CROATICA CHEMICA ACTA CCACAA 56 (3) 405—409 (1983)

YU ISSN 0011-1643
CCA-1388 UDC 541.547.2
Original Scientific Paper

Note on Acyclic Structures and their Self-Returning Walks*

Jan V. Knop, Wolfgang R. Miiller, Klaus Szymanski

Computer Centre, The University Disseldorf, 4000 Diisseldorf, Federal Republic
of Germany

Milan Randié

Department of Mathematics and Computer Science, Drake University, Des Moines,
Iowa, U.S.A.

Nenad Trinajstié

The Rugjer BoSkovié Institute, P.O.B. 1016, 41001 Zagreb, Croatia, Yugoslavia
Received August 30, 1982

All rooted trees up to 16 vertices are generated and the self-
-returning walks for the roots are calculated. The systematic search
for isocodal vertices in the same tree or in different trees revealed
that there are isospectral trees without isocodal points, that there
non-isospectral trees with isocodal points, and that there are s1ngle
trees containing several isocodal vertices.

Recently one of us! proposed a systematic search for acyclic structures
in which non-equivalent vertices may have the same walk-based atomic
codes, i. e. the same numbers of self-returning walks for each length of walk.
The name given to such vertices was isocodal vertices.?

Since we are in position to generate all trees for a given number of
vertices,””® we decided to carry out the above proposal. Firstly we developed
a computer program to generate the adjacency matrix A of a tree from the
N-tuple representation? of the tree. Then we generated all rooted trees up
to 16 vertices. Computing the powers of the adjacency matrices up to 32, we
obtained the numbers of self-returning walks for the root as the sequence
of the first elements of the diagonal of the powers of A. Then we sorted the
rooted trees by lexicographic order?’® of the walk-based atomic codes, so it
was easy to enumerate the rooted trees having the same walk—based atomic
codes up to length 32.

In Table I we show in how many cases the walk-based atomic codes
were unique (up to length 32), appeared twice, three times, etc.

In Table II it is shown in how many cases a root of a tree with n
vertices has the same walk-based atomic codes as a root of a tree with m
vertices.

* Presented at The IUPAC International Symposium on Theoretical Organic
Chemistry, held in Dubrovnik, Croatia, August 30 — September 3, 1982.
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TABLE I

Number of Walk-based Atomic Codes Occuring n Times Among the Trees up to
16 Vertices (up to Length 32)

n number

342419
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TABLE II

Cross-table of the Occurence of Isocodal Vertices

a1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
2 0 0 0 0 0 0 0 0 0 0 0 0 0o 0 0 0
3 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
4 0 0 0 0 0 0 0 0 0 0 0 o 0 0 0 0
5 0 0 0 0 0 0 1 0 0 0 0 o 0 0 0 ¢
6 0 0 0 0 0 0 0 2 0 1 0 0 0 0 0 0
7T 0 0 0 0 0 0 0 0 6 1 4 0 1 0 0 0
8 0 0 0 0 0 0 0 0 0 15 3 8 2 4 0 1
9 0 0 0 0 0 0 0 0 1 0 46 6 24 4 13 2

10 0 0 0 0 0 0 0 0 0 3 2 105 17 62 18 23

1 0 0 0 0 0 0 0 0 0 0 13 6 317 44 155 42

12 0 0 0 0 0 0 0 0 0 0 0 44 20 795 123 433

13 0 0 0 0 0 0 0 0 0 0 0> 07133 54 2338 358

14 0 0 0 0 0 0 0 0 0 0 0 0 0 364 162 6180

15 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1107 462

16 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 3012

One may see that up to order 6 (i. e., the number of vertices), the walk-based
atomic codes are unique. At order 7 three exists a tree which has the same
walk-based atomic codes as a tree of order 5 (up to lenght 32). With respect
to equal number of vertices, the walk-based atomic codes are unique up to
order 8 (see the diagonal elements of the array shown in Table 2). At the
order 9 there exists a tree with two isocodal vertices.

