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Abstract. Let X;, i = 1,2,...,m, be diagonalizable matrices that mutually commute.
This paper provides a combinatorial method to handle the problem when a linear com-
bination matrix X = Z;’;l ¢;X; is a matrix such that o(X) C {A1, A2, ..., \n}, where ¢;,
i =1,2,...,m, are nonzero complex scalars and o(X) denotes the spectrum of the matrix
X. If the spectra of matrices X and X;, ¢ = 1,2, ..., m, are chosen as subsets of some partic-
ular sets, then this problem is equivalent to the problem of characterizing all situations in
which a linear combination of some commuting special types of matrices, e.g. the matrices
such that A® = A, k = 2,3, ..., is also a special type of matrix. The method developed
in this note makes it possible to solve such characterization problems for linear combi-
nations of finitely many special types of matrices. Moreover, the method is illustrated
by considering the problem, which is one of the open problems left in [Linear Algebra
Appl. 437 (2012) 2091-2109], of characterizing all situations in which a linear combination
X =1 X1+ 2 X2 4+ ¢3X3 is a tripotent matrix when X; is an involutory matrix and both
X> and X3 are tripotent matrices that mutually commute. The results obtained cover
those established in the reference above.
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1. Introduction

Let N, C, and C,, denote the sets of natural numbers, complex numbers, and n X n
complex matrices, respectively. 0 and I,, will be a zero matrix of appropriate size and
the identity matrix of order n, respectively. Let €2x denote the set of roots of unity of
order k. The symbols C(A), A*, AT, and A%, will stand for column space, conjugate
transpose, Moore-Penrose inverse, and group inverse of A € C,,, respectively. For
details on generalized inverses of matrices, see [11]. A matrix A € C,, is said to be
idempotent (projector), orthogonal projector, involutory, tripotent, quadripotent,
k-potent, normal, range Hermitian (EP), partial isometry, and {«, 8}-quadratic if
A2 = A A2 = A =A%, A7V = A AP = A A = A AF = A (k € NJE > 2),
AA* = A*A, C(A) = C(A*) (or AAT = ATA), AA*A = A (or AT = A*), and
(A — al,)(A — BI,) = 0 such that a, 8 € C and a # 3, respectively; and for the
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sake of simplicity, the sets of the aforesaid matrices will be denoted by CE, C9F,
cl,cT, cQ, kP cN, CEP, CP!, and C?, respectively.

Let us recall the matrices introduced and characterized by some authors in recent
years. A matrix A € C, is called generalized projector, hypergeneralized projector,
k-generalized projector, k-hypergeneralized projector, group involutory, {k}-group
periodic, and {K,s + 1}-potent if A2 = A*, A2 = AT AF = A* AF = Af Af =
A, A = AF1 and KAST K = A, respectively, where k,s € N and K € CL.
The sets of aforesaid matrices will be denoted by CSP, CHGP Ck-GP Ck-HGP
C&rl Ck=GrP and (C,{ZK’SH}, respectively. Grofl and Trenkler established the results
CEP =cCc@ncl nclt =cncCl [22, Theorem 1] and CHGF = C@ N CEP |22,
Theorem 2], and also considered the problem of when the sum and the difference of
two generalized projectors is also a generalized projector [22, Theorems 5 and 6]. A
strengthened version of Grof and Trenkler’s initial result CG” = C2 NnCN NCP! =
CeNCY = C2NCP! was given by Baksalary and Lui [7, Theorem]. Bru and
Thome proved that A € CS"™! & A € CI [17, Theorem 8]. Benitez and Thome
established the result A € CE~¢F « A € CY and o(A) € {0} U Q1 & A € CY
and A e c{FFA-F [13, Theorem 1], and they also indicated that if A € CE=%F then
At = Af = A* = AmHD4E where m € N. The same authors characterized the set
CF=C"P in many aspects, including some of its topological properties [14, Theorem
2.4]. Deng et al. proved that A € CE~HGP o A € CEP and A € ckra-p 20,
Theorem 2.4], and showed that CE~¢F < CE-HGP ¢ cFra-p [20, Corollary 2.7].

Some of these special types of matrices mentioned above play an important role
in applied sciences. For instance, idempotent and tripotent matrices are used in
statistical theory [21, Section 12.4] and quadratic forms [10], involutory matrices
are used in quantum mechanics [1, p. 495] and cryptography [26, Section 6.11], and
k-potent matrices are used in digital image encryption [34]. Further examples can
be found in [14, 19, 23, 24, 25, 29, 31].

The problems of characterizing all situations in which a linear combination of
some special types of matrices is also a special type of matrix have been studied by
many authors in recent years. Xu and Xu summarized some of these results in a
table [36, Table 1.1]. We want to give the summary of the known results by updating
this table. Linear combinations considered in the literature are as follows:

X =c1 X1+ 2 Xo (1)

and
X =1 X1 + 2 X2 + c3X3, (2)

where X; € C,, and ¢; € C\ {0}, j = 1,2,3. The results concerning linear combi-
nations of the form (1) and linear combinations of the form (2) are listed in Table 1
and Table 2, respectively. Please note that ¢ € {1,2} in Table 1 and j € {1,2,3} in
Table 2.

