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The recently developed self-consistent charge Xo. (SCC—Xa)
method has been utilised to investigate various types of point-
-charge approximations to molecular expectatlon values. In the f1rst

part observables of the structure m; (r) 7' Y, (r) and a; (r) " Y, ('r),

respectively, are analysed yielding the conclusion that, in general,
only certain matrix elements can be treated by point-charge ap-
proximations, namely the two-center crystal-field integrals and
the three-center integrals. The results are then applied to the
calculation of the total valence energies as a function of bond
distances, and it turns out that the SCC—Xou method is able to
reproduce equilibrium geometries with deviations of less than 10%o
provided all matrix elements are evaluated in an exact way, while
all investigated types of point-charge approximations fail in pre-
dicting geometries.

I. INTRODUCTION

It is sometimes claimed with a slightly disapproving attitude that all
problems in (nonrelativistic) quantum chemistry are solved at least principally
because the solution of the N-particle Schrodinger equation is merely a technic-
al problem. This statement is, I think, basically incorrect. For, the scope of
the theoretical development cannot exhaust itself in the implementation of a
formal calculus. On one hand, it has to establish the connection between the
established experimental and theoretical knowledge. On the other hand, the
applications of a theory are not only illustrative but are essential for the de-
monstration of its efficiency and, thus, for its acceptance within the scientific
community. Therefore, quantum chemistry is far from being simply a straight-
forward application of quantum mechanics to chemical bonding. It also has
to develop special methods to describe the relevant experimental facts and to
interpret the common more phenomenological theoretical concepts of chemistry
such as electronegativity, basicity, acidity, and others.

To this field of research, the so-called ab initio methods have contributed
comparatively little so far, because their problems are naturally determined
by mainly internal theoretical interests and their acceptance results from the
sound theoretical basis but not from their applicability to actual problems.
There is consequently an inevitable need for simpler, i. e. semiempirical mole-
cular-orbital methods not only for the practical reason of applicability, as com-
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monly supposed, but also as the necessary link between exact and phenomeno-
logical theoretical concepts. Thus, a criterion for the quality of a semiempirical
MO-method should be among others, its ability to give a reasonable description
of observable quantities or to reproduce experimental data in terms of simple
and familiar theoretical concepts.

It may now happen that the calculation of such observables may exceed
by far the computation time for the MO-calculation itself. It is, therefore,
desirable to know to which extent approximations are possible in the evaluation
of the respective expectation values. This will be analysed here for two types
of observables which are representative in the sense that many of the actual
experimental quantities can be subsumed under them, namely the multipole

moments and the inverse multipole moments, i. e. the ( ") expectation values.
Moreover, they can serve as a measure for the quality of the molecular charge

—

density o (r), since they are affected already by first-order changes in the wave
functions unlike the energies. The semiempirical MO-method constituting the
basis of our investigations is the recently developed self-consistent-charge-X«
(SCC—Xa) method! which is the combination of some basic ideas of the iter-
ative extended Hiickel method? and the Xg-aproximation?. It has already
shown its ability for the interpretation of spectral data in several cases.

The scope of this contribution will be thus as follows. In the second part
we will give a concise description of the underlying physical concepts of the
SCC-Xa method, while in the third, the general structure of the expectation
values and the evaluation of the corresponding matrix elements will be derived.
Then follows a comparison and discussion of the numerical results for the
matrix elements under various approximations and, finally, we will treat, as
an application, the calculation of total energies and geometries in the frame of
the SCC—Xa method.

II. THEORY

The SCC—Xa method! starts from an LCAO-one-electron Hamiltonian
separated into an atomic part and the neighbour contributions to the potential
according to

H v = [(ef + &) Sy + (Vo + V,29)]/2 @)

&# is the negative of the atomic inonisation potential of orbital i centered at
the w-th atom, S;#” is the overlap matrix, and the potential matrix elements
are defined as
V= f [ $) (r—R,) V,® (r—R,) 0 (1) dr @
AFV

with respect to some appropriate atomic basis functions ¢; (r) chosen here
for simplicity as Slater-type orbitals (STO). The simplest MO-method founded
on such a formulation as Eq. (1) is the Wolfsberg-Helmholtz or extended Hiickel
method?, which can be deduced from Eq. (1) according to the virial theorem by
the additional simplification

Vi + Ve = ki (1—0,) (e + &) Sy
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yielding the well-known WH-Hamiltonian
Hyv = Koy (e + &) Sy[2 3)

containing the molecule-dependent parameters k; =1 + k; (1—9;) and &*,
i. e. their values have to be adjusted principally according to the molecule
under consideration. Thus, the WH-method is mainly empirical and although
it may serve as a first tool for the energy spectrum and the eigenvectors, it is
in general of limited value for the interpretation of any spectral quantities.

Furthermore, the eigenvalues of the WH-Hamiltonian are not invariant
against a translation of the energy scale unless k;; equals unity. It can be asked,
therefore, if the WH-method allows an extension to a theory based on a
universal, i.e. molecule-independent parameter set. To this end two effects
have to be taken into account, namely:

1. An atom in a molecule generally does not behave as a neutral but as a
charged species. Since ¢# is charge dependent, charge corrected values have
to be used instead of free atomic ionisation potentials. This may be seen as an
atomic-type etfect. '

2. The neighbour contributions to the potential at an atomic site are in general
considerably smaller than the respective atomic quantities. However, their
importance arises from that the molecular symmetry predominantly enters
via the potential matrix elements. This will be called the molecular effect.

