111

On Landau’s type inequalities for infinitesimal
generators”

HRrRvOJE KRALJEVIGT

Abstract. We consider Landau’s type inequalities of the form
A || < Crpellul " *(lA™u|*, we D(A™), 0<k<n,

where A is the infinitesimal generator of either a strongly continuous
semiagroup or a strongly continuous cosine function of linear contrac-
tions on a Banach space X. The constants C,,  are computed for
n < 6.

Key words: infinitesimal generator, operator semigroup, oper-
ator cosine function, Landau’s type inequalities

Sazetak. O nejednakosti Landauovog tipa za infinitezi-
malne generatore. Promatraju se nejednakosti Landauovog tipa

| AR |I™ < Cn,k”uH”*kHA”qu, u€ D(A"), 0<k <mn,
gdje je A infinitezimalni generator jako neprekidne polugrupe ili kos-
tnusne funkcije linearnih kontrakcija ma Banachovom prostoru X.
Konstante Cy, 1, izracunate su za n < 6.
Kljuéne rijeci: infinitezimalni generator, operatorska polugrupa,
operatorska kosinusna funkcija, nejednakosti Landauovog tipa

1. Introduction

In 1913 E. Landau (see [?]) established that if u : Ry — R is twice differentiable
and if v and u” are bounded, then

[u’[* < 4 Jull - [|u"])

*Part of this paper is presented at the MATHEMATICAL COLLOQUIUM in Osijek organized
by Croatian Mathematical Society - Division Osijek, May 10, 1996.

tDepartment of Mathematics, University of Zagreb, Bijenicka c. 30, HR-10000 Zagreb,
Croatia, e-mail: hrk@cromath.math.hr
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where || - || is the sup-norm. This result can be expressed as follows. Let X be
the Banach space of continuous bounded functions on R, with the sup-norm.
Then

[T()u](s) =u(s+t), ueX, ts¢€Ry,

defines a strongly continuous semigroup t — T'(t) of linear operators on X (they
are isometries). The infinitesimal generator of this semigroup is A = %. So,
the Landau’s inequality reads:

[Aul® < 4 lull - [|A%u]l, w e D(A?). (1)

This inequality can be proved easily by using the Taylor’s formula.

In 1967 R. Kallman and G.-C. Rota have shown (see [?]) that essentially the
same proof gives the same inequality for the infinitesimal generator A of any
strongly continuous contraction semigroup ¢ — 7T'(¢) on any Banach space X.

This proof goes as follows. We have the Taylor’s formula:

¢
Ttu=u +/ T(1)Audr, wue€ D(A).
0
By iterating it we obtain
¢
Tt)u=u+tAu+ / (t — )T (T)A%udr, ue D(A?).
0

Thus,

11 I
Au = —u— fT(t)u — Z/ (t —7)T(1)A*udr, ue€ D(A?%), t>0.
0

Hence, we get the inequality
[Au]| < 3 lull + § [|A%ull, we D(A?), t>0.

By minimizing over ¢ > 0 we obtain (1).
Now, in [?] it was noticed that the same proof gives an inequality also in the
case of a uniformly bounded semigroup ||T(¢)|| < M:

[Au]|? < 2M (M + 1)[ful| - [| Aull, w € D(A). (2)
Furthermore, the same method gave an inequality for the infinitesimal generator

d*T(t)
A =
dt?

t=0

of a strongly continuous uniformly bounded cosine function ¢ +— T'(¢):

OTH)T(s) =T(t+s)+T(t—s), t>s>0; T0)=1I; |T) <M.
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In this case the Taylor’s formula has the form:
t
Tt)u=u+ / (t —7)T(1)Audr, u € D(A),
0

and by iterating

t? I
T(t)u=u+ §Au + 6/ (t —17)3T(1)A*udr, u e D(A?).
0
Thus,
2 2 2 "
Aull < 20+ D)l + SMA%], ue DA, 10,

and by minimizing over ¢t > 0 we obtain
[Aul® < SM(M +1)||ull - [ A%ull, u € D(A%); (3)
in the case of contractions ||T'(¢)| <1
1Aul® < 3 llull - 1A%l w e D(A?). (4)
In [?] we have considered similar inequalities for u € D(A3). If A is the
infinitesimal generator of a strongly continuous contraction semigroup we have
obtained the inequalities:
[Aul® < 22 [lul*|A%ull, u € D(A?), (5)
1A% < 24 [lul| - [|A%l®, u € D(A?), (6)

and in the case of a contraction cosine function:

[Aul® < 55 lull®|A%], w e D(A®), (7)
1A%® < 2 Jlull - [|A%]?, u e D(A?). (8)

In fact, in [?] the inequalities for the more general cases of uniformly bounded
semigroups and cosine functions were established.