Two common properties of special types of matrices mentioned above are that
they are diagonalizable and their spectra are subsets of some particular sets. In
addition to that, under the assumption of mutual commutativity the problem of
characterizing linear combinations of these special types of matrices is equivalent to
the problem of when a linear combination of diagonalizable matrices whose spectra
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X1Xo =X2 X4 X1 X2 # X2 Xa
XecCl X; € CF 2] X; €CE 2]
X1 € CE and X € CI  X; € CF and X, € CT
(6] [6]
X; € CT [30]
X1 € CP and X € X1 € CF and X2 €
crhF [12] Ch P [15)
X; € CI [31] X; € CL [31]
X1€(C£ andXzE(C£ X16(CZ andXzE(CfZ
[35] [35]
XecC] X; € CH[31] X, € CL [31]
X; € Cl [31] X; € CL [31]
X; € €] [31]

X ecl (x ec§m)

X eck"P
X ecsgr
X e cHeP

X € CE=CP (x ¢ cF+D—F)

X ek CGF (x e clFtD-Fy

Xe C,{LK75+1}
X e C7(1043753)

X1 € (Cz; and X9 € (CfL
[35]

X1 € CI and X2 € CL
35]

X, € CF[18, 4]
i € (C{l [31]

X; € CE [18, 4]

X,
X; € CT [5, 30]
X; € Cl [32]

X; € CGT [3, 13]

X; € CCT [3, 13]

X, € CEGT 9]

X; € CE=CF 13]
X; € COP 13]

X; € CP [14]

.

X; € CF [14]

X; € CYF T [29)

X; € CiiPV) [33]

X; € CT(‘Laiyﬁz') [33]

Table 1: Summary of results related to linear combinations of the form (1)

X1X2 = X2 X
X1X3 = X3X1
XoX3 = X3Xo

X1Xo = XoX1
X1X3 = X3X1
XoX3 # X3X2

X1X2 = X2 X1
X1X3 # X3X3
XoX3 = X3Xo

X1X2 = X2 Xy
X1X3 # X3X1
Xo X3 # X3X2

XeCl X;ecl 819

X; € CL[8,19]

X; € CI 8]

X; € CI 8]

XGCE X; € CL and
X5 € C7 [36]

Table 2: Summary of results related to linear combinations of the form (2)

are subsets of some particular sets is a matrix such that its spectrum is subset of a
particular set. For instance, the problem of idempotency of linear combinations of
two commuting idempotent matrices solved in [2] is equivalent to the problem when
a linear combination matrix P = ¢1 P; + c2 P> is a matrix such that o(P) C {1,0},
where matrices P; and P, are commuting and diagonalizable, o(P;) C {1,0} and
o(Py) C {1,0}.

In this paper, a combinatorial method is developed to handle the problem when
a linear combination of the form X = Y, ¢;X; is a matrix such that o(X) C
{1, A2, ...; A, }, where ¢; € C\ {0} and matrices X; € C,, i = 1,2,...,m, are di-
agonalizable and mutually commute. This method is based on solving the systems
of linear equations whose coefficients are taken from the spectra of matrices X;
1=1,2,...,m. By means of the method, the problems of characterizing linear com-
binations of special types of matrices can be solved easily for linear combinations
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of finitely many special types of matrices. Furthermore, the method is illustrated
by considering the problem, which is one of the open problems left in [36], of char-
acterizing all situations wherein a linear combination of the form (2) is a tripotent
matrix when X is an involutory matrix and both X5 and X3 are tripotent matrices
that mutually commute.

2. The method

Let X; € C,, i = 1,2,...,m, be mutually commuting diagonalizable matrices such
that o(X;) € {A], A5, ..., A}, ni <nandi=1,2,..,m. The problem considered is
to characterize all situations in which linear combination of the form

i X1+ X+ - F+epXym =X (3)

is a matrix such that o(X) C {A1, A2, ..., A, }, where n, < n and ¢; € C\ {0},
t = 1,2,...,m. Since the matrices X;, i = 1,2,...,m, are diagonalizable and mu-
tually commute, they are simultaneously diagonalizable [27, Theorem 1.3.21], and
clearly the matrix X is also simultaneously diagonalizable with the matrices X;,
1=1,2,...,m. Thus, there is a nonsingular matrix S € C,, such that

ST X S + ST XS 4 -+ e STHX,, S = STIX S,

or equivalently
cihy + oo+ -+ ey = A, (4)

where A; and A are the corresponding diagonal matrices of the matrices X; and X,
respectively. Without loss of generality, including multiplicities of eigenvalues, the
explicit form of the linear combination (4) can be written as follows:

A 0 A 0 A1 0
e + -t Cm = . (5)
0 AL, 0 PN 0 An,
It is seen from equation (5) that the characterization of the linear combination (3)
is based on solving the systems of linear equations, whose unknowns are the scalars ¢;;
hereafter systems of linear equations will be shortly called linear systems. Therefore,
firstly, all possible left-hand sides of linear equations should be determined, and
then all linear systems formed by these left-hand sides need to be solved. Note that
the coefficients of the unknowns ¢; are chosen from the corresponding sets o(X;),
1 =1,2,...,m, and the right-hand sides of linear equations are chosen from the set
o(X). Accordingly, there are n; different coefficients for every unknown ¢;, and thus
there are nins - - - ny, possible left-hand sides of linear equations. Linear systems are
formed by considering these ning---n,, different left-hand sides first one-by-one,
then two-by-two, and by continuing the process finally m-by-m, and multiple right-
hand sides of linear systems which have the same number of linear equations are the
same. Since the solutions of linear systems which have more than m linear equations
are intersections of the solutions of linear systems which have m linear equations, it
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is unnecessary to consider such linear systems having more than m linear equations.
Hence, to obtain all results of the characterization problem of a linear combination
of the form (3) it is sufficient to solve (™72 ")+ (™72 ™) 4. . (M2 ") Jinear
systems. One of the advantages of this method is to give an upper bound for the
number of the results that will be obtained before starting the characterization.