By incorporating the atomic effect one obtains the iterative extended
Hiickel theory?, which is a self-consistent-charge method because the Hamil-
tonian is charge dependent via ¢”. Although this modification yields conside-
rably improved results it does not describe correctly e.g. the differences in
o- and m-interactions in a universal parameter set. This can be achieved only
when including the neighbour contributions to the potential explicitly, as well.
In doing so, one has to search for a reasonable but sufficiently simple potential
allowing the fast calculation of the matrix elements, Eq. (2). This requirement
can be fulfilled in representing the potential as a local functional of the elec-

tronic density o (), especially in the Xa-approximation?. Furthermore, from
observing that In ¢ (r) is an almost linear function of r in the outer region (cf.
Figure 1), where the chemical bond takes place, the atomic charge density
0a (1) is assumed to be proportional to exp (—r) yielding in atomic Ry-units!

V() =—2(@ + Ne-m[r—ne-1 (N + «’N") ()

Here, N describes the number of electrons, @ = Z — N is the effective atomic
charge, the exchange parameter o’ is taken to be equal to 0.706 for all atoms,?
and the approximation (4) provides that the valence electrons can be treated
separately from the core electrons (strict core-valence separability). The potent-
ial parameter 5 has an evident interpretation. For hydrogen, the atomic wave
function is a single exponential likewise, ¢ ~ exp (—{7), and we have thus
n = 2(; for heavier atoms, » can be determined e.g. from the slope of Ot (7)
with respect to r. Owing to the well-known charge and configuration depen-
dency of the orbital exponents (% the potential parameter has been chosen as
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Inp/a.u.

Figure 1. — The logarithm of the electronic density of the neutral phosphorus atom
as obtained from double-zeta basis functions. Also shown are the bond distances
of P; and P4 '

charge dependent, too. Consequently, the SCC—Xa method contains three types
of parameters all assumed to be charge dependent, namely

atomic ionisation potentials gY =g, + £,” Q, + £’ Q7
atomic orbital exponents =G4y +rQ, (5)
atomic potential parameter N, =My + My Q

As has been described earlier?, ¢;”, ¢p", (i, ¥, and 7y are determined from
atomic data whereas 7y and ¢y’ are fitted to molecular ionisation potentials
and dipole moments of some small reference molecules. Furthermore, the atomic
modelpotential of Eq. (4) is obtained as a function of the effective charge of
the respective atom via N, @,  making a self-consistent charge iteration pro-
cedure applicable in a natural way. Additionally, its simple form allows the
calculation of all three-center integrals exactly from a single-center expansion
into partial waves!.

In conclusion, the SCC—Xa method fulfills the requirements of a semi-
empirical MO-method mentioned in the introduction in so far, as the number
of free fit-parameters has been kept small, namely three per main-group
element, and moreover these parameters allow an interpretation in simple and
familiar concepts. This feature is unlike many of the neglect-of-differential-
-overlap methods where one meets a lot of parameters without a clear physical
significance resulting sometimes in degeneration to a pure fit-procedure in
order to reproduce a certain class of physical observables. Furthermore, the
SCC—Xa method has been successfully applied to the interpretation of photo-
electron spectra’®, MoBbauer spectra!®!!, ESCA chemical shifts!!, and to the
calculation of total energies”!2. Finally, it should be mentioned that as a result
of these applications on about 250 molecules the parameter set (5) turns out
to be universal, i. e. it depends on the atoms only and not on the specific mo-
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lecular bonding situation. A further advantage of the SCC—Xa method is its
simple feasibility, the equally good applicability to systems containing heavier
atoms, its stable convergence properties even in larger systems, and a compu-
tation time exceeding that of an iterative extended Hiickel method by a factor
of approximately only three per iteration step.

III. EXPECTATION VALUES

The general expression for the electronic part of the expectation value of
a molecular observable A is
(A)g=(V|A|¥) (6)
where ¥ = ¥ (ry,...,1,) is the molecular many-particle wave function usually
approximated by a linear combination of Slater determinants. In the special
case, A being a single-particle operator, the Slater determinant yields the same
result as an unsymmetrised Hartree product, namely

(Ada=Zm(y|A |y M
k

with the molecular orbitals vy (r) and the respective occupation numbers n;.
In an LCAO basis

Y ()= 2 CirY ¢i(v) (r—R), (8)
vi

the standard expression for the electronic part of A is obtained as
(AYy=1tr (PA)=ZPyvAYv. ©

The A;”"v are the matrix elements of A with respect to the AO-basis,

Av= [$) (r—R,) A(r—R,) ¢ (r—R,) d’r, (10)

and it should be kept in mind that in general A;"” will depend on R, which
will be omitted for convenience. The results of the MO-calculation enter ( A ),
via the first order density or bond order matrix

P,.I.V’v = 2 ngcy” iV (11)
E

In terms of the P;””? the net charges and the overlap charges are immediately
obtained as'®
Nw= X PwSw (12)
ij
and
Nvv =2 3 PV Sy, 13)
ij
respectively.

In evaluating the A;” we will distinguish among three types of point charge
approximations:
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1. The weakest one we shall denote as core-pca, meaning that only the core
electrons and core densities are substituted by J-functions, i.e. the core is
treated as a point charge while all the other contributions from the valence
electrons are taken into account exactly. This approximation is inherent in
most of the valence-electron-only MO-methods.

2. The next stage of simplification is the bond-pca, where the valence density
is split into atomic-site and bond-site point charges N* and NY", respectively.
It should be displayed that no scheme of population analysis will enter the
calculation of { A ) because the overlap charge NV is not distributed between
atoms » and »'.

3. Finally, the strongest simplification is the valence-pca treating also the
valence electrons as point charges, i.e. N and NY” are replaced with a
population analysis dependent effective number N, of electrons which is e.g.
according to Mulliken'?
N,= = NV
¥

In this approximation the molecule is thus described as a collection of point
charges @, = Z,— N,.

