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It is demonstrated that the Dewar index D plays an important
role also in non-perturbative MO theory. Approximate topological
formulas are derived for the stability of a heteroconjugated mole-
cule relative to its parent hydrocarbon (eq 12), the self-polarizability
of an atom (eq 13) and the atom localization energy (eq 16). All
three quantities are shown to depend on D.

These relations hold for alternant systems only. Their nume-
rical reliability is also studied.
INTRODUCTION

It is usually believed that the Dewar index (D) may be used for the pre-
diction of the stability of conjugated compounds, only within the framework
of perturbation molecular orbital (PMO) method!. The aim of the present work
is to demonstrate that this topological index might have a much deeper theo-
retical meaning and practical importance. In particular, we offer topological
formulas which show that certain, seemingly unrelated quantities in non-pertur-
bative MO theory depend on D.

Let a conjugated hydrocarbon H be obtained by joining a new carbon atom
p to the atoms a, b, ... of a conjugated radical R. In the PMO approximation?,
the total n-electron energy (in {3 units) of H is

EM=E® +2(C,+Cy+..)

where E (R) is the total m-electron energy of the radical R and C,, Cy, ... are
the coefficients of the (normalized) non-bonding molecular orbital (NBMO) of R,
corresponding to the atoms a, b, ... . Since the localization energy of the site
p of the molecule H is L, = E (H) — E (R), we have

L,=2(C,+C,+..)

The quantity D =D, = 2(C, + C, + ...) is called the Dewar index. The sub-
script p indicates that it corresponds to a particular site p of the molecule.
When not necessary, the subscript will be omitted.

NOTATION AND DEFINITIONS

It is convenient to use graph-theoretical notation and terminology.? Hence,
the hydrocarbon H (with N carbon atoms) is represented by a graph G (with N
vertices). The representation of R is then the graph G-p, obtained by deletion
of the vertex p from G. The adjacency matrix A (G) of G is defined by

* Present address: Faculty of Sciences, University of Kragujevac, 34000 Kragu-
jevac, P. O. Box 60, Yugoslavia.
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1 if the vertices r and s are adjacent in G
[A Q)= { .

0 otherwise
The characteristic polynomial of G is P (G, x) = det (x I— A). If G represents
an alternant system (which will be assumed throughout this paper), P (G, x)
may be written in the form

PG,x)=a"—a,x"° +a a2 —...+ (—D"Vay 1)

Similarly,
PG—px)=2""'—b,z"* 4+ b, x"° —... ()" by_, x 2)

In this notation the coefficients a,; and b,; are necessarily non-negative. Besides,
if R has a unique NBMO, by_, # 0.

If the p-th carbon atom in the hydrocarbon H is replaced by a heteroatom,
a heteroconjugated molecule is obtained. Its graph representation® is a rooted
graph G, with a self-loop of weight h on the vertex p. In matrix notation,

h for r=s=p

A (G =
[A (G)],, [A (G)],, otherwise

Of course, for h = 0, G, becomes equal to G. A well known3 recursion relation
for the characteristic polynomial of Gy, is of the form

P(Gy,x) =P (G,x) —h P (G—p, x) 3

The relations between the Dewar index and molecular topology were
analysed in more detail in a recent paper.! For the purposes of the present
discussion note that

ASC (G)

4
asc (G —p) &

b =

where ASC and asc, the algebraic structure count and its generalization, are
defined in refs 4 and 5. Further9,

[ASC(G)* =ay and [asc(G—p)]® =by_,

where ay and by_, are the last coefficients in egs 1 and 2. This gives as a
final result
a 1z
D= [J] ®)
Byice

THE RELATION BETWEEN D AND THE STABILITY OF A HETEROCONJUGATED
MOLECULE RELATIVE TO ITS PARENT HYDROCARBON

Let G, and G be the graphs of a heteroconjugated molecule (with one
heteroatom) and its parent hydrocarbon, respectively. The difference E (G;) —
— E (G) is thus the measure of the stability of the heteroconjugated molecule
relative to its parent hydrocarbon.