It is worth mentioning the effects of some special cases of the spectra o(X;),
1=1,2,...,m, on the solutions. When the intersections of the spectra contain more
than two elements, linear systems that have a permutation between their solutions
arise, and the spectra containing some eigenvalues with their opposite signs lead
to the existence of linear systems whose solutions are minus times of each other.
Moreover, if all spectra including o(X) contain all eigenvalues with their opposite
signs, then there exists a minus times of each linear equation. In that case, in
the process of forming of the linear systems it is sufficient to get one of these two
left-hand sides, which are minus times of each other. Hence, the numbers of the
left-hand sides are halved, and thus the number of linear systems that need to be
solved decreases to ("™ 'i'n7“/2)+(7l1n2 ”2'""1/2) 4+ (M nm/z).

We want to close this section by mentioning the relationship between linear
systems and diagonal matrices A;, i = 1,2,...,m. Obviously, there are diagonal

matrices A;, i = 1,2,...,m, corresponding to each linear system. For instance,
corresponding diagonal matrices of the linear system
c1
C:
ALAZ A R SV IP VI
Ay A2 AT : A1 Az o Ay
Cm
are Ay = M I, @ M1, Ao = M2, ® \21,,, -+, and A,,, = A\*I,., ® A\7%1,.,, where

the symbol & denotes the direct sum of matrices. In addition, as pointed out in
the previous paragraph, it is sufficient to get one of the two left-hand sides, which
are minus times of each other, while forming linear systems in the case when all the
spectra contain all the eigenvalues with their opposite signs. However, even though
one of two left-hand sides is considered while forming linear systems, assuming that
there are also the corresponding blocks of the left-hand sides which are not considered
in the corresponding diagonal matrices of linear systems makes us obtain the results
for more general matrices.

3. Tripotency of linear combinations of an involutory matrix
and two tripotent matrices that mutually commute

In this section, the problem of characterizing the tripotency of linear combinations
of an involutory matrix and two tripotent matrices that mutually commute is con-
sidered via the method explained in the previous section.

3.1. Preliminaries

Let T7 € (Cf1 and Th, T3 € (CZ be nonzero matrices that mutually commute. It
is known that o(7y) C {1,—1}, o(T2) C {1,-1,0}, and o(T3) < {1,—1,0} [16,
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1T + eTs + c3T3
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85)(11%%) 86)(3131) 87)(31%%) 88)(1151)
“111 EEE “111 B
89)(—101) 90)(—%(1)1) 91)(—101) 92)( 11%8)
B R 1291 1 -11
93)( 1 10) 94)(—110) 95)(—1 -1 1) 96)(441)
1291 1291 i 4O
97)(—1 -1 1) 98)(—1 -1 1) 99)(—1 -1 1) 100)( 19 })
SRR Fh o b aY? 1 -11
101)(1 0 1) 102)( 10 1) 103)(1 0 1) 104)(—1 0 1)
110 —110 100 1 1.0
111 111 111 1-11
105)(—1 0 1) 106)(—1 0 1) 107)( Ll 8) 108)(1 1 0)
A0 409 “1-11 Lo 91
109)(-1 ] o) 110)( L %) 111)( o 1) 112)( L 6)
R “1-11 RN “1-1d
113)( 10 1) 114)(—1 0 1) 115)(71 0 1) 116)(—1 0 1)
R 44 1Y IR
117)( 1 o) 118)(44A710) 119)(71 1 o) 120)(7101)
1oty b bo? 1013
121)( -101 122) 7101) 123) L 1o 124) 110)
109 21%°1 101 LY81
125)(180)  126)( 1 1 o) 127)( 1 10)  128) 711,0)
1900 —1-10 100 100
129)( -110
100

Table 3: List of coefficient matrices of linear systems

Furthermore, as pointed out in the last paragraph of Section 2, it is assumed
that the corresponding blocks of the left-hand sides which are not considered are
also included in the corresponding diagonal matrices of each linear system listed in
Table 3. For instance, the corresponding diagonal matrices of the linear system 48)
are

Al = ITl D _Ir2 (&) _Ir3 &) I’r4 ® IT5 2 _I’r‘sa
AZ = Ir1 @ _IT2 @ Irs S _IT4 @ 07“5 D OTG?
AS = Ir1 5> _I’I‘2 3] Ir3 S?) _Ir4 S?) I’I‘5 2] _IT‘57
6
where Y r; =n.
i=1
Direct calculations show that the matrix T' of the form (6) is tripotent if and
only if

(T7 — e1Th) + (315 — e2To) + (315 — esT)
+ Ao (THTy + ToTE + ThToTh) + cles(TETs + TsTE + Ty T3Th)
+e1c3s(TiTE + T3Ty + ToTiTo) + caes(T3T3 + TyTs + ToT3Ty)

+ a1 3(TTE + T3y + T3ThT3) + coc3(ToTs + T5Ts + T3ToT3)
+ creocs (T ToTs + ThT3Ts + ToT3Ty + ToTh T + T3Th T + T3T5T1) = 0.

