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ABSTRACT. Consider the following quasilinear Dirichlet problem
{ —Apue =fe in Q. =0N\T:

ue = 0 on 0N (F)

where 1 < p < 2, (fe) a sequence of functions in LPI(Q) such that fe — f
in L"/(Q) where p’ is the conjugate of p, Q is a bounded domain in RN
(N > 2) and T: the union of inclusions contained in € which are e-

periodically distributed. In this paper we give the limit problem and errors
estimates for the problem (P:).

1. INTRODUCTION

We consider here the homogenization of the following quasilinear Dirichlet
problem
{ —Apu.=f. in Q.=0\T. (P.)
u = 0 on 0N, €
where,
Apu = div(|Vul’ > Vu)
1l<p<2
(fe) is a convergent sequence of functions to f in LPI(Q), p’ is the

. 1
conjugate of p, (=~ + — = 1)
p P

) is a bounded domain in RN (N > 2) which contains small inclusions
T. ; (j € N) periodically distributed in  with period ¢, T} ; are defined
by translating eT', where T is a closed connected regular domain inside
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the unit cube Y =], [V of RY. T, is the union of all the periodic
inclusions T ;.

The analysis of (P.) begins by considering the associated minimization
problem

min /|V1}|p da:fp/fgv dz, v e WyP(Q), v =10 on T. (D.)
Q )

by standard argument, the problem (D.) admits a unique solution u., which
is the unique weak solution of (P;).

In section 2, we give some estimates for the LP-norms of u. and Vu. in
terms of € (Proposition 2.1) and then present another equivalent version of
the problem (D,)

min 5”/|Vv|p da:—p/fev dz, ve W3 P(Q), v=0onT. (DY)
Q Q

The goal of this section is to prove the epi-convergence of the problem
(D7) to the following problem

. 1 .
min ﬁ/|v|pdm—p/fvdx,v€[,p(ﬂ) (D)

m(w)
Q Q
where w is the solution of the problem
-Apw=1 in Y\T

w =20 inT
w Y — periodic

and m(w) = / w dy, by showing the epi-convergence of the functional
Y

F.(v) = / eP|Vu|Pdx fp/ fovde veWyP(Q), v=0onT.
Q Q
as € goes to zero, to the functional

F(U)W/Jﬂpda:p/gf’udx v e LP(Q)

that means
i) Yo e LP(Q), 3 (v.) € WP (Q), ve =0 on T and v, — v € LP()
such that
lim sup F; (ve) < F(v),

g

and
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ii) For all (v.) C W, (), v- = 0 on T, (F.(v.)) bounded and
ve = v € LP(Q) then,

liminf F, (ve) > F(v);
€

the proof of this property is based on Tartar’s method using test func-
tions.

For a detailed study of the concept of epi-convergence, we refer to [1].

In section 3, under some hypothesis on the sequences (f:) (Theorem 3.1),
we give error estimates for convergences obtained in section 2.

The new aspects of these results are concentrated in Lemma 2.7 and The-
orem 3.1. The proofs of these results are based on several vectorial inequalities
given for example in [8] and [12].

For p =2 and f. = f (for all &), the convergence of (D.) as e — 0 has
been studied (see, [3], [11], [13]).

For p > 2 and f. = f, the limit problem of (D.) as ¢ — 0 is giving in [9].

For f. = f and p > 2, the error estimates for the homogenization of (D,)
are given in [10].

Case 2 < p < oo [2] (in preparation).

For a presentation of the homogenization theory see [4].

2. CONVERGENCE OF (D)

2.1. Estimates for u_. The weak lower semicontinuity, coercivity and strict
convexity of the functional

v):/ |V’u|pd:cfp/f€vd:c
Q Q

defined on the closed convex set {’U e Wy P(Q), v=0on Ta} of WP () im-

plies the existence and uniqueness of a solution u. of the problem (D.), that
is a weak solution of (FP).

