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Operators in quaternionic Hilbert space*

SALIH SuLJAGIGT

Abstract. In this paper a result on functional calculus for contrac-
tions, in the sense of B. Sz.-Nagy and C. Foias, in quaternionic Hilbert
space is presented.
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Sazetak. U ovom radu je prikazan jedan rezultat o funkcionalnom
racunu za kontrakcije u smislu B. Sz.-Nagya i C. Foiasa u kvaternion-
skom Hilbertovom prostoru.

Kljucne rijeci: kvaternionski Hilbertov prostor, kontrakcija, funk-
cionalni racun, simplekticka slika

1. Introduction

A left vector space H over the noncommutative field of quaternions ), complete
in respect to the quaternion-valued inner product, is said to be left quaternionic
Hilbert space. In the following we shall omit the adjective ’left’.

Given quaternionic Hilbert space H, there exists one and only one ordered pair
(H, k), where H is a complex Hilbert space, equal as a set to H, whose inner product
is the complex part of inner product in H, and x : H — H is an antiunitary operator
satisfying 2 = —I, defined as k = kz. Here k denotes an element in a basis of Q.

Conversely, an ordered pair (H, k), of complex Hilbert space H, and an an-
tiunitary operator x : H — H with the property x2 = —I, determine uniquely
quaternionic Hilbert space H, equal as a set to H, with the inner product

(zly) = (zly) + (z|k y) k,

where (|) denote the inner product in H. The Hilbert space H is said to be sym-
plectic image of H.

A subspace Hy in H is a symplectic image of a subspace Hy in H if and only if
Hy reduces k.
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The set £(H) of all linear bounded operators in H is a real Banach algebra.

An operator A € L(H) determines unique linear bounded operator A : H — H
defined by Az = Az which commutes with k. The operator A is said to be a
symplectic image of operator A.

Conversely, a linear bounded operator A in H, commuting with &, is symplectic
image of a linear bounded operator A in H.

For each A € @, there exists a ¢ € Q \ {0} such that ¢~'Aq € C*, where
C*t ={z € C; Rez > 0}. Here C denotes the set of complex numbers. Thus the
spectrum o(A) of A € L(H) is defined as the set of all A € C* such that A\Z — A
is not boundedly invertible.

A contraction 7 € L(H) is said to be completely nonunitary (c.n.u.), if there
exists no subspace Ho C H, reducing 7, such that 7 |H is unitary. Each contraction
can be split into the direct sum of a unitary operator and a c.n.u. contraction.

The spectrum of any contraction in H is a closed subset in the intersection of
D={z€C; |z| <1} and C*.

2. Functional calculus

The spectral theorem for normal operators has been proved by O. Teichmiiller in his
thesis [3]. A functional calculus, based on it, has been established by K. Viswanath
[4]. Riesz-Dunford calculus for nonnormal operators, using analytic functions on a
neighbourhood of spectrum, also holds true in quaternionic case. In complex case
B. Sz.-Nagy and C. Foiag [2] have extended Riesz-Dunford functional calculus for
c.n.u. contractions enlarging the set of admissible functions. In quaternionic case
also Riesz-Dunford calculus for c.n.u. contractions can be extended [1] in the sense
of B. Sz.-Nagy and C. Foiag. In order to be more precise we need a definition.

Let K be the set of real numbers R or C. Let H7® denote the Banach algebra
of functions

u(z):Zunz", u, € K,

n>0

analytic in the unit disc D = {z € C}; |z| < 1}, such that

[ufloo = sup |u(z)| < oc.
zeD

Put

oo
uT(z):u(rz):chr”z", 0<r<l.
n=0

u, is analytic in a neighbourhood of the closed unit disc D. Thus, by means of
Riesz-Dunford functional calculus, there exists

un(7T) = i enrt T
n=0

for each contraction 7, especially for c.n.u. contraction.
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Theorem 1. Let 7 € L(H) be a c.n.u. contraction. Then, for each u € HF, there
erists

Th/rri u(T) =u(T)

in the sense of the strong operator topology.

In the proof it is used, that the spectral measure of the minimal unitary dilation
of T is absolutely continuous in respect to Lebesgue measure on {z € Ct; |z] = 1},
the fact which is crucial in complex case, too.

This theorem really extends the Riesz-Dunford functional calculus, since there
exist c.n.u. contractions having a nonvoid intersection between its spectrum and
{z € C't; |z| = 1}. Moreover, the following holds true.

Theorem 2. There exists a c.n.u. contraction T such that
o(T)={z€C™; |z| =1}.

So defined functional calculus has the following properties.

Theorem 3. Let T € L(H) be a c.n.u. contraction. The map
u— u(T)

18 a homomorphism of algebras with the following properties

1. If T is symplectic image of T, then u(T) is a symplectic image of u(7T),

2. w(T)* =u(T™),

3. (T < sup.ep [u(2)] = [[ulloo-
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