(7)

Under the assumption of mutual commutativity, if T; € CL, i = 1,2, 3, then equation
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(7) reduces to
(¢} —c1+3cics +3c1c3) Ty + (c3 — co + 3eac] + 3cac) T
+ (Cg —c3+ 3636% + 303C§)T3 + 6c1c0c3T1T5T35 = 0, (8)

if Ty and Ty € CL and T3 is a singular tripotent matrix, then equation (7) reduces
to

(¢} —c1 +3c13) Ty + (€3 — ca + 3cac) Ty + (3 — c3 + 3cac? + 3caca) T3
+3c1E2T1T3? + 3cacAToTs? + 6ercacs T ToTs = 0, (9)
and if Ty and T3 € C. and Ty is a singular tripotent matrix, then equation (7)
reduces to
(¢} —c1+3c1c3)Th + (c3 — o + 3cac + 3caca)To + (3 — c3 + 3c3ct) T3
+ 3clc§T1T22 + 3C3C§T3T22 + 6610203T1T2T3 = 0, (10)
and if 71 € C. and Tb and Ty are singular tripotent matrices, then equation (7)
reduces to
(C? — Cl)Tl + (Cg — Co + 3CQC%)T2 + (Cg —c3+ 3036%)T3 + 3010§T1T22
+ 3c12T1T3% + 3caciToTs? + 3e3caT3To? + 6c1c2c3Ti ToTs = 0. (11)
Finally, let us introduce the symbol | - | that will be used to express the results,
which are minus times of each other, all together in a single item of a theorem.
This symbol is used in both the scalars ¢; and the matrices T3, ¢ = 1,2,3, and it
denotes neither the absolute value of the scalars nor the determinants of the matrices.
However, this symbol acts as a real absolute value function. Namely, |¢;|;, := £¢;
and |T3|, := £T;, i = 1,2, 3. Nevertheless, the scalars ¢; and the matrices Tj, which

are indexed with the same number, are positive (or negative) at the same time. To
illustrate, let us consider the following expression

(|Cl| ) |CQ| ) |C3|) S {(37 _174)5 (_35 17 _4)} and
|Ti| — |T2| + 2 T3] — 3 |T1| [T2| T3] = O. (12)

Expression (12) consists of the combination of the results listed in Table 4.

1) (e1,c2,¢3) € {(3,-1,4),(-3,1,-4)} 2) (—c1,—c2,—c3) € {(3,—-1,4),(-3,1,—4)}

and T1 — Ty + 213 — 31112713 = 0 and —T1 +Ts — 273 + 3111273 =0

3) (_517 02703) € {(37 -1, 4) ) (_37 1, _4)} 4) (Clv —C2, _03) € {(37 _174) ’ (_37 1, _4)}
and —T) — Ty + 2T3 + 31112713 =0 and T1 + T — 273 — 3111273 = 0

5) (Cly _02763) € {(37 -1, 4) ) (_37 1, _4)} 6) (_617 C2, _03) € {(37 _174) ) (_37 1, _4)}
and T1 + Ty + 2713 + 31717275 = 0 and —T1 — Ty — 213 — 31112753 =0

7) (Cly C2, _63) € {(37 -1, 4) ) (_37 1, _4)} 8) (_617 —C2, 03) € {(37 _174) ) (_37 1, _4)}
and Th — Ty — 2713 + 3111275 = 0 and —T1 +Ts + 273 — 31171273 =0

Table 4: The results contained in expression (12)

Note that the results 1), 3), 5), and 7) are the same as the results 2), 4), 6), and
8), respectively.
So far it is enough to give the main results.
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3.2. Results

As we have already pointed out, the main results deal with the tripotency of linear
combinations of the form (6), where T; is an involutory matrix and both T and T3
are tripotent matrices that mutually commute. The results have been presented for
three separate situations:

(i) all of the matrices T1, T, and T3 are involutory,

(ii) either the matrix T5 or T3 is a singular tripotent matrix, while the rest are
involutory,

(iii) both the matrices T» and T3 are singular tripotent matrices, while the matrix
T3 is involutory.

In fact, the results for situations (i) and (ii) have also been given by Xu and Xu
in [36]. However, Kisi stated in [28] that there are some missing results in [36], and
these missing results are also included in this note.

Although the results have been presented in three separate theorems, their proofs
will be given together.

Theorem 1. Let 11,15, and T3 € C,, be involutory matrices that mutually commute,
and let T be a linear combination of the form (6) with c1,c2,c3 € C\ {0}. Then, T
is tripotent if and only if

(a) leaf +lea| + les| € {1, 1,0} and |Th| = [T2| = |T5],

(b) (Ci + |Cj| 7Ck) € {(%a_%>a (_%7 %)7(%) %)a (_%7_%)7(()’1)7(0’_1)} and

T; = |T]| 7& :l:Tku
(_la_lvl)a(%5%5_1)5(%715_%)5(_%7 17%)
(C) (|01| ’ |02| ’ |63|) c {(152%5 _2%)7 (_17_%7% 5(17 15 _1)5 (_15 _15 1) and

|Ty| + |To| — |T3] — |T1| |T2| T3] = 0,

where i £ j,i £ k,j#k, and i,j,k=1,2,3.