The core-pca is used throughout this paper. Its validity for most purposes
can be checked easily within the frame of the SCC—Xa approximation in a
natural way, especially for the computation of expectation values as has been
demonstrated earlier'!. Under this assumption ( A) can be written with

=

respect to the site Ry as

(A)=Z2Z0AR)— T2 PpvAMy (14)
v Vv if ‘
| s

where now Z,° = Z,— N,° is the core charge of the »-th atom and Ry =

= =
= R,— Ry. Furthermore, we restrict ourselves here to position dependent
observables because momentum dependent ones can be treated in a similar

—

fashion using the Fourier transforms of the wave functions ¢; (r). In the
general case four types of integrals will occur evaluated by different strategies:

1. One-center integrals, i.e. R, = R, = Ry:

Aiioo = ¢i(o) (r) A (r) ¢i<0) (—;) d3r - ‘(15)

These integrals are not computed in that atomic basis set used for the MO
calculation and normally consisting of one or two STO’s, but are determined
over a (possibly relativistic) accurate atomic calculation as a function of the
various charges and configurations, i. e.

00 —_ patom /o 0 0
Aij - Ai]’ (x nsr & np? Lo - - )

Therefore, the MO results enter the A;% only via the occupation numbers x,,°
of the valence shell.
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il —

2. Resonance integrals, i.e. R, = R, and R, = Ry, or R, = Ry:

AN U B T i = - - -

A= [ ¢ @) A@)¢» (r—Ry) dor (16)
Although principally depending on the explicit structure of A (r) it is, on the
one hand, our experience from dipole moment as well as electric field gradient
calculations, that these integrals have to be computed exactly while, on the
other, in case of second moments and 1/r-expectation values, point charge
approximations are sufficiently accurate.

3. Crystal-field integrals, i.e. R, = R, = Rq:

A= [ ¢ (M) A+ Ry 6,0 (r) dr )

These integrals are evaluated by using a partial wave expansion of A (r + R)
symbolically written as

- —_ A A
A(r4+R)=4dx = o (r,R)Y,,* (R) Y, (") (18)

Im

with some radial part o; (r, R). The first term of this expansion again leads to
an atomic-type expectation value while the higher order terms will give an
estimate for the reliability of point charge approximations as we will see later.

4. Three-center integrals, i. e. R,, R,, Ry are pairwise different:

-

Aiiv'y = [ ¢i(w) (r—Ry,) A+ Ry) ¢].(V) (r) d3r 19)

Using the same expansion, Eq. (18), the first (spherical) term has the structure
of a resonance integral while higher order terms can be estimated by a Mul-
liken approximation

G —Ry) = = SV a0 (20)

key

for the wave function displaced from the origin.
In the bond-pca, meaning that the overlap charge N¥” will be placed at

the center of R,,, the exact expression for ( A ), Eq. (14), is transformed to

(A >bpca = X (Z,o—Nw)A Ryp)— = Pil-oo Ail-oo
v0 ij

- — -
—2 3 NYA(Ry2)— = NYVA(Ry,+ Ry/2) 1)
v==0 v’y
while in valence-pca we obtain

(Adpea= = QARY— T x2 A0 — 3 P0AN 22)
0 i ij
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In what follows we will compare these various approximations with each other
for two types of observables, namely the multipole moments and the inverse
multipole moments

—_ A
M, (r) =m;(r) ' Y, (1) (23)

End A

A =a,@r" Y, (r (24)

where m; (r) and g; (r) are functions not depending on angular variables and L
is a short-hand notation for (Im). From Eq. (23) we obtain, e.g., with m; =1

the charge density as My (7), the dipole moment components as My, (r), and the

second moments M,,, (r), while Ag (1) is proportional to the electrostatic potent-
ial at a nucleus, and the electric field gradient tensor components are derived
from Eq. (24) for 1 =2 and a;(r) = 1—y (r) where y(r) is the Sternheimer
shielding factor®.

—

Let us turn first to My (r) for the special case m; (r) being a constant. Then

all three-center integrals can be reduced to two-center integrals yielding e. g.
for the electronic contribution to the dipole moment

i i M = Ry, S;;"/2 + ;'Y

Mijw =Ry Sijw + Tiiw; Ml_l,v’v = (Rv'[) + R, Siiv’v/z + Tiiv’v
which may be cast into the compact form
My = Ry + R)S;¥V[2 4 1,0 (25)

where the translational invariance has been used and

—

Y= § 00 (r + Ryp[2) T ;) (r—R,,[2) dir (26)

is easily calculated by the Fourier transformation method!. The dipole moment
can thus be presented in the form

8= ot Uy + Ur (27)
o= 2 (Z,.0o—NW)R,— ¥ (R, + R) NV (28)
v w’ :
— —
pg=—23 PiiW v (29)
vij
- -
pp=— 2 2 PiiV'V 'riiV'V (30)
b PR o wig . !