In this paper we consider the same method for obtaining the analogous
inequalities for u € D(A"*!), n € N, n > 3:

[ARu] " < Crgllul " A ul*, 1<k <
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2. Contraction semigroups

Let X be a Banach space and ¢t — T(t) a strongly continuous contraction
semigroup (||T(¢)|| < 1) on X with the infinitesimal generator A. The iteration
of the Taylor’s formula

Tt)u=u+ /Ot T(r)Audr, u € D(A),

gives for u € D(A"1):

t2 tn I
T(t)u =u+ tAu+ 5A2u tot A%t — | (E— )T (1) A" udr,
n. n.Jo

hence,

2 n t
HAu+ S A%+ o+ A =T —u— ~ [ (t— )" T(r) A udr. (9)
2 n' n' 0

Writing this equation for ¢t = #1,t9,....,tn, (0 < t1 < t2 < ... < ) we ob-
tain a system of n linear inhomogeneous equations for Au, A%u, ..., A"u. The
determinant of this system equals

uo & . u
! ! n! thi n
Lo -
Dy (t1, .y ty) = : = 71'2'_._7;An(t1,...,tn),
tn ti tz - .
2 nl

where A, (t1,....t,) = [[ (¢t; — ;) is the Vandermonde’s determinant. Thus we
i<j
obtain for 1 < k < n:

1

APy = ——
Di(t1, . tn)

Dn,k(tla ~"7tn)7

where (denoting by a(t) the right hand side of (9))

noo.. o uh a(ty) O
1! (k—1)! 1 (k+1)! n!
Dty oestn) = | : : : L=
tn ty ! tnt! ty
T G- a(tn) G+D! T wl

O jirtita sty
= m Z(*l) fAn—l,k(tlv ...7tj_1,tj+1, ,tn) (Z(tj),
¥4 i j
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k—2 k -1
1t th th n
1 tiq - 72 ¢k o gl
Ap_ 1 k(b1 tjm1, b, s tn) = 1 ’ -y 4t i3
tivr o0 bt o
1ty th=2 ¢k =1

Therefore, denoting

we get
Dy, k(t1, ..., tn) =
k! " ptita et
= mZ(—l)ﬁkT”An,l,k(tl,...,tj,l,tjﬂ, ceos )T () u—
12! b~
y ty - t’f_l 1 t’f+1 T
BT : : : DU
ty, - t’ffl 1 thJrl R s

R jrtitas sty
B > (-1 TAn,l,,c(tl, sty i1y ey ) B(E).
i=1 ’
Using the facts that [|T(t)ul| < |Jul], | T(t) A" u| < |[|[A"u| we obtain the
inequalities of the form:

1A U] < @ty oo ta)llull + Pty ooy t) A" ] (10)

where ¢, ; is a homogeneous rational function of n variables of degree —k
without poles and zeroes in the domain 0 < t; < t3 < ... < t, and strictly
positive there, and v, ; is a homogeneous polynomial of n variables of degree
n — k + 1 strictly positive in the same domain. In fact, the denominator of
Onk(t1, s tp) is

tota--tam) [ (& —t),
i1<J,
j—i=1(mod 2)

the nominator of ¢, ; is a homogenous polynomial in %1,...,%, symmetric in
t1,t3, ..., tZ[anl]+1 and symmetric in #3,t4, ..., o[z], and
j!
Uty s tn) = man,n—k+1(t1, o tn),

where o, ; is the elementary symmetric function in n variables of degree j.
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The inequality (10) holds true for every choice of variables t1, ..., t, in the
domain 0 < t; < t9 < ... < t,. Our next goal is to minimize the right-hand
side of (10) over this domain. The first step is to introduce new variables
t, 81400y Sn—1"

t1 =1, to =1ts1, ..., tp, =tsp_1, t>0, 1<s1 <s2< ... <Sp_1.