PROPOSITION 2.1. There exists a constant ¢ independent of € such that
e || Lo (o) < cel/=1)  and ||vu€H(Lp(Q))N < cel/=D),

ProoF. From “nonstandard” Poincaré’s inequality (where v in
WLP(Y \ T) and v vanishes on a part of (Y \ T)), there exists a constant
¢ > 0 such that, for v € WHP(Y' \ T),v =0 on T we have

/ [vPdy < c/ [VoulP dy.
Y\T Y\T

Then, for v € WHP(Y),v =0 on T we have

/ [v|? dy <c/ |Vo|P dy.
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By the change of variable y = d we deduce that, for every v. in W1P(eY)
€

such that v. = 0on &7, we have

/|va|pda? Sczsp/|Vva|pda?.
ey ey

Then, since u. = 0 on 7T we have

/|u6|pda? Sczsp/ [Vuel|P dx
Q Q

which is equivalent to
[ue lLe() < ¢ el Vue [l oy~

But u, is the solution of (D,), so

/|Vu€|pd:cf/f6 Ue d

and we deduce that
IVte 7oy < e llior oy llue lr@) < cllucllzr(e)
(because the sequence (f.) is bounded in L?'(€)). It follows that

||u€||LZD(Q) < ceP|lue ||LP ()5

SO
e || 2oy < cgp/(p*1)7
and
IVate|| (Lo(ayyn < ce'/®D
where c is a constant. O

REMARK 2.2. We deduce from Proposition 2.1 that (u_) is bounded in
W,yP(€) and then admits a converging subsequence, still denoted by (u_).

REMARK 2.3. Let u* =¢e?/(?=Dy_. Since u, is the solution of (D_), u*
is the solution of the following minimization problem

(D¥)  min Ep/|Vv|p dx—p/fsvda: veWyP(Q),v=0o0nT.
Q
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*
2.2. Convergence of (DZ).

THEOREM 2.4. The problem (D¥) converge as € — 0 to the following
problem

1
(D*) min § ———— /|v|” dx —p/fv dz, v e LP(Q)

m(w)
Q Q
where w 1is the solution of the problem

—Apw=1 in Y\T
w =20 m T
w Y — periodic

and m(w) = /w dy. Hence,
¥

D) uf = ut =mw)|fP2f in LP(9),
—1
i) e Dy, =0 in WHp(Q),

iii) /5*”/(”*1)|Vu€|p da:—»m(w)/|f|p/df”~
Q

Q

For proof of this theorem we use the following lemmas giving in [10, 2].
From properties of the epi-convergence notion (see [1, 5, 6, 7]), we get the
limit problem of (D}) by using a direct proof making use of suitable test
functions.

LEMMA 2.5. Let w. be such that

x
we(z) = w (—) , for x € eY\eT

we = 0, oneTl
We, eY — periodic

Then we have
we € WHP(Q), w. = 0, on T,

we — m(w), in LP(Q),

PV welP dz — m(w) dz, in o (Ml(Q), C(Q)) .



380 L. BOUKRIM, A. HAKIM AND T. MEKKAOUI

1
—) wev) satisfies

LEMMA 2.6. For all v in D(2) the sequence (ve) = < (
m(w

the following

v. € WyP(Q), vo=0 on T,
ve = v in LP(Q),

1
/E” [V |P de — 77/|v|”dx.
m(w)P~—1
Q Q

LEMMA 2.7. Let v € LP(Q) and v. € Wy (Q) such that
ve =0 on 1T;
ve v in LP(Q)
(e|Vve|)  is bounded in LP(QY)

then we have

1

lim inf /5p|Vv€|pd:c > 7/|’u|pda:.

e m(w)p
Q Q

1
PROOF. Let ¢ € D(Q) and . = ﬁ pwe. By using inequality for
m(w

convex functions we have
/sp|Vv€|p dx > /5”|Vgag|p dx +p/ |eVipe|P2eVip.eV(ve — @.) da.
Q Q Q

But,

/ |€V<,05|p72€v<,05€v<’l}5 - 906) dx
Q

= W Q/ |eV (pw,)|P~2eV (pw.)eV (ve — @.) dx

by using (3.5) of Lemma 3.1 given in [12] we obtain known inequality for
1l<p<2

M Ja>0 VX, YeRY |XPP2X —|YV]P?Y | <a|X —Y]P!
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and then,

‘/|5V(<,0w,5)|”_25V(<,0wa)st(v8 — ) dx
Q
—/|530ng|p*2530Vw55V(v5 — ) dx
Q
< O‘/ lewVolP~HeV (ve — e )| da.
Q

Since ewe — 0 (by Lemma 2.5) and (eVe), (¢Vve) bounded in LP(2) (by
Lemma 2.6), we have

