s +1 € A/I, as
needed. O

THEOREM 2.3. Let R be a semiring, I a Q-ideal of R and L a k-ideal of
R/I. Then L = J/I for some k-ideal J of R.

PRrROOF. Assume that ¢’ is the unique element in @ such that ¢’ + I is
the zero in R/I and set J = {r € R: ¢ +1 € L} (note that if r € R, then
there exists the unique element ¢; € @ such that r € ¢ + I). We show that
J is a k-ideal of R and L = J/I. The proof can now be broken down into a
sequence of steps.

1)ICJ. Letacl By]l3 Lemma36l,acl=¢g+1€L,soacl.
Thus I C J.

2) J is an ideal of R. For if r and s are in J, then there are elements
q1,q2 € Q such that ¢ +I,qgo + 1 € L, r = q; + ¢ and s = ¢ + d for some
ec,de€l,so(u+1)®(qe+1)=q3+1 € L where g3 € Q) is the unique element
such that ¢ + g2+ 1 C g3+ I; hencer+s€qi+qg2+1Cq3+ 1€ L. Thus
r+s € J. Similarly, if r € J and t € R, then rt =tr € J.

3) J is a k-ideal of R. Let a,a+ b € J. Then there are elements q1, go
and g3 of Q suchthata e 4y +1 € L,a+b € g +1 € Landb € g3+ 1,
soa=q +c¢,a+b=qgy+dand b= g3+ e for some ¢,d,e € I; hence
a+b€(q1+gs+ )N (g2+I). There is a unique element g4 of @ such that
(r+1)®(gs+1) = qa+1 where g1 +q3+1 C qu+1,s0a+b € (g2+1)N(qa+1);
hence ¢ = q4. Therefore, g3 + I € L since L is k-ideal; hence b € J. Thus, J
is a k-ideal of R. Finally, it is easy to see that L = J/I = {q+1:q € JNQ}.

O

LEMMA 2.4. Let R be a semiring with an identity 1, I a Q-ideal of R and
A a k-ideal of R with I C A. Then the following hold:

(i) There is a unique element qo of Q such that qo + I is an identity of
R/I.
(i) If qo + I is an identity of R/I and qo +1 € A/I, then R/I = A/I.
(iil) If g1 + I is an invertible element of R/I with ¢ + 1 € A/I, then
R/I=A/I.

PROOF. (i) By assumption, there is a unique element ¢o of @ such that
1 = ¢qo + a for some a € I. We show that go + I is an identity of R/I. Let
¢1+ 1 € R/I for some ¢1 € Q. Then there is a unique element gy of @) such
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that (g1 +1)©(go+1I) =go+ 1 and g1go+1 C g2+ I, 80 q1go + ¢ = g2 + d for
some ¢,d € I. Since 1 +¢ = q1qo+qra+c = @a+qa+c+d € (g1 +1)N(g2+1),
we must have q; = ¢2, as required.

(ii) Let 1 +I € R/I where g1 € Q. Then (1 +1)®(qo+I) = (1 +1) € A/I
such that ¢1qo +1 C q1 + 1,0 q1q0 +e =q1 + f € A for some e, f € I since
go € A; hence ¢1 € AN Q since A is k-ideal. Thus, R/I = A/I.

(iii) follows from (ii). O

THEOREM 2.5. Let R be a semiring, I a Q-ideal of R and P a k-ideal of
R with I C P. Then P is a prime ideal of R if and only if P/I is a prime
ideal of R/1.

PROOF. Let P be a prime ideal of R. Suppose that g1 + I,q2 + 1 € R/I
are such that (g1 + 1) ® (q2 + I) € P/I where ¢1,92 € Q. Then there is a
unique element g3 € @ N P such that ¢1go +1 C g3+ 1 € P/I, so gi1qg2 € P.
Then P prime gives either ¢ € P or g2 € P; hence either ¢y + I € P/I or
g2 + I € P/I by Proposition 2.2.

