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Abstract. This paper is a continuation of our work in [24], wherein we studied some
approximation properties of the Stancu-Durrmeyer operators based on g-integers. Here,
we construct a bivariate generalization of these operators and study the rate of convergence
by means of the complete modulus of continuity and the partial moduli of continuity and
the degree of approximation with the aid of Peetre’s K functional. Subsequently, we define
the GBS (Generalized Boolean Sum) operators of Stancu-Durrmeyer type and give the rate
of approximation by means of the mixed modulus of smoothness and the Lipschitz class of
Bogel-continuous functions.
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1. Introduction

In the last decade, the application of g-calculus in the field of approximation theory
has been an active research area. In 1987, Lupas [23] initiated the study of q-
analogue of classical Bernstein polynomials. Later, Phillips [28] proposed another q-
generalization of Bernstein polynomials and established the rate of convergence and
Voronovskaja type asymptotic formula for these operators. Subsequently, researchers
introduced g-analogues of several linear positive operators. For some significant
contributions in this direction we refer to (cf. [1, 3, 16, 20, 21, 22, 25, 32, 36]).

In 2009, for any function f € C[0,1],¢ > 0, = a(n) > 0 (a(n) — 0, asn — o)
and each n € N Nowak [26] defined the g-analogue for the operators defined by
Stancu [34] as

B (f1a) = szﬁz(x)f(%) re (0.1, 1)
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where,

19 () = m [Loo(e + o)z (1 - ¢"a + aluly)
" k q ,\:cl)(l + afA]q) .

Recently, Neer and Agrawal [24] introduced the Durrmeyer type integral modifica-
tion for the operators (1) as

D(fiq;0) = [n+ 1]qzvﬁ’§($)/o Py (8 f()dqt, (2)

k=0

where

and investigated some approximation properties.
Now, we propose a two-dimensional case of the operators (2). Let I = [0,1],
I? = I x I and C(I?) denote the class of all real valued continuous functions on I?

endowed with the norm ||f|| = sup |f(x y)|. Then, for f € C(I?), the bivariate
(zy)el
g-Stancu-Durrmeyer type operators of (2) is defined as

Doty

ni,n2 (f'qannz?x y)

= [ng + 1]%1 ng + 1] qnz Z Z :1;:];(1%1 :112?];?712 (y) (3)
k1=0ko=0

1,1
/O / P, (P2, () f (L, 8)dg, tdg,, s, for all (z,y) € I,

We study the degree of approximation of these operators and the associated GBS
operators.

2. Auxiliary results

Lemma 1 (see [24]). For D&(t"™;q;x), m =0,1,2, one has
(i) Dy (Lq;2) = 1;

(it) Dy} (t;4;2) = prtar (1 + alnlq@);

a g[n]i x(l—x
(i) Dn@am—m{quﬂ”qw e <‘T(“‘“” (ﬁ%)>}'

Consequently,

(a) Dy(t = 250;2) = ar + par; (alnlq — [0+ 2]g)z;

) Di((t ~ 2% 652) = el + { sy (a1 + 200l + C2zn )
2

Plnlg(nle—1)  _ 2qln]
- }%L {[n+21 3ty — ol T 1}




APPROXIMATION OF FUNCTIONS BY BIVARIATE ¢-STANCU-DURRMEYER TYPE OPERATORS 163

nys&ng

Lemma 2. For Df{hm (eiji q1,q2,2,y), €ij = x'y?, 4,5 € NU{0}, z,y € [0,1],
we have

(i) Dy ™ (€003 Gny s Gny» T y) = 1

(ZZ) Dz:717i20‘n2 (610; Anyis4nss Ly y) = m(l + qn, [nl]in'r);
(i) Dy " (€01 Gy » Gy T, ) = m(l + Gy [12]4,,9);

() Diiliz " (€115 Gny o @, Y) = W (L+qn, [n1]g,,2) m (144n, [n2]g,,9);

(v) Dy
qi [nl]ﬁn z(l—=x
711-1-(17@1 1 (,T(JI + Oén1) + [”(1_]%1)) };

(Ui) Df{ffn’g”z (602, qnysqnss L y) [n2+2]Qn2 [n2+3]‘1n {[2]qn2 + Gns (1 + 2Qn2)[n2]qn2 Yy

(6207 AnysQngy T y) [n1+2]gn, [n1+3]qn1 {[2]%1 + qn, (1 + 2qn1)[nl]Qn1 €

+

3
ngy [77,2

Jan (1—y)

(vii) fo{?n’?” (e20+e€02;G1, G2, T, Y) = ["1+2]qn11[n1+3]qn1 {[2]%1 +qn, (1+2%1)[”1]an

qn (n 1]2n —x
+ B (oot 2 ) ] 20 0 20l

in
]2

4, 22, 1—
s )

Lemma 3. (Z) Df{f}{g"z (t — ZiGny159ny, L,y y) = [n1+12]in + ["1+12]in (Qn1 [nl]qn1
[n + 2](1711) )