1iminf/ |eVpe [P 2eVpeeV (ve — pe)dx
€
Q

1
= )1 1imsinf/ lepVw, [P 2epVw.eV (v — @) da.
Q

Introducing the following function

|s|P=2s, if|s| >¢
7. = _
=(s) { lelP~2s, if|s| <e

we have

/|E<,0Vw5|p*2apr65V(ve — ) dz
Q

= /5”|Vw5|”*27'€(<,0)Vw€V(v6 — e )dx
Q

+/ e’ |V P2 (P2 — To(9)) Ve V(ve — @) da.
{zeQ:|p|<e}

But,

/ PV ue P2 (P2 — T2 () Ve V (ve — 02) d
{weilp|<e}

< 2eP! /|€Vw,g|p_1 |eV (ve — @c)| da
Q
_ —1
< 2877 [eVwellf L gy v 1€V (0 = @)l (Lo
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(from Holder’s inequality). Since the sequences (|eVwe|) and (|eV(ve — ¢¢)|)
are bounded in LP(Q2) (due to Lemmas 2.5 and 2.6) we deduce,

liminf/5p|<prE|p72g0Vw6V(ve — ) dz
Q

= lim inf/5”|Vw€|”*2V74)€’TE(30)V(U6 — @e)dx.

Q
Now,
/5”|Vw€|”*2VU)E7'€(<,0)V(1)E — ) dx
Q
:/ﬂwm%W%WU@%f%HM
Q
- /gp|w€|p—2wav<7;(@)).(u€ — o) de
Q
and

/ﬂwwrw%vmw»@—%Mx
Q

< ceP? /€p|Vwe|p71| (ve — ) | dz
)

_ -1
<cet | EVWEHZ()U(Q))N [ ve = @< ||l Lr ()

(by using again Hoélder’s inequality). Since the sequences (|(eVw.)|) and
(|ve — @e|) are bounded in LP(Q2), we deduce again that

Jim inf / Ve [P 2oV, V(v. — p.) do
€

Q

= 1iminf/sp|VwE|p*2VwEV(TE(<P)(Ue - 906)) d:C

Q
= lim inf/’];(cp)(ve —e)dx
Q
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(by the definition of w,). Since

/ L) - gdde = [loP 2o~ o) da

+/ (I[P~ = |o[P72p) (ve — @) da
Hze|p|<e}

and (from Holder’s inequality)

[ Pl ) (oo - o) da
{wei]p|<e}

it follows that

liminf/5p|30Vw5|p72<pr€V(vEfgag)da: = liminf/|<p|p*230(’ugfga€)da:
Q Q

< 05p71|\ Ve — SDaHLP(Q)a

I
—
S
S

o
©
=
&

<N
8

(because v. — v and . — ¢ in LP(2)). Finally,

N . 2
hmsmf /5p|Vv€|pda: > hmemf/sp|V<p€|p d:ch W)l /|ga|p (v—p) dx
O )

and (from Lemma 2.6)

1imeinf/€p|VU€|pdx> T /|<,0|pdai+ W) /le” ? dx
Q

by choosing ¢ converges to v in s — LP(2), we obtain

1
lim inf /EP|VU5|p dex > 77/|’U|p dx.
: m(w)yT
Q Q
0

PROOF OF THEOREM 2.4. Let v € D(2). By Lemma 2.6 there exist v,
in W, ?(Q) such that
ve =0 on Tg,
ve — v in LP(),

/€p|Vv€|pda:H /|v|pd:c
p 1

Q

Now, by Proposition 2.1, the sequence (u}) is bounded in LP(Q2) and admits
a weakly converging subsequence in LP() still denoted by (u¥).
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Let u* = 1in(1J ul in w — LP(Q). Since

liminf/5p|Vu |P dx > /|u |? dx (from Lemma 2.7)
€
Q

we have
1 * *
Q Q

< lim inf /5p|Vu:|p dx fp/feu: dx
Q

Q

< lim inf /E”|VU:|” dz — p/fev; dx (by the definition of u} )
€
Q

1
< - P _
S ) /|v| dx p/fvdx
Q Q

(by Lemma 2.6 and this for all v € D(€2)). Then by the density of D(£2) in
LP(Q) for all v in LP(Q2) we have

p1/|u|pda: —p/fu dx< /|U|pdx— /fvdx

which is equivalent to: u* is the solution of the minimization problem (D
But the unique solution of the problem (D*) is m(w) |f|P'~2f then u*

).
m(w) | |7 ~2f. O

3. ERROR ESTIMATES

In this paragraph, we establish error estimates for the convergence ob-
tained in Theorem 2.4.

THEOREM 3.1. Assume that (f.) is a bounded sequence in Wy ™ (Q) such
that
[fe = fllw <ce” (r>0).