Theorem 2. Let Ty and T; € C,, be involutory matrices and T; € C,, a nonzero sin-
gular tripotent matriz that all mutually commute, and let T be a linear combination
of the form (6) with c1,ca,c3 € C\ {0}. Then, T is tripotent if and only if

(a‘/) (Cl + |CZ| ) |Cj|) € {(17 _1)7 (_17 1)a (07 1)a (07 _1)7 (_17 2)a (17 _2)})
Ty = |T;| # +Tj, and Ty |Tj| = T7,
(bl) (|Cl| +c3, |CQ| + 203) € {(17 _1)7 (_17 1)a (07 1)a (07 _1)7 (_17 2)a (17 _2)} and

ITy| + 2 |Ty| = Ts,
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|T1| + = |T2| =1Ts5,

_lu_lu§)7(l717_§)7(_lalu_l)u(la_lal)a
@) (el lel el € § (31— (-5 -1.5) (4227 -1 ~2.). } ana
(1517_1)7(_17_171)5(17 5_2)5(_15_272)

=2|T1| = 5|T3| + 2|T5| + (3|T;| — |Ti)T7 + 3|Th| T3] |T;] = 0,

(€) (e1+leil, ¢;) € {(0,1),(0,=1)} and T = |Ti| # Tj;

E%v_%a%)15)(_%73%71_%5751_%15_1%7(%)71(%7%71_)%)5
(f") (eal s leal les]) € (Evl_?g)z(’l __Zi 5_5)’(?3’31’)_3’;—3’5 i) and
ipgaflafp 2 14714525 145 147 25145
( 55175)5(57_17_5)5(5715_5)5(_57_175)
= Tu| + T = 1Ty + (0| + | T3)TE + || T3 | T = 0
(% _%7_1) (_%7%71)7(_§7_%71)7(%7%7_1)7
(gl) (|Cl|7|ci|7|cj|) € (_%7571)7( 1)7(_57%72)7(%_57_2)7 and
( 17151)7(1 _1 _1)5(_25 72)5(27_15_2)

=T+ |T| + 3Ty + (IT3] = 2| )T} — 2|11 | T3] | T| = o,

(7)) (el leil s es]) € { %: 1

71 ) _lu]w_l ) _lu 7l ) lu_lu_l )

ig E_i i) ( i 2) (2 i) } and
2/ 2 2 2 2

=3|Ti| + 21| + | T7 — |0 | T3] |Ty] = 0,

where i # j and i,j = 2,3.

Theorem 3. Let T} € C,, be an involutory matrix and Ts and T3 € C,, two nonzero
singular tripotent matrices that all mutually commute. Let T be a linear combination
of the form (6) with c1,ca,c3 € C\ {0}. Then, T is tripotent if and only if

(a//) (|Cl| ) |C2| + 03) € {(17 _1)7 (-1,1), (17 0), (_17 0)7 (-1,2), (17 _2)}7

|Ty| = T3 # +£Th, and |Ty||Te| = Ty,

(") (lea| + esy|e2| +¢3) € { EO’ 7) )(,0(’ 1)1’,(10)’ ?1) (1) _(1)1’,(3)’ 0), } and

|Ty| + |T2| = T5,
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(€) (e, e2 +es]) € {(1,0),(=1,0)} and

Ty = |T3| 75 +T1,
(1,_1,_1)7(_17l7l),(_1,_1,§)7(17l7_§)7
(@) (1] lei]les1) € {<1,%f—%ﬁ(—l,—%,%»(—L%f%ﬁ(l,—é—%),} and
(1,1,-1),(=1,-1,1),(=1,1,1),(1,-1,=1)

3|T| — 17Ty + (21T | = 3|T4)T7 + (18|T1| + 9| T:)) T} — 12 |Tv| |T3| | T;| = O,

(2,-1,-1),(— 2 1,1),(-1,1,1),(1,-1,-1),
(e//) (|Cl| ) |Ci| ) |Cj|) € ( 2,1, )7(27 )7 (_27271)7 (27_27_1)7 and
(—3,2,2),(3,-2,-2)

—2[T[+5(|T3| +|T5)+(2[T;| =3 |T1|)i’l-2+(2 T3 =3 |T|)T7 —6 | T1] | T3] |T;] = 0,

(-1,-1,2),(1,1,-2),(-2,-1,3), (2,1, -3),
" _ _ (1,1,-1),(-1,-1,1),(2,1,-2),(-2,-1,2),
U7 el leal ey €4 (02, —3), (2, -2.8), (1,2, -2), (-1, -2,2), [ "
(3,2,—-4),(-3,-2,4)
3 9
I Ta|+2|Ti| =10 [T+ (IT2| = 5 | TNTE + (9 1Th | = 5 [T TF = 6 [Th| T3] |T;] = 0,
/" _ _ (-1,-1,2),(1,1,-2),(1,1,-1),(—-1,-1,1),
9% el bl lesl) {(—1,1,1),(1,—1,—1),(1,2,—2),(—1,—2,2) and