Set
fn,k(sla bS] Sn—l) = (pn,k(17 Sla LS Sn—1)7
gn,k(sla ey Sn—l) = wn,k(la S1y -0y 5n—1)~

By homogeneity of ¢, 1 and ¢, j it follows from (10):
1 - n
|4 0l < < fu (51, o sl 87 g (51, ) [l (1)
Now, we keep variables si, ..., $,—1 fixed and minimize over ¢t > 0. The right-
hand side has the unique minimum point
to = kl/(nJrl) (TL —k+ 1)71/(n+1) al/(n+1) b*l/(’ﬂ‘i’l)’
where a = fp, k(51, .y Sn—1)||u|| and b = g, k(S1, .., Sn—1)||A" T u||. Note that

we can suppose that b # 0, i.e. A" 1y # 0. Indeed, if A""1u = 0, then (11)
implies A4 = 0. The minimum value of the right-hand side of (11) is

J R/ D) (e g 1)/ (D) R/ (k) g/ (0 1)
FRORED/ D) (3 _ 4 )=k /(o) k1) /(o) (ke 1)/ (n41)
= (4 1) RO (g )R D) g1/ ) g/ (1)

Therefore, we get from (11) the inequality of the form

ARl < B go(s1, eeey snmn) [l TFFH A ]| (12)

which holds true for any u € D(A"*!) and for any choice of the variables
81y ..y Sp—1 In the domain 1 < 81 < 89 < ... < s,,_1. Here

(n + 1)n+1
KF(n — k 4 1)n—+1

)" gk (1, ey 801)"

(13)

Fn7k(317~-~75n—1) = fn,k:(sla-nasn—l

If we put
Chp = Inf{F, (51,0, Sn—1); 1<81<82<..<S8p_1} (14)
we obtain from (12):

[AR " < Copllul™ A ul|F, we DA™Y, 1<k <n.  (15)
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The minimization problem (14) is very tedious (if n > 3) and we have
computed the constants C), j, only for n < 5.
In these cases (i.e. for 1 <k < n <5) the functions F,, j are:

9 & (s+1)2
Fii=4;  Foy(s)=o——\ Fyos) =3
1,1 ) 2,1(8) 2(s—1)2’ 2,2(8) s_1
28 s3(s2 — 5159+ 59— 81 +1)3
Fyi(s1,89) = = - 1 ( 1 st s o1t ) ,
3 s3(s2 —s1)3(s1 — 1)
Fy (51, 5) = g. (53 — 83+ 89+ 1)%(s182 + 81 + 82)2
3.2(81,82) = 53 2(52 — 51)2(s1 — 1)2 )
25 (sg—s1+1)(sg+s1+1)3
F313(81,82):f2'(2 21 )(2 1 ) :
3 s5(s2 —s1)(s1— 1)
Fir(s1, 50,5 )72.3‘?32[(31 +83) (554 82 + 1) — 818953 — 5183 — 85— 55 — 89 — 1]*
R R T 53(s3— 1)%(s3— 52)%(s2 — 51)%(s1 — 1)* ’
5% (s152 + 5283 + 5183 + 515253)%g2(51, 52, 53)°
Fyo(s1,82,83) = o5 - —3 3 3 3 3
3 s5(s3 —1)3(s3 — 82)3(s2 — $1)3(s1 — 1)
25 (8182 + 5983 + 5183 + 81+ S2 + 83)393(81, S2, 83)2
F4,3(81352783) = 7o 2 2 P P} 2 )
48 s5(s3 — 1)2(s3 — 52)%(s2 — $1)%(s1 — 1)
15 (s14 5o+ 83+ 1)* - [s180— 5183 + 5283 — 55— 51 — 53 — 53— 1]
Fy4(s1,52,83)=—" ;
16 s2(sg —1)(sg — s2)(s2 —s1)(s1 — 1)
where
g2(s1, 82, 83) = (s% + s% + 8183 — 81 — 53)(53 +sa+1)— slsg — 5353 — s%s%,
g3(s1, 2, 83) = sg —&-sg — (s% +s§ + 5153 —1)s9 —&-8%83 —1—3153 — s% — sg — 5183 +1,
27.34 s9sSf1(s1, s2, 83,54)°
F; ) ) = : 13 - - ’ 9
(81 82, 83, 84) = g5 T SR T 51— 55) (s — 52) (s — 1) (o1 — 1)
Fioa(51, 59, 55 34):i- fo(s1, 52,83, 84)" 0u(1, 51, 82,83, 54)
e 100 s3si(sa— s1)*(s3— 1)Y(s4— s3)4(s3— s2)*(s2— s1)%(s1— 1)*’

3
781782783;84)

1
(83— s2)(s2—s1)(s1—1) | ’