Then we have

U _ ce™® D if 0<r<1
D 12— el P ey < { vy, ,

ceP™ if r>1

V ue r(p—1)
‘/| u| /w5|f|pd$<{z€_1 , z'f 0<7’<1.

eP if r>1
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PROOF OF 1). Let v, = % — we g with g = |f|?~2f . Since v. = 0 on
T. we have
|| Ve ||Lp(Q) < CEHVUE H(L:D(Q))N

(see proof of Proposition 2.1). Let us estimate ||V ve || (zr o))~ :
Using the known inequality for 1 < p < 2 (see for example [12,
Lemma 3.1])

Se>0 XV < e(X|4 VPP (XX~ [VP2Y)(X - Y)
for all X, Y € RV such that | X |+ |Y| # 0, we obtain

/|w€|pdx - /I (22) = V(w. ) do
Q

p(2-p) u
< o[ (N 1+ IVwg)l) T [V P V)
Q
~ [V(w. ) "7 V(w. g)) Ve da.
Then
/|vu€|de < cM. /|v |p2V( )V ve da

Q
P
2

- /|V(wa g) |p*2 V(we g) Vv dx

(by using Holder’s inequality) and where

M= | [ (VG |+ V(o)) da
But ’
Mo < o] [VE P+ Vg P ) de
. -
< e /<|v< VP e [P+ [V [P) dee
L

IN

(by using Proposition 2.1 and Lemma 2.5).
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By definitions of u. and w. we have

/ V() P

1
)Vvadx = E—p/favedx
Q

= /|Vw€ P2V, V(f. v ) dz

Q

and then

/|Vv€|p dx < c M, /|VwE |P=2Vw, f.V v dz
g
+/|Vw€ P=2Vw, v.Vf.dx — /|V(w6 9) P2V (w. g) Vv. da
Q Q
Since (by Hoélder’s inequality, by Lemma 2.5 and Proposition 2.1)

/|Vw€ P=2Vw, v.Vf.de < cll vellLe (o) ||Vw5||(Lp(Q))N
Q

IN

IV vel ey~

and

/|VwE [P=2Vw, f.V v, dx — / |V (we g) P72V (we g) Vve dx

:/|gEVw6 P=29.Vw.V v, dx f/|V(w€g) P2V (w. g) Vv. dz
Q

(Where Je = |f€|p,72f5 ) and

/|gEVwE P=29.Vw.V v, do — / |V (we g) P72V (we g) Vve dz
Q

=/|g€Vw8 |P=29.Vw.V v. dx—/|ngE P=2gVw.V v, dx

/|ng8 P=2gVw.V v, dx —/|V we g) P72V (we g) Ve dx

/| g)Vwe|P~ 1|V1)E|d:c+/|w€Vg|p*1|Vv€|d:c
Q
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(we obtain latest inequality by using again inequality (I))
<o e / VP~V o, do + / oo [P~ |V v, | da
Q Q

(because || fe — flloo < ce” then ||ge — g|loo < ce” too, and this from known
inequality for p’ > 2 (see for example Lemma 3.1 in [12])

VX,Y €RY,3c> 0 ‘|X|P’*2X - |Y|P’*2Y‘ <clX —Y|(IX|+[Y])P 72
then

/|Vw6 P2V, f.V v, dz — / |V (we ) P72V (we g) Vve da
Q Q

<c (Er(p 2 ||vw€H(L:D(Q N HVUE”(LP(Q))N + Jlwe ||Z£;(19) HVUEH(LP(Q))N)

r(o—1)
<c (Ep—l + 1) IV vell ooy~

(by using again the Lemma 2.5). It follows that

» c 1 cr(p—1) 5
|V’Ua| dx < p(2—p) (EP,Q + op—1 + 1)||V’UE||(L;;(Q))N
e 2z
Q
c er(p=1) 5
=< JipzesD) {( 1 1)||VU6||(LP(Q))N}
and
HVUE”(L;)(Q))N < = (5(;0—1)(7'—1) + 1)'
Hence,
(p—1)
(p—1)(r—1) ce’ , if 0<r<l,
e llere) < gl-p (E + 1) = { ceP~ 1, if r>1.

PROOF OF 11). Since

ue do —/fE v dx —l—/fawagdm

then

o [urde [wlrp sl = | [ fooede 4 [ fg =171 de

Q Q Q Q
< c H Ve ||Lp(g) +ce”,

finally we obtain IT) by using I). O
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