T — 4|Ty] + (|T1| = 2|T3)T7 + (4|Ty| + 4| )T — 4|Th| |T3] |T;] = 0,

1 2 1 1 2 1 1 1 2 11 2
2z L1y e2 1 Iy 11 1y 1 1T 1
(—3,3.—3):(5,—3:3), (-3, —3.3), (5, 3. —3);
( 35?53)5(35 ;Ev %)7(35353)7( ijv %7 %)a

(h’//) (|Cl|a|ci|a|cj|)€ (27__,_),(_27_7__)7(_l,2,2),(_7__7__), and

PO LU Ay 2% % P i
E%743,§;,E %7374 %%7(3535 3)5( 3 353)5
323 37 3> 3’3

=8| Ty [+4|T;|=5 [T |+ (12 | Ty |[+12 | T} ) T2 +(3 [Ty | =6 |T;|) T —12 [Ty | | T3 | T;| = O,
(1,—2,1),(—1,2,—1),(1,—3,2) (—1,3,—2),
(7;//) (|Cl| 5 |Cl| 5 |Cj|) € (17_171 7(_171_ 1 5 _1737_ )7 17_ 1)7 and
1.2 1,4 1 2

T = T3] = (O|Ta| = 9 |T;DT? + B|Tu| — |TNT} — 6 |Th| |Ti] |T5] = 0,

_lu%7%)7(%7_l7_l)7(_%7§7l)7(%7_§7_l)7

(jl/) (|Cl|7|ci|7|cj|) € (_;_%7%)7(%7%7_%)7(%7_%%)7(_%7%7_%)7 and
(333 (-3-3:—3): (3. -5, 2), (3.5, —3)
Ty| + (IT5] = M) T? + (1] = [TW)T] = 2| T | T3] | T5] = 0,
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) Gal el b e { 1 T )

T+ | T3] + (ITy] = | TW)T? + (T3] — |Tu)T? — 2| | T3] | T3 = o,

2

527 ) (17_27_1)5} and
2

1),
) 72)5 (17 _27 _2)

where 1 # j and i, = 2, 3.

Proof. Sufficiency of the conditions in all items of Theorems 1-3 follows by direct
verification of criteria (4)—(7).

In the proof of necessity, we consider all of the linear systems listed in Table 3,
except linear systems 5)-9), 36), 39), 42)-45), 122), and 129), since either of the
matrices T or T3 is a zero matrix or both of them are zero matrices in these cases.

Solving linear system 1) gives ¢ +ca+c¢3 € {1,—1,0}, and Ty = T» = T5. Similar
results are obtained from linear systems 2), 3), and 4). Combining all of these results
leads to item (a) of Theorem 1.

Solving linear system 10) gives

(c1 +ca,c3) € {(%7 _%)7 (_%u %)7 (%7 %)7 (_%7 _%)7 (07 1), (07 _1)}

and Ty = Ty # +T5. Similar results are obtained from linear systems 11), 12), 18),
19), and 25). Combining all of these results leads to item (b) of Theorem 1.
Solving linear system 46) gives

_%171)5 (%a %a_ )a
2 T

(_%7 1 %517_%)7(_%5_155)
(61702703) < {(17%7_ )7(_ % L1 ’

(
)7 ( ) _1)7 (_17 _17 1)
and putting the result (3,2, —1) in equation (8) gives T} + 1o — T3 — T1ToT3 = 0.
Similar results are obtained from systems 47), 53), and 74). Combining all of these
results leads to item (c) of Theorem 1.

Solving linear system 13) gives
(Cl + c2, 03) € {(17 _1)7 (_17 1)5 (07 1)5 (07 _1)7 (_17 2)5 (17 _2)}5

Ty = Ts # +T3, and T T5 = T32. Similar results are obtained from linear systems
15), 21), 23), 26), 29), 32), and 33). Combining all of these results leads to item (a’)
of Theorem 2.

Solving linear system 14) gives

(Cl —€3,C2 + 203) € {(17 _1)7 (_17 1)7 (07 1)7 (07 _1)7 (_172)7 (17 _2)}

and —T3 + 275 = T3. Similar results are obtained from linear systems 20), 27), and
31). Combining all of these results leads to item (b') of Theorem 2.
Solving the linear system 16) gives

) c { ((1)78)7(_? %)7(%’_%)7 (% %)7 (071)7}

1
2

1 1
(c1 + 563, €2 + 563

and %Tl + %Tg = T5. Similar results are obtained from the linear systems 22), 28),
and 34). Combining all of these results leads to the item (¢’) of Theorem 2.



A COMBINATORIAL METHOD FOR DETERMINING THE SPECTRUM OF THE LINEAR COMBINATIONS 73

Solving linear system 48) gives

(_lv_lvé)a(lvla_é)a(_lvla_l)a(la_lal)v
(01702763) € (%721, _%f (_27_17 ;)a (%a227_%)27 (—; _2a %)7 )
(1,1,-1),(-1,-1,1),(1,2,-2), (-1, -2,2)

and putting the result (—3,—1,2) in the equation (10) gives —2T} — 5T + 275 +
(3T5 — T1)T3 + 311T>T5 = 0. Similar results are obtained from linear systems 49),
50), 51), 95), 96), 97), and 98). Combining all of these results leads to e item (d’)
of Theorem 2.