2)3.[ f3(s1, 52,53, 84)03(
s284( )

F: ==
5,3(51, 82, 83, 54) (5 51— 1) (53— 1)(51— 53

Fs5 4(s1,52,583,84) = (3>4' 55 fa(s1,2,33,54)" 92(1, 31, 82, 35, 34)° )
7 5/ s3s3(s4—51)%(s3—1)%(s4—53)%(s3—52)%(s2—51)%(51—1)?
25-32. f5(s1,52,83,84)(1 + 81 + 82 + 83 + 54)°
54 s984(84 — 51)(83 — 1)(84 — 53)(83 — 82) (52 — 51) (81 — 1)’

F55(s1,52,83,54) =

where
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f1(s1, 82,83, 84) =—5783(sa+54+8254) +5153(51+83)[(82+1)85+ (s4+1) %52+ 57 +84]
—(sT + 83 + s183)[(s% + 54+ 1)s3 + (s§ + s4)s2 + 5]
—s153[(s4 + 1)s3 + (84 +1)253 + (54 + 1)(87 + 54 + 1)82 + 53 + 52 + 54]
+(51 4 52)[(8% + 84+ 1)s3 + (54 + 1)(87 + 54 + 1)83 + s4(54 + 1)252 + 55 + 57
— (53 + 53+ 50+ 1)s5 — (5§ + 57 + 54)s3 — (55 + 255 + 54) 52 — 5§ — 53,
fa(s1,82,83,84) =—s383(s2 + 84 + 1) + 5353 (s1 + 53) (83 + 83 + s254 + s2 + 54+ 1)
—5253[s3 + (sa +1)83 + (83 + 84+ 1)sa + 55 + 57 + 54 + 1]
—(51 4 83)(s1 + 53)[(s3 + 54 + 1) + (5§ + s4)52 + s3]
Hs2+5%+5183)[(s3+84+1)s5+(s4+1) (53 +84+1)s3+54(54+1)%s2+ 55+ 57]
—(s1+ 52)[(s3 + 5% + 50+ 1)s3 + (s + 5 + s4)s3 + (s] + s7)s2 + si,
f3(s1,82,83,84) = —5355 + s153(5% + 83 + 5183) (83 + 5% + s254 + S + 84 + 1)
—(s1+ 53)(5% + 83 + 5153) (54 + 1)(83 + 5284 + 82 + 54)
—5183(51 + 83)(83 + 83 — 5954 + 1)
Hs2+53+5183)[(8a+1)s5+(s4+1)%83+ (s4+1)(83+84+1)s2+53+57 +54]
— (83 + 87+ 54+ 1)s3 — (874 87 + 54)8% — (53 + s9)s2 — 3,
fa(s1, 82, 83, 84) = —s753 (51483 4515351483 ) (s2+84+1)—(s1+83) (53453 ) (5284+89+54)
—5183[83 4 (84 + 1)s3 + (87 4+ 54 + 1)s2 + 85 + 87 + 54 + 1]
+(51 4 53)[(54 +1)83 4 (54 +1)282 + (54 + 1)(5% + 54 + 1)53 + 55 + 52 + 54]
— (82 + 54+ 1)s3 — (54 + 1)(s3 + 84+ 1)83 — s4(s54 + 1)%59 — 53 — 53,
f5(s1,82,83,84) = —538% + s153(s1 + 83) (52 + 84 + 1)
— (8% + 53 + 5183)(5284 + 52 + 54) — 518383 + (54 + 1)s2 + 87 + 84 + 1]
+(51 4 83)(84 + 1)(83 + 5254 + 52 + 54) — (85 + 84 + 1)s3 — (57 + 54) 52 — 57,

and o; is the elementary symmetric function of five variables and of degree j:

0'2(1, S1, 82, 83, 84) =81 + 82+ 83+ 84+ S182 + 8183 + S1S4 + S253 + S254 + S354,

o3(1, 81, 82, 83, 84) = 8182 + $183 + S154 + S253 + S284 + S384 + S18283 + S18284+
+518354 + S25354,

03(1,51,52,53,54) = 515253 + 515254 + 515354 + 525354 + 51525354.

It turns out that each of the functions F, (1 < k < n < 5) has exactly one
critical point in the domain 1 < s; < --- < s, and this point is the minimum
point of F, ;. It is interesting that for every n < 5 all the functions F, j
(1 <k < n) have the same minimum point! These points are:
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—forn=2: s=1;

~forn=3: s =2++2, s9 =3+ 2V2;
~forn=4: s1=3(5+5),

— forn =15: 31:2+\/§, 82:4+2\/§,

Thus, we obtain the following inequalities:

119

s2 = 3(743V5), s3=5+2V5;

s3=64+3v3, s,=T+4/3.