-

where uq stands for the point charge contribution, uy is the hybridisation term,

which explicitly contributes to only the integrals with i j since r; equals
zero due to the vector coupling selection rules.
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In order to calculate the second moments let us introduce first the dyadic
product of two vectors as the matrix with the components

—

{a;b),5 = a,bg; af =2 (31)
The second moment tensor of a molecule at the center of mass or any atomic

site Ry can be brought then into the form

7= 3 Z0(Ry;Ry)— I 3 P VT, 32)
v w’ij
where

N

Tiiv’v = f ;%) (r— R, Crsr) ¢},(v) (r—R,) ddr

= <Rv'0;M;’jV’v> + <M,’,’V’V;Rv’0> <Rv 05 Rvo>s MVt (1 T> (33)
—_ > —_ —_ —_ - —_ = =" —
(ryr V= J 00 (r—Ryp) {(r—Ryp); (r—Ry) ) ;™) (r— R,g) dr (34)

The last term can be evaluated again easily by the Fourier transformation

method. Substituting now M;”” with Eq. (25) the second moment tensor may
be cast into a form analogous to Eq. (27)

s e = e

r—rQ+1D+1H+1R (35)

i - = 1 -~ - EE—
T = 2 (Z,c0— Nw) ( R, Ry >— ; > (< R,; Ry >+« R,0; Ry Y )N (36)

v vy
S —_ - — =,
tp=— S ({Ryp;m™V )+ (™Y Ry)) 37
vy

tg=—32 P {rr)»w (38)

vij
Tp=— 2 2 PV {r;r), vV (39)

vy ij

where in Eq. (37) the abbreviation has been used
vV = B Py (40)
i
Unlike uy, Eq. (29), the tensor 7y also contains the terms i = j and is thus not
a hybridisation term in a strict sense.

Although Egs. (35)——(39) look a little cumbersome at first sight, this sphttmg
has the advantage in that TH as well as the most comphcated term rR is in-

variant against the choice of the origin and, moreover, ”L’R will turn out to be
almost negligible compared with the other contributions justifying an approxi-
mate treatment altogether.
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Unlike the multipole moments the matrix elements of Ay (r) cannot be
reduced to two-center integrals without any additional approximations even
when ¢ (r) is assumed to be constant. Furthermore, some of the one-center
integrals

A L= § ¢O @) A () O (1) &r = G, (LL) (a; () ), (41)
with the Gaunt numbers Gy, (L;L;) can diverge unless a; (r) ~ r*, 1 >1—1, for
r approaching zero. The same may hold for the resonance integrals

—_

— A
AL = J O M1 e ()Y, (1) ¢, (r—R,) d¥r (42)

requiring in general a numerical integration of the radial part of this integral.
On the other hand, one is not faced with these problems in evaluating the
crystal-field and the three-center integrals where we apply the expansion
formula for the irregular spherical harmonics!®

i by o~ A ) A
lr B4+ R =2 @k 5 edr 3840 ¥,,0) @)
A

FA(L)=(—1)*V 4 21+1  (+A—m+ ) A+ +m+ !
2041 20+D+1 (+m!IA—mIG+w!G—m!

ey

and assume that a; (| + R|) can be replaced with an average @ in the vicinity
of R. The justification for this approximation can be proven in any concrete
case on the basis of an analogous partial wave expansion, Eq. (18), for a; ( | -

+ R|) by comparing the first term with the higher aspherical terms of this
expansion. Moreover, as we will demonstrate in the next section, Eq. (43) may
be restricted to the region where r < R, yielding as the final result from Egs.
(17 and (19)

A
AY =27, Ry@ 4Dy, (R Gy (LL) (rh ), (44)

5 A A — —_ A —
AL =3T, WR DY, Ry § ¢ (r—Ry) rAY,* (1) g0 (N dr  (45)
The remaining integral in Eq. (45) is essentially a two-center integral which,
however, need not be calculated explicitly as we will see in the next section.

IV. RESULTS

Let us discuss first the dipole moment contributions listed in Table I
according to Egs. (28)—(30). Also given is the total dipole moment together
with the corresponding experimental values for comparison. As the most

remarkable result, uz turns out generally far from being negligible and this
may lead to the conclusion that any type of point charge approximation is

inappropriate for obtaining reasonable u-values. However, one could try to
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TABLE I
Dipole Moment Components According to Egs. (28)—(30), Mulliken Approximated
Values, Eq. (46), and Total Calculated and Experimental Values

Mull

Molecule ) YUy Ur Ur Yot Mexp
debye debye debye debye debye debye
H>0: 1.24 1.80 —0.95 —0.24 2.09 2.18
H,0 0.75 2.21 —1.13 —0.28 1.83 1.85
O3 0.64 —0.07 0.08 0.09 0.65 0.58
OF2 0.46 —0.29 0.03 0.05 0.20 0.3
OCly 1.59 —0.87 0.10 0.02 0.82
NH; 0.27 1.85 —0.63 —0.22 1.49 1.468
PH; —1.42 4.35 —2.18 —0.52 0.75 0.578
AsHj —2.64 5.21 —2.37 —0.52 0.20 0.22
SbHj —3.81 6.16 —2.23 —0.55 0.12 0.116
c-C3Hy 0.12 0.42 —0.11 —0.09 0.43 0.46
CIF 1.89 —1.09 0.10 0.04 0.90 0.888
IBr 0.82 —0.20 0.21 —0.01 0.83 : 0.74
ClF3 1.66 —1.93 0.80 0.36 0.53 0.56
PFy 3.02 —2.04 0.07 0.22 1.05 1.025
PCly 1693 —0.35 —0.34 0.07 0.54 0.56
PBr; 0.08 0.08 —0.01 0.11 0.15
PIs —0.91 0.84 —0.56 0.06 —0.63

—_

compute ur approximately on the basis of the Mulliken expansion formula,
Eq. (20), for one of the wave functions yielding

e = 8 frypaw T S Py (46)

vkj v
These values are listed in the fourth column of Table I demonstrating that
even Eq. (46) is generally not sufficient in describing the resonance contribut-
ions ug correctly, and yielding even the wrong sign in a few cases. Further-

more, none of the three constituents of x can be assumed to be dominant
through the whole series thus making a careful evaluation of the dipole moment
integrals necessary.