Conversely, suppose that P/I is prime. Let a,b € R such that ab € P.
Then there are elements ¢q,q2 € @ such that a € ¢y + I and b € ¢ + I, so
a = q1+cand b= ga+d for some ¢,d € I. Since ab = q1q2+q1d+cqa+cd € P
and P is a k-ideal of R, we must have qi1q2 € P. Let g be the unique element in
Q such that (g1 +1)® (g2 +1) = ¢+1 where q1g2+1 C g+1,s0 g+e = q1g2+ f
for some e, f € I. Since P is a k-ideal of R, we get ¢ € QNP and g+ I € P/I,;
hence P/I prime gives either ¢ + 1 € P/I or qo + I € P/I. Tt follows that
either ¢; € P (so a € P) or g2 € P (so b € P). Thus P is prime. O

THEOREM 2.6. Let I be a proper Q-ideal of a semiring R. Then I is
prime if and only if R/I is semidomain.

PROOF. Let ¢’ be the unique element in @ such that ¢’ + I is the zero
in R/I. Let I be a prime ideal of R and let ¢; + I and g2 + I be elements
of R/I such that (¢1 + 1) ® (g2 +I) = ¢’ + I where ¢; and g2 are elements
of Q. If ¢ € I, then ¢1 € (¢ +I) N (¢g1 +I) by [3, Lemma 36]; hence
¢1+1=¢q + 1. Sosuppose that ¢1 ¢ I. By assumption, q1g2 +1 C ¢ + I,
soqd +e=qq+f€q¢+1=1Tand |6, Lemma 2] gives g1g2 € I. Since
is prime, we must have go € I = ¢’ + I; hence g2 € (g2 + I) N (¢ + I), and it
follows that g2 + I = ¢’ + I. Thus R/I is semidomain.

Conversely, assume that R/I is a semidomain and let r, s € R such that
r ¢ I and rs € I. By [3, Lemma 36], we must have r ¢ ¢’ + 1 = I and
rs € ¢’ + I. There are elements ¢1,qo € @ such that r +1 C ¢; + I and
s+ I C qo + I since I is a Q-ideal. Therefore, r = q; + a and s = g2 + b for
some a,b€l. Asreqg+Tandr ¢ ¢ +1, weget n+1#¢+1. Ttis
easy to check that, rs € gq1g2 + I. Let g3 be the unique element in @ such
that q1go + I C g3+ I. Since rs € (¢ + 1) N (g3 + I), we must have ¢’ = g3
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and (1 + 1) ®(g2+I)=¢ +1I;hence s € go+1 =¢ + 1 =1 since R/I is
semidomain. Thus I is prime. O

COROLLARY 2.7. Let R be a semiring. Then {0} is prime if and only if
R is semidomain.

PROOF. This follows from Theorem 2.5 since {0} is a @Q-ideal of R = R/{0}
with Q = R. 0

Let R be a semiring. We define a proper ideal A of R to be weakly primary
(resp. weakly prime) if 0 # ab € A implies a € A or b™ € A for some positive
integer m (resp. a € A or b € A). So a primary ideal (resp. prime ideal) is
a weakly primary (resp. weakly prime). However, since 0 is always weakly
primary (resp. weakly prime) by definition, a weakly primary ideal (a weakly
prime ideal) need not be primary (resp. prime). Clearly, every weakly prime
is weakly primary (see [1] and [4]).

THEOREM 2.8. Let R be a semiring, I a Q-ideal of R and P a k-ideal of
R with I C P. Then the following hold:

(i) If P is a weakly primary ideal of R, then P/I is a weakly primary ideal
of R/I.
(ii) If I and P/I are weakly primary, then P is weakly primary.

PROOF. (i) Let ¢’ be the unique element in @ such that ¢’ + I is the zero
in R/I. Assume that P is weakly prime and let g; +1 and g2+ I be elements of
R/I such that (¢’ +1) # (n +1)®(q2+1I) € P/I, so there is a unique element
gz € QN P with ¢’ # q3 and q1q2 + I C g3 + I; hence 0 # ¢q1qo € P since P
is a k-ideal. Then P weakly primary gives either ¢; € P or ¢4 € P for some
n. If ¢ € P, then ¢; + I € P/I by Proposition 2.2. So suppose that ¢3 € P.
Since g2 € g2 + 1, it is clear that g3 € (g2 +I)". Thus ¢3 € (g2 +1)"Ngy + 1,
it follows that (go + I)™ = ¢% + I € P/I. Therefore, P/I is weakly primary.