If G, and Gy, are graphs with an equal number of vertices, the following
formula holds®:
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P (G, ix)

E(G)—E Gy = (log —Pm
b’

[ ) e g

where i = \/— 1. Here and later on we use the abbreviate notation
+ o0
n § F(x)dax = (F (x)) = (F)
From egs 1, 2 and 3, after suitable transformations, we obtain

E(G) —E(G)=h+ 1/2 Jog (1 + h*V?))
where

L, " f b, a4 by,

N N-2 N-4
' ta, " ta x4+t ay

V=V =

(O]

It can be proved’ that the function V (x) has following properties

by_, 4x
2 = for small | 0 ‘ .
Vi(x) ~ ay D2 ®)
1/x for large { & ]

since according to eq 5, it is by_./ay = 4/D2. Therefore,
16 h®x*/D* for small |z |

h?/x? for large | x|

log (1 +h*V? ~ )}

Because of (9), the function log (1 + h* V2) has a maximum for some x in the
interval (0, o0), say for x = x,. Neither x,, nor log (1 + h? V2 (x,,)) can be expres-
sed in a simple manner. In the first approximation, however, the position of
the maximum can be guessed by equating 16 h2 x?/D* with h?/x2. Hence,

x,, = D/2 (10)
Let us consider a simple algebraic function

4x

A
D? + 422

11

It can be demonstrated by elementary methods that behaviour of V,(x) for
small and large | x| is the same as that of V (x). Besides, the function log (1 +
+ h?V,%) has a unique maximum in the interval (0, oo). The position of this
maximum is x, = D/2, which should be compared with relation 10.

The integral <log (1 + h2V?2)> can therefore, be approximated® by
<og (1 + h?V,2)>. The reliability of this approximation will mainly depend
on the extent to which relation 10 is correct. A numerical analysis of such
treatment will be given in one of the following sections.

Application of eq Al from the Appendix gives

(log 1 + h*V¢®)) =2 VD? + h2—2D
and finally,
E(G)—E(G) =h+ V D*+h2—D (12)
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As a consequence of formula 12, among positional isomers with one heteroatom,
the most (least) stable one should be that with the heteroatom in the position
with minimal (maximal) Dewar index.

THE RELATION BETWEEN D AND THE SELF-POLARIZABILITY OF THE ATOM

Coulson and Longuet-Higgins proved®? that the self-polarizability of the
atom p in a conjugated molecule is given by

o P(G—p,ix) |*
”"P‘_<[ PG |~

Of course, the original result of ref 9 is here translated into the language of
graph theory.210
It is now easily seen that this expression reduces to

Tpp = (V)

where the function V is defined by eq 7. Hence, <<V, 2> will be a good ap-
proximation for m,, with V, being given by eq 11. Straightforward integration
gives i

@, = 1/D, (13)

The reliability of this rather simple approximate expression will be discus-
sed later. Note that the same formula for n,, can be obtained from eq 12,

knowing that?
d2
Wy = [ E(Gh)]
dh? h=0

THE RELATION BETWEEN D AND THE ATOM LOCALIZATION ENERGY

In PMO theory D, is (by definition) equal to the localization energy L, of
the p-th carbon atom of the hydrocarbon H. Previous non-perturbative MO
considerations* resulted in a semiempirical formula for L, with a logarithmic
dependence on D,. However, this formula is to some extent arbitrary because
it is obtained under the assumption that the total n-electron energy is linearly
proportional to log (ASC).1! In the present section we offer a non-empirical
approach to the same problem.

Let G be the molecular graph and G-(p) the graph obtained by deletion
of all edges incident to the vertex p. If d = d, is the degree of the vertex p,
there are exactly d edges incident to p. Note that a,—b, = d, where a, and
b, are coefficients of the characteristic polynomials (1) and (2). G-(p) is the
union of the graph G-p and the isolated vertex p. Consequently, P (G-(p), x) =
= x P (G-p, x).

The localization energy L, of the site p is just equal to E (G) —E (G-(p)).
Since G and G-(p) contain an equal number of vertices, the application of eq
6 gives

L, = (log W) (14)
with

Wewmo| PG®
| P(G— @), i) |
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Analysis shows that
" D2/(4 x?) for small Ix]

W (x) ~ (15)

1+ — for large |x|
x2 v
We may, therefore approximate® the integral (14) by <llog W,>>, where

xt + (d + 1) x? + D?/4

Tt P

W, =W, @ =

Calculation based on eq Al of Appendix results in the following topological
formula )
L,=2VD,+d,+1—2 (16)

Note that almost in all cases of chemical interest it is d, = 2.