After this analysis we examined the characteristic polynomials of the
generated trees. We found several interesting results worth reporting. These
are as follows: :

(i) Examples of isocpectral trees with no isocodal vertices, such as a pair
shown below.

: T T,
Characteristic polynomial: P (T1;x) = P (Te; X) = x8— Tx% + 9x*
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(ii) Examples of trees with isocodal vertices which are mot isospectral, such
as a pair of trees shown below.

T3 TL

Characteristic polynomial: P/ (Ts;x) = x12— 11x19 4 43x8 — 75x%% + 58x4 — 16x2

Characteristic polynomial: P (Ty; x) = x!12 —11x10 4 41x8 — 59x8 + 24x*

The proof that the walk-based atomic codes of the root-vertices (denoted by
circles) in T; and T, are equal for each lenght of walk is given in the Appendizx.

(iii) Example of a single tree with several isocodal vertices, such as a tree
given below.

APPENDIX

Proof that two mon-isospectral trees have isocodal vertices

The rooted trees Ts and T4 have different characteristic polynomials, P (Ts; X)
# P (T4;x), and are evidently non-isospectral. We will show that the walk-based
atomic codes of the root-vertices in T3 and Ty, i. e. the first entry of the even powers
of the adjacency matrix, are equal for each length of walk.

Since trees are necessarily bichromatic structures, after a convenient labelling
of the vertices of T3 and T4 we obtain the corresponding adjacency matrices A (T's)
and A (Ty),




408 J. V. KNOP ET AL.

00000 i 1110000
00000 10071000
00000 :0100T100
00000 :01000°10
00000 :0010001
ATy=| 1 10000000000
10110 .:0000000
10001:000000 0
01000 :00000TG00
0010010000000
00010 :00000GO00
0000T1:0000O0TO0O
00000 :1110000 ]
00000 :0100000
00000 :100711°00
00000 (0010011
00000 :0100000
ATyg=| 10100 0000000
11001 :0000000
100100000000
00100 .,0000G000
00100 0000000
00010 00000GO0O0
[ 00010{0000000

These matrices are given in the block-diagonal form,!°

0 By 0 By
A(T3) = [ ] A(Ty = [ ]
B, 0 B 0

It is clear that for higher powers of A (T3) + A (Ts) (or A (Ts) - A (T4)), the first entries
(i.e., the first entry of the first row and column) are only dependent on Bj B;" (or
Bs Bs"). Therefore, we need to consider only these submatrices in the further discuss-
ion. These submatrices are in our case given as,

31111 g 1" 171" 1
1 2 000 11001
Cs = Bs Bz.r = 1.0 2120 and € = Bj Bt =i| 1: 0.3 0570
I 0.1 2.0 1,,0..,0:3.0
1 00 0 2 110.01

There exists a matrix X,

1 0 0 0 0
0 1/2 0 0 1/2
X = 0 0 2 —1 0
0o 0 —1 2 0
Q0 1/2 0 0 1/2

with the following properties:



ACYCLIC STRUCTURES 409

@ (i)

1 0 0 0O 1 00 00O
0 0
X = 0 v X" = 0 vo foralne N
0 0
0 0

(iii)
Ci X =X Ci=Cs:
From (iii) follows
Co" = (C1 X)" = C" Xy,

The consequence of properties (ii) and (iv) is that the first entries of C{" and Cy" are
equal for all n € N. This ends the proof.
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SAZETAK
Biljeska o aciklickim strukturama i njihovim samovraéajuéim Setnjama
J. V. Knop, W. M. Miiller, K. Szymanski, M. Randié, i N. Trinajsti¢

Generirana su sva stabla s korijenovima do 16 ¢vorova i za korijene su izrac¢u-
nane samovracajuce Setnje. Sustavno traganje za C¢vorovima istog koda unutar
zadanog stabla ili pak medu razli¢itim stablima je pokazalo da postoje izospektralna
stabla bez to¢aka istog koda, zatim neizospektralna stabla sa totkama istog koda,
te posebna stabla sa viSe totaka istog koda.