(ii) Let 0 # ab € P where a,b € R. If ab € I, then I weakly primary gives
either a € I C P or b®* € I C P for some s. So we may suppose that ab ¢ I.
There are elements q1,q2 € @ suchthata € ¢y +1 and b € go+1,s0a=¢q;+c¢
and b = ¢o + d for some ¢,d € I. As ab = q1q2 + 1d + cq2 + cd, we must
have q1g2 € PN Q since P is a k-ideal of R. Let (1 + 1) ® (g2 + 1) =qa + [
where g4 € @ is the unique element such that giqo + 1 C g4 + I. It follows
that ¢4 € P N Q; hence either ¢ +1 € P/I or (g2 +I)™ = ¢§* + I € P/I for
some m since P/I is weakly primary. If ¢ +1 € P/I, thena =¢ +c € P
by Proposition 2.2. If ¢4* + I € P/I, then b™ = (¢q2 + d)™ = ¢5" + k € P for
some k € P. Thus P is weakly primary. O

COROLLARY 2.9. Let R be a semiring, I a Q-ideal of R and P a k-ideal
of R with I C P. Then the following hold:

(i) If P is a weakly prime ideal of R, then P/I is a weakly prime ideal of
R/I.
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(ii) If I and P/I are weakly prime, then P is weakly prime.

ProoOF. This follows from Theorem 2.8. |

A proper ideal I in a semiring R is said to be maximal (resp. k-maximal)
if J is an ideal (a k-ideal) in R such that I & J, then J = R.

THEOREM 2.10. Let I be a proper Q-ideal of a semiring R with an identity
1. If I is a mazximal ideal of R, then R/I is a semifield.

PROOF. Assume that ¢’ € ) is the unique element in @ such that ¢/ + 1
is the zero in R/I and let go + I be the identity element of R/I by Lemma 2.4
where 1 = ¢o + a for some a € I and the unique element gy € @Q. It suffices to
show that every non-zero element ¢; + I of R/I is invertible. As I is a proper
ideal of R, we must have qo ¢ I, so ¢1 ¢ I; hence I + Rg1 = R by maximality
of I. There exist r € R and a € I with rq; +a = 1. As I is a Q-ideal of R,
r = g2 + ¢ for some g2 € Q and c € I, 50 q1q2 +cq1 +a =1 € q1q2 + I. Since
(1 +1)® (g2 +I) = g3 + I where g3 € @ is the unique element such that
q1g2 + I C g3+ I, we must have 1 € (qo + I) N (g3 + I); hence g3 = qo, and
the proof is complete. O

THEOREM 2.11. Let I be a proper Q-ideal of a semiring R with an identity
1. If R/I is a semifield, then I is a k-mazimal ideal of R.

PROOF. Suppose that ¢’ € @ is the unique element in @ such that ¢’ + I
is the zero in R/I and let go + I be the identity element of R/I by Lemma
2.4 where 1 = g9 + a for some a € I and the unique element gy of (). Assume
that R/I is a semifield and I & J for some k-ideal J of R; we show that
J = R. Then there are elements t € QQ and ¢ € J — I with c € t + 1, so
¢c=1t+d for some d € I; hence t € J—1. It t+1 = ¢ +1 = I, then
t = ¢’ € I which is a contradiction. Therefore, there exists s + I € R/I such
that (t+1)©®(s+1) = qo+ I; thus st+e = go+ f for some e, f € I. It follows
that st+a+e=qgy+a+f=1+f € J,sol € Jsince J is a k-ideal. Thus
J = R, as required. O