NUMERICAL WORK

The aim of the present work was to investigate the topological background
of certain MO quantities, and to demonstrate their mutual relations rather than
generate formulas for quick hand calculation. Nevertheless, it is instructive to
test formulas (12), (13) and (16)  numerically, in order to see their reliability.

An. arbitrarily chosen set of 12 alternant conjugated hydrocarbons (6 ben-
zenoid, 3 acyclic and 3 ciclobutadiene containing systems) was studied. It has
been found that eq 13 overestimates n,, in all cases with an average violation
of about 25%. Moreover, there exists no satisfactory correlation between exact
7pp values and those calculated by eq 13, which indicates that V (x) and V, (x)
are maximal for considerably different values of x. Hence, eq 13 is to be used
only for qualitative purposes.

Eq 16 also overestimates the corresponding L, values. However, after an
empirical correction

Lp =2 \/Dp + dp 4+ 1—2.075 am

localization energies are reproduced with an average error of only 1.5% (that
is up to a few hundredth of ().

Eq 12 was tested for nitrogen-containing heterocycles!?, assuming the value
of h = 0.4.13 It has been found that the formula reproduces the E (G;) — E (G)
differences up to a few thousandths of § (average error of 1.9%). This may be
understood as a partial confirmation of eq 10, namely that both log (1 + h? V?)
and log (1 + h?V?) have their maxima at nearly the same point. Hence, egs
12 and 17 are applicable for paper and pencil numerical evaluation of E (Gj) —
— E (G) and L,

DISCUSSION

Three novel topological formulas (12), (13) and (16) have been derived, which
indicate that D is closely related with various MO indices. These quantities, of
course, correspond to a given site of the molecule considered. Thus we may
conclude that the chemical behaviour4 of a conjugated centre is to a high extent
determined by its D value.
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In non-alternant systems, another important MO index is the m-electron
charge density Q. (As well known!4, @, = 1 in all alternants.) One may speculate
about the possibility that also @, is a simple function of the Dewar index. A
support for such an expectation is the relation?®

Q [ ¢ E(G)]
Sl h
* Lan h=0

However, our experience (both numerical and graph-theoretical) indicates that
this will not be the case.

In fact, the original definition! of the Dewar index requires the existence
of a (unique) NBMO in the radical R. If R is not alternant, it needs not possess
any NBMO.!> Moreover, in the general case of a non-alternant topology, neither
eq 4 nor eq 5 are valid.' Similarly, the conditions (8), (9) and (15), which are
crucial for the derivation of our topological formulas, are not true for non-
-alternants. Thus the problem of the extension of the present considerations
to non-alternant systems remains unsolved.

The existence of formulas (12), (13) and (16) may be understood as partial
justification of the success of the perturbation molecular orbital theory.

APPENDIX
We prove that

4 S 2 S
<10g il e Sl

LR RS /=2ysl+2\/s2—-2]/s3+2\/s4 (A1)
3 4 |

The integrand in eq Al can also be written in the form

(x* + T (x* + T,%)

U (x) = log
(xt+ T2 (x*+T.2)
where, of course,
TE+T2=S, (T,T,)=S:,
TA+TS2=8;, (T,T)=S,

Now,
Jlog (x? 4+ T?) dx = x log (x® + T?) — 2x + 2T arctg (x/T)

and consequently,

JU (x) dx = 2 U (x) + 2T, arctg (x/T,) + 2T, arctg (x/T,) —
— 2T, arctg (x/T,) — 2T, arctg (x/T,)

Since x U (x) — 0 for |x | — oo, we get

+o0
SfU@dz=2a(T, + T,—T,—T)=2a(V T2+ T, + 2T, T,—

w00

— VT T E+2T,Ty=2a(}S, +2Vs,— s, +2VS)

However, this is just eq Al in another notation.
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SAZETAK
Nove primjene Dewarova broja
1. Gutman

Pokazano je da Dewarov broj D igra znatnu ulogu i u ne-perturbacijskoj teoriji
molekulskih orbitala. Dobivene su priblizne topolo§ke formule za promjenu stabilnosti
spoja zbog uvodenja heteroatoma u konjugirani ugljikovodik (jedn. 12), za samopo-
larizabilnost atoma (jedn. 13) te za atomsku lokalizacijsku energiju (jedn. 16). Sve ove
tri veli¢ine ovise o D.

Dobivene relacije vaze samo za alternantne sustave.
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