The situation changes, however, completely when observing the second
moments relative to the center of mass, Egs. (36)—(39), listed in Table II. Here,

7z is almost completely negligible while the dominant contribution to 7z arises
from 7y4. This is valid especially for one- or two-dimensional molecules where

the out-of-plane value is determined by 7y only since the respective 7o and 7p
vanish in these systems. It is therefore of central importance to determine the
one-center contributions from exact atomic expectation values in combination
with charges and occupation numbers as obtained from an MO-calculation,
while two-center terms may be treated only as approximative, or can even
be neglected as can be gathered from the fifth and sixth columns of Table II.
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This result is in complete accordance with the thorough investigations of Mak-
si¢ and co-wokers on second moments'® resulting in the their well-known
additivity rules for the electronic second moments. It is hardly necessary to
repeat their findings here.

TABLE II
Second Moment Contributions According to Egs. (36)—(39) and Electronic
Contributions
T, T T T 1

Molecule Q D H R Electronic part
a. u. a. u. a. u. a. u. One-center Total
Hs0s {(x2) 0.43 —0.45 —9.63 —0.034 —10.52 —11.52
(y?) 1.06 —0.88 —9.08 0.000 —10.95 —13.28
(22) 0.21 —2.78 —17.93 0.004 —34.61 —38.57
{yz) —1.10 —0.56 —0.28 0.002 0.15 2.62
H,O {(a?) 0.25 —0.60 —b5.26 —0.022 -—6.58 —17.65
(y?) 0.54 —0.97 —4.54 —0.002 - —6.69 —9.06
(2) 0. 0. —5.87 —0.060 —5.87 —5.93
Os {x2) —0.11 —1.86 —11.20 0.025 —18.82 —19.34
{y2) -~-0.85 —4.63 —9.70 0.073 —63.84 —65.89
{(22) 0. 0. —10.28 —0.063 —10.28 —10.34
OCly (x?) —0.72 —2.69 —19.96 0.052 —37.19 —38.15
{y?) 2.41 —6.66 —18.11 0.073 —118.27 —120.31
(22) 0. 0. —21.96 —0.019 —21.96 —21.98
NH; {(a?) 0.23 —1.30 —b5.32 —0.058 —38.05 —11.15
{22) 0.05 —0.30 —17.01 —0.102 —17.87 —38.50
SbH3 (%) —2.95 —1.82 —11.02 —0.033 —21.56 —26.48
{(z2) —2.58 —1.72 —12.77 —0.039 —22.21 —26.44
C.H. {x?) 0.30 —6.45 —12.62 —0.050 —31.08 —48.62
c-Ls Ly —0.14 —1.46 —12.28 —0.397 —16.38 —20.26
() —0.07 —6.55 —12.43 —0.112 —38.61 —59.93
CIF {(x?) 0. 0. —12.35 —0.007 —12.35 —12.36
(z2) —0.68 —4.04 —9.59 0.083 —49.37 —50.27
IBr {(x?) 0. 0. —27.44 —0.035 —27.44 —27.48
{(z22) —0.35 —8.59 —21.48 0.193 —108.04 —110.59
N, {(x? ) 0. 0. —6.11 —0.140 —6.11 —6.25
(22) 0. —4.62 —17.62 0.079 —20.95 —22.88
Ass  (a?) 0. 0. —17.44 —0.270 —17.44 —17.70
{(22) 0. —13.93 —19.47 0.358 —66.15 —172.05
ClFy (a?) —0.82 —2.97 —17.26 0.043 —66.47 —66.63
{y?) —6.73 —3.73 —16.37 0.042 —169.99 —170.66
(2) 0. 0. —19.18 0.001 —19.18 —19.18
PFy {(a?) —2.60 —3.74 —15.85 0.025 —817.86 —90.57
{2%) 0.52 —4.61 —17.81 0.048 —31.30 —32.24
PI; {a?) 1.48 —11.34 —51.17 0.076 —2317.62 —242.40

{22) —0.63 —6.39 —54.97 0.046 —1717.34 —80.98
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In conclusion, having in mind that a point charge description of the charge

density My (r) is completely inappropriate leading namely to an unstable sy-
stem, we can state that with increasing multipole order, the one-center con-
tributions become dominant and thus point charge approximations for the two-
-center terms become increasingly applicable.

In turning next to the inverse moments, we want to discuss Ay (r) in more
detail, firstly, because of its importance e. g. for the calculation of ESCA shifts
and total energies and, secondly, because most of the results are equally valid
for the higher inverse moments. Starting with the crystal-field integrals

A w
- A r <
A g = Van 2 @A+ DTG LL) Yp* Ry ( — 7 (47
A T > ij

we will first investigate the radial part

7 l< w . Rve oo ;

i =Ry 7" [ r2+2RM (N RO (N dr + Ryt § r-4+1 RO () R,0) (r) dr
il 0 Rv

> if

oo
=R *! [ 2R MRY dr—c, (48)
0

Under the assumption of R; () being an STO
R, (1) =c;rm-le-tw
the correction term C,
G, =cg; R?3+nj [An,-+nj+/1 (Cii Rvo)'—Ani+nj—/1—1 (Cii Ryl (49)
where {; = {; + {j, is reducible to the simple integrals
A, ((R)=R-n-1 [ rne-trdr (50)

R
obeying the recurrence relation

A, (@) =x-1MA,_, () + e-7) (1)

As displayed in the fourth column of Table III, the two integrals in the square
brackets of Eq. (49) cancel almost exactly and A;*” can be simplified therefore
to | ‘ 1 IR I Bk

vo

P A
AY = Vén f @4+ D-1G, (LL) R * 71 Y, (B, (12 ), (52)
This expression we will compare with the point-charge approximation to the
crystal-field integral, Eq. (17), which is in this case simply
A} g = 4m) V2R (53)

corresponding only to the first term of the partial wave expansion, Eq. (52).
Thus, the point charge approximation will be justified to the same extent as
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TABLE III

Contributions to the First Inverse Moment Expectation Value in a.u.