LEMMA 2.12. Let R be a semiring. Then the following hold:
(1) If I and J are k-ideals of R, I+ J is a k-ideal of R.
(ii) An intersection of a family of k-ideals of R is k-ideal.
PROOF. The proof is completely straightforward. 0

LEMMA 2.13. Assume that I is a Q-ideal of a semiring R and let J, L be
k-ideals of R. Then the following hold:
(i) I+ J)/I is a k-ideal of R/I.
(ii) If 1CJ and I C L, then J/I = L/I if and only if J = L.
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PROOF. (i) Since by [6, Lemma 2|, every Q-ideal is k-ideal, we must
have I + J is k-ideal by Lemma 2.12; hence (I + J)/I is a k-ideal of R/I by
Proposition 2.2.

(ii) Let @ € J. Then a € ¢; + I for some g1 € @, so there is an element
c € I C J such that a = ¢q; + ¢; hence J k-ideals gives ¢ € J. Thus
q+Ie€eJ/I=LJ/Isoq +I=gqy+1for some g € LNQ. It follows that
q1 € L since L is k-ideal. Therefore, a € L; thus J C L. Similarly, L C J, as
required. O

THEOREM 2.14. Let R be a semiring, I a Q-ideal of R and P a k-ideal
of R with I C P. Then P is a k-mazimal ideal of R if and only if P/I is a
k-mazximal ideal of R/1I.

PRrROOF. Assume that P is a k-maximal ideal of R and let L be a k-ideal
of R/I such that P/I & L. It then follows from Theorem 2.3 that there exists
a k-ideal J of R with P/I & L = J/I,so P & J by Lemma 2.13; hence J = R.
Thus L = R/I. The other implication is similar. O

If R is a semiring, then R is Noetherian (resp. Artinian) if any non-empty
set of k-ideals of R has a maximal (resp. minimal member) with respect to
set inclusion. This definition is equivalent to the ascending chain condition
(resp. descending chain condition) on k-ideals of R.

THEOREM 2.15. Let I be a Q-ideal of a semiring R. Then the following
hold:
(i) If the semiring R is Noetherian, then R/I is a Noetherian semiring.

(ii) If the semiring R is Artinian, then R/I is a Artinian semiring.

PROOF. (i) By Theorem 2.3, an ascending chain of k-ideals of R/I must
have the form

T /T C ofI C e CJufTC Tpyr [T C -

where
JICHhC---CJ, CJpp1 €

is an ascending chain of k-ideals of R all of which contain I. Since the latter
chain must eventually become stationary, so must the former by Lemma 2.13.

(ii) This can be proved in a very similar manner to the way in which (i)
was proved above, and we omit it. O

THEOREM 2.16. Let I be a Q-ideal of a semiring R. Then the following
hold:

(i) If both I and R/I are Noetherian, then R is Noetherian.
(ii) If both I and R/I are Artinian, then R is Artinian.
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PROOF. (i) Let
JI1ChC...CJ, CJpy1 S
be an ascending chain of k-ideals of R. Then Lemma 2.12 gives
JiNnIChnIC---CJ,NICJ,y1NIC---

is an ascending chain of k-ideals of I, and so there is a positive integer s such
that J, NI = Jgq; NI for all positive integer . By Lemma 2.13,

(N+D/IC(+D)/ITC--C(Jy+1)/IC (Jpt1+1)/TC---

is a chain of k-ideals of R/I. Thus there exists a positive integer ¢ such that
(Je+1)/I = (Jeyi +1)/1 for all positive integer i, so that I+ J; = I 4+ Jz; for
all i. Let u = max{s,t}. We show that , for each positive integer i, J, = Jy44.
Since the inclusion J,, C J,4; is trivial, we will prove the reverse inclusion.
Let x € Jy44. Since x € I + Jys = I + J,, we must have x = a + b for some
a€landbdbeJ, CJy. Hencea € J,y, since it is k-ideal. It follows that
a € INJyy; =INJ,; hence both a and b belong to J,, and x € J,,, as needed.

(i) This proof is similar to that in the case (i) and we omit it. O
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