Theorem 1. Let A be the infinitesimal generator of a strongly continuous
semigroup t +— T(t) of linear contractions on a Banach space X. Then the
following inequalities hold true:

[ A2
| Aulf?
| AZulf?
| Aw*
1A%
| A%l
| Au®
| AZulf®
A% ulf®
| A f?
| Aw®
| AZull®
| A%ull®
| A% ull®
| APull®

IN

A

/AN /AN /AN /A N VA N /AN /A N VAN VAN VANS VAN VAN

IN

4 ul| - [| A%l
2l - | A%,
24 ||ull - | A%ul?,
22 |uf]? - | Atul,
10l - | Atul,

192 [ful| - [|A%ul]?,

9
37 lull - | 4%,

=8
25 ull® - 1A% %,
2 55

g [lul® - (A%,
1920 [luf - [| A%,

3 .10
2 (lull® - | A%l
2 £4 56

55T lull* - [[ACul)?,

15 -6 .

2 [full® - [|ACulP?,

6 916
25 Jull? - 1A%,

29325 [lul - [ A%,

3. Contraction cosine function

Let ¢t — T(t) be a strongly continuous cosine function of linear contractions on

a Banach space X:

Ar()T(s) =Tt +s)+T(t—s),

t>s>0, T(0)=1I; |T(t)] <1.
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Let A be its infinitesimal generator:

d2
A= —T
dt? ®)

t=0

The iteration of the Taylor’s formula
t
Ttu=u+ / (t —7)T(7)Audr, u € D(A),
0

gives for u € D(A™®):

2 2n

t 1 ¢
T(t)u = —Au+--- A" t — )2 A dr.
(Bu=u+ qdust-+ 505 “+(2n+1)!/0( ™) (BA™ udr

By the same method as for semigroups we obtain the inequalities of the form:
[ AR < G (51, vy 1) [P F A F

for every u € D(A™1) and for every choice of variables sy, ..., $,,_1 in the domain
1 < sy <83 <... < 5p—1. The functions G,, i, are closely related to the functions
F, 1, from the previous section:

2\ " (D
Gn,k(517527~-~75n—1) = <(k'>) : (((2,’1_"_2))') 'Fn7k(5?)857"'7si—1)'

Therefore, we have:

Theorem 2. Let A be the infinitesimal generator of a strongly continuous
cosine function of linear contractions on a Banach space X. Then the following
inequalities hold true:

[Aul> < 4 lull-[A%u],  ue D(A?);
[Aul> < s ul? - 1A%, u e D(A%);
A%l < L [fu] - [ A%]?,  u e D(A%);
[Aull* < Egs lul® - A%, ue D(AY);
1A%l < ZE full? - |A%ulf?, u e D(AY);
A%l < 2358 fu]| - | A%u)?, u e D(AY);
[Aull® < 5B lullt - | A%ull, u e D(A%);
1A%l < 255 [lull® - | A%u)?, ue D(A%);
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1A% < BT flull? - |A%ul?,  ue D(A%);
lA%5 < T uf| - | A%ullt,  ue D(AY);
lAullS < 225 ull®- | ASull,  ue D(AS);
1A%)6 < ST Jlul* - [ ASu)?,  u e D(AS);
1A%)S < 25T fluf® - [ A%ul®,  ue D(AS);
A6 < ZET ull? - | ASullt, u e D(AS);
[APu)6 < STy || ASul®, u e D(A).

4. Final remarks

The inequalities in Theorem 1. and Theorem 2. for u € D(A3) were obtained
in [?], for u € D(A%) in [?], and for u € D(A®) in [?]. Those for u € D(AS)
seem to be new.

Furthermore, these papers consider also the analogous inequalities for the
infinitesimal generator of a strongly continuous group of linear isometries on
a Banach space. In this case the problem is considerably more complicated
because for each inequality one should minimize several different functions over
several different domains.

In [?] the precise infimum is determined for u € D(A3):

[ Aul® < Gllull® - [ A%ull, (| A%ul® < 3llull - [|[A%u]?.
The inequalities obtained in [?] and [?] for u € D(A*) and u € D(A%) are not
the best obtainable by this method.
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