Solving linear system 54) gives (¢1+cs, c2) € {(0,1),(0,—1)} and Ty = T5 # £T5.
Similar results are obtained from linear systems 61), 78), and 81). Combining all of
these results leads to item (e’) of Theorem 2.

Solving linear system 55) gives

1 11y, 11 1y, 1 13y 1 1 _3
L A TN
(1, e2,03) € (i’l ?&)4 (71 Y 2_§)’(§’i’ii) (fﬁ 2y i) ;
%525145147 2 14514525 147 145 25145
( 2 17 5)7 (57 _17 _5)7 (57 15 _5)5 (_57 _17 5)
and putting the result (f,—3,%) in equation (10) gives —T1 + T — T3 + (T1 +
T3)T§ + T1T>2T3 = 0. Similar results are obtained from linear systems 62), 77), and

80). Combining all of these results leads to the item (f’) of Theorem 2.
Solving linear system 56) gives

(§ _17_1) (_§7171)7(_17_171),(1717_1)7
(01762703) € (357%71)7( 1 1)7(_%%722)7(%72_;_2)7 )
(—1,1,1),(1, 1),(—2, ,2),(2,-1,-2)

and putting the result (=2, 1,2) in equation (9) gives —T1 +To+3T3+ (T2 —211)T§ —

271 T5T5 = 0. Similar results are obtained from linear systems 57), 59), 60), 75),

76), 82), and 83). Combining all of these results leads to item (g") of Theorem 2.
Solving linear system 64) gives

(lv _17 l)a (_lv 1 _l)a ( lv 15 %)7 (%a _15 _l)v }
Cc1,C2,C3) € R
CRCRERRR K X N 1 e TR
and putting the result (3,—2,3) in equation (10) gives —3T» + 2(Ty + T3)T§ —
T,T5T5 = 0. Similar results are obtained from linear systems 71), 85), 92), 100),
107), 110), and 117). Combining all of these results leads to item (h’) of Theorem
2.

Solving linear system 17) gives
(01702 + 03) € {(17 _1)7 (_17 1)7 (17 0)7 (_17 0)7 (_17 2)7 (17 _2)}

Ty = T3 # +Ty, and T1T, = T§. Similar results are obtained from linear systems
24), 30), and 35). Combining all of these results leads to item (a”’) of Theorem 3.
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Solving linear system 37) gives

(070)7(0 1) (O ) (1 _1)7(170)7
(c1+ 5,02 —c5) € {(—1,2) (~1,1), (1, -2), (~1,0) }

and Ty — Tp = T5. Similar results are obtained from linear systems 38), 40), and
41). Combining all of these results leads to item (") of Theorem 3.

Solving linear system 52) gives (¢1,ca+c3) € {(1,0),(—1,0)} and Tp = T5 # +T7.
Similar results are obtained from linear system 99). Combining all of these results
leads to item (¢””) of Theorem 3.

Solving linear system 58) gives

and putting the result (1,4, —3) in equation (11) gives 3T, — 1775+ (211 — 3T3)T5 +

(18T + 9T2)T3 — 127715753 = 0. Similar results are obtained from linear systems

63), 79), and 84). Combining all of these results leads to item (d”) of Theorem 3.
Solving linear system 65) gives

(2,-1,-1),(-2,1,1),(-1,1,1),(1,-1, -1),
(01702703) S ( 27152)7(25 15_2)5(_25271)5(27_25_1)7 3
( 37 25 2)7 (35 25 _2)

and putting the result (—3,2,2) in equation (11) gives —2T1 + 5(T2 + T53) + (275 —
3T)T3 + (215 — 3Th)T§ — 6Ty TxT5 = 0. Similar results are obtained from linear
systems 90), 102), and 114). Combining all of these results leads to item (e”) of
Theorem 3.

Solving linear system 66) gives

(-1,-1,2),(1,1,-2),(-2,-1,3),(2,1,-3),
(c1.62.¢3) (1,1,-1),(=1,-1,1),(2,1,-2), (=2, —1,2),
bE (2,2,-3),(—2,-2,3),(1,2,-2),(-1,-2,2), [’
(3,2,—4),(—3,-2,4)

and putting the result (2,1,—3) in equation (11) gives Ty + 275 — 1075 + (11 —
%T3)T22 + (9T — %Tg)T32 — 6711575 = 0. Similar results are obtained from linear
systems 68), 87), 89), 101), 105), 111), and 115). Combining all of these results
leads to item (f”) of Theorem 3.

Solving linear system 67) gives

(—1,-1,2),(1,1,-2), (1,1, ~1), (=1, —1,1),
(01’02’03)6{(—1,1,1),(1,—1,—1),(1,2,—2),( 1, — 2,2)}

and putting the result (1,1, —2) in equation (11) gives Ty — 473 + (T1 — 2T3)T5 +
4Ty + 4T2)T32 —4T1T5T5 = 0. Similar results are obtained from linear systems 72),
91), 94), 103), 109), 116), and 118). Combining all of these results leads to item
(¢") of Theorem 3.
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Solving linear system 69) gives

1 2 1 1 2 1 1 1 2 11 2
T It
PR Bt i | KU S A S
R A O N (P RIR P I
1,330 Py, 30 T3l sl
(5:3—3) (3, —3:3)

and putting the result (3, —2,1) in equation (11) gives —8Ty + 4T, — 5T + (12T +
12T3)T3 + (3Ty — 6T3)T% — 1211T>T3 = 0. Similar results are obtained from linear
systems 86), 104), and 112). Combining all of these results leads to item (h”) of
Theorem 3.