Crystal-field Resonance Three-center

k=0 = A =2 Co exact bpca exact bpca
H>0% —0.164 0. 0. —0.006 —0.30 —0.47 0.011 0.018
H*0 —0.912  0.043  0.025 —0.025 —0.22 —0.22 —0.096 —0.096
H,05* —0.680 0.015 0.008 —0.003 —0.22 —0.30 —0.059 —0.058
H*0 —1.393 0.056 0.014 —0.023 —0.22 —0.22 —0.096 —0.097
N*Hjs —0.257 0. 0. —0.007 —0.44 . —0.73 0.018 0.031
NH*3 —0.684 0.021 0.016 —0.029 —0.23 —0.23 —0.194 —0.102
P*Hjs —0.248 0. 0. —0.002 —0.28 —0.48 0.011 0.017
PH*3 —0.480 0.035 0.002 —0.014 —0.17 —0.15 —0.131 —0.136
As*Hgs —0.263 0. 0. —0.001 —0.25 —0.42 0.006 0.009
AsH*3 —0.446 0.039 0.001 —0.009 —0.16 —0.13 —0.117 —0.121
Sb*Hjs —0.260 0. 0. —0.001 —0.19 —0.31 0.002 0.003
SbH*3 —0.409 0.035 0.000 —0.004 —0.13 —0.10 —0.088 —0.091
3 Ci —0.766  0.003 —0.001 —0.018 —045 —0.64 —0.259 —0.248
Cs —0.792 —0.003 0.003 —0.014 —0.47 —0.70 . —0.228 —0.200
H; —0.800 0.001 0.004 —0.031 —0.23 —0.2¢4 —0.349 —0.327
i 2 Hs —0.815 —0.002 0.006 —0.026 —0.20 —0.21 —0.38¢ —0.373
O3 O¢ —1.358 0.064 0.027 —0.004 —0.29 —0.31 0.010 0.018
O —0.999 0.028 0.006 —0.001 —0.12 —0.14 —0.061 —0.059
CIFs cl —1.948 0.027 0.016 —0.001 —0.10 —0.11 0.016 0.022
Feq —1.503  0.041  0.005 —0.001 —0.04 —0.04 —0.021 —0.022
Fax —1.306 0.007 0.010 —0.001 —0.01 —0.01 —0.031 —0.031
P*Fg —2.015 0.054 0.017 —0.002 —0.26 —0.33 0.016 0.024
PF*g —1.217 0.039 0.003 —0.003 —0.11 —0.10 —0.088 —0.099
P*I3 —1.224 0.045 0.030 —0.001 —0.22 —0.22 0.014 0.023
PI*3 —0.787 0.018 0.003 0.000 —0.05 —0.06 —0.056 —0.056

the higher terms in the sum can be neglected. This is indeed the case, at least
approximately, as can be seen from the second and third column of Table III,
where the aspherical contributions do not exceed 10°% of the respective sphe-
rical term.

The three-center integrals can be analysed along the same line. For 1 = 0
Eq. (45) takes the form

» — A | - A —_
A0 = Van = QL+ D-1R P71 Y, (Ry) [ 6,00 (r—Ry) 1Y, * (1) 6,0 () dr (54
A _

The first term is simply
Afo (= 0) = () Byt S, 5)
while the higher order terms can be estimated using the Mulliken expansion

A

AV . Vin Y, (Ry) s SV f¢()6 AY*(/‘\)gb()(—;d:"
ii, 00 = At o e W 4}.‘71” ,kv v % V) (1) r W 7 (V) (r r =
w A>0 @A+ 1 ROV+ kev ' !

= Sy ARG 00 (56)

kev
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A}g 00 is simply the crystal-field integral components for 1 >> 0. Therefore, the
three-center integrals can be easily computed and the aspherical terms, Eq. (56),
are negligible provided the corresponding crystal-field terms are small. This
has already been shown. On the other hand, the three-center integrals can be
approximated in bond-pca as

Ay = A Ry + R/ S 67
Although this formula has the drawback that the argument of A, can vanish

and therefore some caution is necessary, it is equally well applicable as Eq. (55)
what can also be seen from Table III. Thus, we can confirm that the computation

time for observables of the type A (r) can be kept small compared with the
time needed for the MO-calculation. For only one-center and at most resonance
integrals have to be evaluated exactly, while crystal-field integrals and three-
-center integrals can be treated on the level of point-charge approximations.

We will conclude the discussion of inverse moment integrals with some
comments concerning the resonance integrals. Again from Table III it can he
seen that the bond-pca works quite well in many cases and from previous invest-
igations on ESCA chemical shifts'”*?. The diamagnetic shielding of nuclei* also
confirm this conclusion even in case of the valence-pca. However, it should
be recognised that these integrals depend strongly on the actual shape of a; (7).
Additionally, our calculations have shown that independently of a;(r) for
higher inverse moments the bond-pca becomes worse with increasing 1 in
accordance with our former results on electric field gradient calculations!®.

V. TOTAL ENERGIES

The total energy is a quantity of central interest in molecular electronic
structure theory, since firstly the equilibrium geometry and the binding energy
of a molecule can be derived from it. Secondly, the calculation of geometries
is one of the essential applications of any molecular orbital theory being a
crucial proof for its usefulness. Moreover, we have a sensitive test for the
validity of the various point-charge approximations because the energy variat-
ion around the equilibrium geometry produces small relative changes of large
numbers.