Solving linear system 70) gives

(1,-2,1),(-1,2,-1),(1,-3,2), (-1, 3,-2),
(01562563) S (17_171)7(_171_71)7(_1737_1)7(17_371)7 )
(1,-2,2),(-1,2,-2),(-1,4,-2),(1,—4,2)

and putting the result (—1,3, —1) in equation (11) gives 117, — T3 — (97} — 973)T5 +
(3Ty — T»)TZ — 611T2T5 = 0. Similar results are obtained from linear systems 73),
88), 93), 106), 108), 113), and 119). Combining all of these results leads to item (i")
of Theorem 3.

Solving linear system 120) gives

(_lu%7%)7(%7_17_l)7(_%7§7l)7(%7_§7_l)7
(61702703) € (;217_1%7%)71(%7%7_%)7(%7_%7%)7(_%727_%)7 )
(33 2) (=3, =3 —3) (3, =%, 3) (=2, 3, —3)
and putting the result (—%, %, %) in equation (11) gives Ty + (T3 — T1)T% + (T» —

T1)T3 — 2T1T>T3 = 0. Similar results are obtained from linear systems 121), 123),
and 126). Combining all of these results leads to item (j”) of Theorem 3.
Solving linear system 124) gives

(1,-1,-1),(~1,1,1),(~1,2,1), (1, -2, - 1),
(e, e2,¢5) € { (-1,1 1,2,2),(1,-2,—2) }

and putting the result (—1,1, 1) in equation (11) gives Ty + T3+ (T3 —T1)T5 + (To —
T1)T3 — 211T>T5 = 0. Similar results are obtained from linear systems 125), 127),
and 128). Combining all of these results leads to item (k") of Theorem 3.

Hence, the proofs of Theorem 1, Theorem 2, and Theorem 3 are completed. [

4. Conclusion

The striking feature of this method is that it is very systematic. Therefore, anyone
who uses this method for characterizing linear combinations of some special types
of matrices requires less intuition than one who uses the methods proposed in the
papers in the literature. To show this, let us reconsider, for example, the problem
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of idempotency of linear combinations of two idempotent matrices handled in [2].
Let P; and P, be nonzero idempotent matrices that commute, and let II; and Il
be their corresponding diagonal matrices, respectively. A linear combination of the
form ¢1 P; + co P is idempotent if and only if

(c% —c¢1)P1 + 2¢10P Py + (cg —c2)Py =0, (13)

where ¢; and ¢z are nonzero complex scalars. It is known that o(P;) C {1,0} and
o(Py) C {1,0}, [16, Proposition 5.5.21]. Apparently, there are 2 -2 = 4 possible left-
hand sides. However, note that one of these four left-hand sides is Oc; + Oce. Hence,
there are three left-hand sides. Nevertheless, assuming that the corresponding blocks
of the left-hand side Oc; 4 0Ocg exists in the corresponding diagonal matrices of linear
systems makes us obtain the results for more general matrices. In the framework of
the previous explanations, we have the following results:

1) (1 1)(2) = (10) = c1+co € {1,0}811(11_[1 =1l :ITI@OT2 = c1+c2 € {1,0}

andP1:P2;

2) (10)(e)=(10)= P, =0;

3) (01)(2)=(10)= P =0;

4) (%(1))(2) = (%(%(1)8) = (61702) € (17_1)}7 I, = I, & I, ® O, and
11, :Isl @052 @053 = (Cl,CQ) S {(1,—1 }and PPy, = Py

5 (51)(e) = (1690) = (er,e2) € {(-1,1)}, Il = I, & Oy, & 0s,, and
H2:Isl® 52@053:>(61702)E{(—1,1)} and PP, = Py;

) = (ClaCQ) € {(171)}a I = I, ®0s, ® Os5, and
= 01,62) S {(1, 1)} and PP, = 0,

where 71 + 1o = n and s; + sy + s3 = n. The results PP, = P, PP, = P;, and
PP, = 0 can also be obtained by putting the results (c1,¢2) = (1,—1), (¢1,¢2) =
(—=1,1), and (c1,¢2) = (1,1) in equation (13), respectively. Please, note that the
results obtained from cases 4), 5), and 6) correspond to the results (ii), (iii), and (i)
of the theorem in [2], respectively.

Many open problems, such as quadripotency of linear combinations of two quadri-
potent matrices that commute, or tripotency of linear combinations of three tripotent
matrices that mutually commute, can be easily solved by using this method. The
first problem is a generalization of the problems handled in [3, 9], and the number of
linear systems that needs to be solved for the characterization is (115) + (125) = 120.
The second problem is a generalization of the problems handled in this note and in
[36], and the number of linear systems that needs to be solved for the characterization

is (113) + (123) + (133) = 376.
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