In Xa approximation the total energy is given as®

SRy

= - o(r) o ()
(EXa) = 3n; [ w*(r) hey, () dr + [ SRy o
: 7|
3 - 1 92,2, 1 3
+ " J oMV, () dr+ ; i R, = H, + o Ey + & Eex + Eign (58)

On the other hand, from the Schrédinger equation
0 (') dsr’ - — -
thy+2 f ———— + Ve M1 (1) = g9 (1) (39)

7|
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follows

HO + Ecb + Eex = Ny &k (60)
k

yielding together with Eq. (58)
1 1
(EXa) = S mg— Eq+ o) + Fign (61)
k
We want to discuss in more detail the Coulomb term which can be written as

—

1 e
o B = V) = Sl | § T v (62)
’ |r—7]

Assuming an in the SCC—Xa approximation strict core-valence separability
together with the core-pca, i. e.

00 (1) + oval (r) = o (1) and oco(r) = X N,cod(r—R,)
x

the electronic Coulomb interaction is transformed to

Qval (r) d3r’ Nzco Nxco cho
(V= Z mly| f ————+2 3 |we) + = — (63
val ‘,r_,rrl *|p_R. I v R,,

x

Representing the valence density again with a single exponential as in section
II, and applying the LCAO approximation on the first term we obtain

i = 2 NxCU Nxco cho
(Vgr=ZZ P 2 (¢ | W, (r—R, )+ [0+ X0 (64
uy 1y x { e Rx 1 xV xv
where
Nx\';ll 1
W, =—"—@0—e ™)— 5 N yaly, e™ ™" (65)
T

It should be mentioned that N,"#! does generally not equal the number of
valence electrons in the free atom, but is an effective electron number, i.e.
Nyl = N, val — @,, where Q, is the effective charge. The final result for the
total energy in the SCC—Xa approximation may thus be written as

Z;(Zv —_— Nxcocho

<EXU~ >SCC = 2 "k £¥al+ = "k geo + 2 _—._—___<Vce>
val core P va
=, = 2 N, co 1
(V) =TI P (W |ZIW,(|T—R, D+ T 1+ 7 V| $®) (66
pv ij % I b Rz l

From this equation the various types of point-charge approximations are easily
derived by applying this to W, (r) and assuming that the exchange part ap-
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proximately cancels the self interaction energy term. Then ( V. ) takes the
form
Nxval 42 NVCO
(Vee) =2 P (g0 | ¥ S — | ¢;0) (67)
uv ij x i,r‘_R |

% |

where the prime on the summation means that x & » for x = ». In the valence-

-pca we obtain now

Nxval + 2N, co vaal (Nxval + 2 N,c0)
G g (68)
R / R

xv xv %Y

(Ve >v_pca =XXPpm X
nv ij %
Fv)
which is seen to cancel exactly with the third term on the right hand side of
Eq. (66) only in nonpolar molecules, i.e. when NYa equals the number of
valence electrons in the respective free atom. This shows clearly that even in
valence-pca the total energy cannot be generally assumed to be simply equal
to the sum of the one-electron eigenvalues. Instead the following expression
has to be used :
szv__ (Nxco + Nxval) (cho + NV\'al)
(EXa. ) = 32 mgt+ X (69)

v—pca
val ey Ruv

The corresponding equation in the bond-pca, in which the overlap charges are

retained, reads finally as
szv — Nxco cho — Nw (Numl + 2 Nnm)

{ EXa. >b—pca =2 mg+ ¥

val %V va
Y 5 [ Nuval + 2 Nuco " vaal + 2 N co w5 Nxml + 2 Nxco ] -
224 " Rp.\’ Rp.v x va
Fuv)

The equations (66), (69) and (70) have been tested now in computing the
equilibrium geometries of the seven molecules C,, N,, F,, Cl,, Br,, CO, and H,O.
The first remarkable common property of both the valence-pca as well as
the bond-pca is the fact that no minimum has been obtained for all molecules;
the same is true for the eigenvalue sum. For this reason, only Eq. (66) will be
discussed in more detail by means of Table IV where the various contributions
to the total valence energy are listed separately according to Eq. (66) together
with our discussion of the Ay matrix elements in section IV. The crystal-field
integrals have been split into the spherical and the aspherical terms, respect-
ively, arising from the partial wave expansion to demonstrate the nonnegli-
gibility of the latter ones in this case. For, although their absolute values do
not exceed 100 of the spherical counterparts, the bond length in N, e. g. will
be shortened by approximately 0.1 a.u. as can be seen from the last two
columns of Table IV. Additionally, when omitting the core energies the sum
of all terms, apart from the resonance parts, cancel almost exactly around the
equilibrium position, while the latter ones show themselves a minimum, making
thus a careful evaluation of these integrals necessary. From this it may also
be comprehensible why the point charge approximations do not work, since
the accurate resonance integrals are especially important.
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TABLE V

Comparison of Experimental and Calculated Equilibrium Geometries. All Distances
in Bohr Units

Molecule Experimental Calculated 0/o-Deviation

Cq 2.35 2.27 3
N2 2.07 2.02 2
Fo 2.68 2.92 9
Cls 3.76 3.99 6
Bra 4.31 4.18 3
CO 213 2.06 3
H.O 1.81 1.74 4

104.5 108.0 3

In going next to the calculated equilibrium geometries (cf. Table V), the
SCC—Xa method turns out to be able to produce values with a deviation of
less than 109 from the respective experimental ones. This error interval is in
accordance with our previous experience from other calculated observable
quantities as ionisation potentials, dipole moments, ESCA- and Mossbauer
isomer-shifts, and electric field gradients. At first sight it might be surprising
that on the basis of such a crude approximation geometries can be computed
with such a degree of accuracy. Particularly because the results are non-fitted
in the sense of having determined the necessary parameters from other previous
calculations. The main reason for this success can be found I think in the fact
that the angular parts of all the matrix elements have been evaluated ana-
lytically, i.e. the molecular symmetry is reproduced exactly, while the para-
meters only enter the radial integrals which cannot anyway be determined
accurately even in ab initio methods due to e.g. the Hartree-Fock and the
LCAO-approximations. This belief results from the experience with such a
simple model as the crystal field theory of Bethe and van Vleck* which is able
to reproduce the central ion bands of the optical spectra of complex ions due
to symmetry arguments only, provided the radial integrals are handled as
free adjustable parameters. Additionally, it has been shown recently that total
SCF energies can be represented surprisingly well in the pca? although the
results are still far from chemical accuracy.

Beyond that one has to conclude that the SCC—Xa parametrisation scheme
apparently fulfills to a high degree the basic necessary condition for any
semiempirical theory, namely an almost perfect cancellation of unknown
errors.

Acknowledgment. — The author thanks Prof. Z. B. Maksi¢ and Dr. S. Elbel
for stimulating and helpful discussions and Dr. H. Walther for assistance in the
computations. Financial support by the Deutsche Forschungsgemeinschaft (grant
number E1 90/1—2) is gratefully acknowledged. The material has been completed
during author’s stay in Zagreb within the framework of the cooperation between
the Universities of Zagreb and Hamburg.

REFERENCES

1. M. Grodzicki, J. Phys. B 13 (1980) 2683.

2. C. J. Ballhausen and H. B. Gray, Inorg. Chem. 1 (1962) 111; Quantum
Aspects of Heterocyclic Compounds in Chemistry and Biochemistry II R. Rein,
G. A. Clarke, and F. E. Harris, Jerusalem: Israel Academy of Sciences
and Humanities, 1970.



1144 M. GRODZICKI

J. C. Slater, Adv. Quant. Chem. 6 (1972) 1.

M. Wolfsberg and L. Helmholz J. Chem. Phys. 20 (1952) 837.

E. J. Baerends, D. E. Ellis, and P. Ros, Chem. Phys. 2 (1973) 41.

G. Burns, J. Chem. Phys. 41 (1964) 1521.

R. Blds, M. Grodzicki, V. R. Marathe, and A. X. Trautwein,

J. Phys. B 13 (1980) 2693.

M. Grodzicki, H Walther, and S. Elbel, Z. Naturforsch. Teil B 39

(1984) 202.

9.S. Elbel, A. Blanck, H Walther, and M. Grodzicki, J. Chem. Soc.
Faraday Trans. 2, in press.

100 M. Grodzicki, S. Lauer, A. X. Trautwein, and A. Vera in: Mos-
sbauer Spectroscopy and its Chemical Applications, J. G. Stevens and G.
Shenoy (Eds.), Adv. Chem. Series 194 (1981) 3.

11. M. Grodzicki, in: Local Density Approximations in Quantum Chemistry and
Solid State Physics, J. P. Dahl and J. Avery (Eds.), p. 785, Plenum Press,
New York and London, 1984.

12. O. Zakharieva-Pencheva, H Bose, H Forster, W. Frede, and
M. Grodzicki, J. Mol. Struct.,, submitted.

13. R. S. Mulliken, J. Chem. Phys. 23 (1955) 1833, 1841, 2338, 2343.

14. J. Avery and M. Cook, Theor. Chim. Acta 35 (1974) 99; M. Grodzicki,
Croat. Chem Acta, submltted

15. E. O. Steinborn and K. Ruedenberg, Adv. Quant. Chem. 7 (1973) 1.

NSO w

®

16. Z. B. Maksi¢ and J. E. Bloor, J. Phys. Chem. 77 (1973) 1520; Z. B. Maksi¢
and N. Mikac, Mol. Phys. 40 (1980) 455 and references cited thet'em

17. Z. B. Maksi¢ and K. Rupnik, Theor. Chim. Acta 54 (1980) 145.

18. Z. B. Maksi¢ and K. Rupnik, Z. Naturforsch. Teil A 35 (1980) 988.

19. Z. B. Maksi¢ and K. Rupnik, Nouv. J. Chim. 5 (1981) 515.

20. Z. B. Maksi¢ and K. Rupnik, Theor. Chim. Acta 62 (1983) 397.
H.

21. Bethe, Ann. Phys. (Leipzig), (ser. 5) 3 (1929) 133; J. H. van Vleck,
Phys. Rev. 41 (1932) 208.
Sz

22. Z. B. Maksi¢ and K. Rupnik, Theor. Chim. Acta 62 (1983) 219.

SAZETAK

Primjenljivost aproksimacije toCkastog naboja pri racunanju ocekivanih vrijednosti
za molekule

Michael Grodzicki

Ispitana je mogu¢nost rafunanja prosjetnih vrijednosti razli¢itih molekulskih
svojstava s pomoc¢u aproksimacije tockastih naboja (PCA). Pri tome je raspodjela
elektronske gustote generirana primjenom izvorne Xa-metode samouskladenog na-
boja. Pokazano je da se samo neka svojstva mogu uspje$no izraéunati u PCA-apro-
ksimaciji. PCA ne zadovoljava za ratunanje ukupne energije i molekulske geometrije,
pa se odgovaraju¢i matri¢ni elementi moraju mnogo to¢nije odrediti.