(Z/L) Dgﬁln’2a”2 (S - Y qnl ? q’ﬂg ) L, y) = [77,2 +12]Qn2 + [n2+12]q712 (qn2 [n2]Qn2 [n + 2] q”2)

nqy,Qq&n [Q]Qn
(7’“’) Dn1,1nz ? ((t—JJ)2; AnyyQqnys Ty y) = (112, [n11+3]qn1 +{ [n1+2]qn11[n1+3]qn1 <Qn1 (1
(a8 []g,, <[m]qnlan1+1>) 9 } +{ @2, [1]ap, ([n1]gn, —1)

+2n)[nalg, (Tram,) EE=r- 420, [ 730, (TFan)

2qn1["1]qn 2.
N [n1+2]tm11 T 1}$ ’

(ZU) Dgiln)gnz ((S - y)27 in ) qn2 y Ly y) = { [n2+2]‘1n21[n2+3]Qn2 <Qn2 (1 + 2%12)[”2]%2

@2, [12]0ny ([2)any g +1) ) a2, (121, ((12)0ny —1)
T (ran,) T Tty (YT Ta#0lan, [0 F3lan, (1Fang)
2qny [n2]g, 2 (2]g,,
= Tt TV e, el
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3. Main results

In what follows, let 0 < g, < 1 and a,,; > 0 be sequences such that lim g¢,, =1,
n; —>00

lim ¢ =a;(0<a; <1)and lim ap, =0, i =1,2. Also, assume that
Nn; —>00 v M;—>00

5t () = A/ D ((E = )% gy ),
Oty (¥) = \/fo;‘z ((s = )%y y)-

Let e;; = t's?, i,j € NU{0}.

Theorem 1 (see [35]). Let Iy and Iz be two compact intervals of the real line. Let
Ty s With (n1,n2) € N x N be linear positive operators on C(I; X I3) such that

lm Ty n,(eij) =€, 0<i+j5<1
ny1,n2—>00
and

lim T, n, (€20 + €02) = €20 + €02
ny1,n2—0o0

uniformly on Iy x Iy Then (T, n,f) converges uniformly to f on Iy X Iz, for any
f S C(Il X IQ).

As a consequence of the above theorem and Lemma 2, we have the following
theorem.

Theorem 2. The sequence of bivariate g-Stancu-Durrmeyer operators
Dntlny " (f3Gny» Gnas @, y) converges uniformly to f(x,y), for any f € C(I?).

Now we give some numerical results which show the rate of convergence of the
QnqsQny

operator Dy, *? to certain functions using Maple algorithms.

Example 1. Let f : R? - R, f(z,y) = 2%y® + 2%y — 22*. The convergence of the
operator D,‘:f},;j‘"‘z to the function f is illustrated in Figure 1 for ny =ng =10, ¢, =
Gny, = 0.3, ap; = an, = 0.2 and 11 = ng2 = 100, ¢, = @n, = 0.9, ap, = an, = 0.2,
respectively. We note that as the values of n1 and ng increase and the values of gn,
and qn, are close to 1, the error in the approximation of the function by the operator
becomes smaller.

Also, for n1 = na = 100,¢n, = @qn, = 0.9, the convergence of the operator
D,O{f lng "2 to the function f is illustrated in Figure 2 with respect to parameters auy,,
and ou,,. It should be noted that as the values of o, and oy, are close to 0, the

error in the approrimation of the function by the operator becomes smaller.
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Figure 1: The convergence of Dsfﬁ{;w(ﬁqnl,qnmm,y) to f(z,y) (grey f, white
D?O%qgo(f;O.Q,O.Q;x,y), black Dg('f'l%2(f;0.3, 0.3;z,y))

Theorem 3. Let f € CY(I?) and (z,y) € I?. Then we have

Dt " (f3 @y o @, y) = f(@,9)l < |1 F2l10n1%,, (@) + 1fl10n5%., (v),  (5)
where (5,0{1"}%1 (x) and 52‘;%%2 (x) are defined in (4).
Proof. For a fixed point (x,y) € I>

t s
ft.5) = 1) = [ futwsidu+ [ filzo (6)
x y
Applying Dyn7hs ™ to the above equation (6), we get
t
1Dtz " (£ Gny s o ,y) = f2,y)] < Dgfﬁz’?”@/ | fulu, s)|du

+D$:;:a;3"2(\ I
Yy

/ 7o)l / 12 w)ldo

Doy (s s Gy ., y) = f (2 9)] < |21 D (t=2]; @)+ f 1 D0 (15— s dnoy)-

Now applying the Cauchy-Schwarz inequality and Lemma 1,

;qn1aqn27$7y>

;QnUanuxuy)-

Since < |2l — | and

< ||f1:|||5 —y|, we have

DR (F s s 7 9) = £, 9)| < LY DA (=) o) /DI (13 g )

1A IND82 (5—9)% nsr) D52 (15 Guy)
= 172118 (@) + 17311655, (0




166 T.NEER, A. M. ACU AND P. AGRAWAL

n1,%ng

Figure 2: The convergence of Dzl:nQ (f54qn1,qnaesx,y) to f(z,y), for gn, = gny, = 0.9, n1 =
ng = 100 (grey f, white Dg(')%'fjl'()lo, black Dg(')%'f)lgo)

Gn, = Qn, | Error of approximation
0.4 2.683089189
0.5 2.314780978
0.6 1.915542164
0.7 1.503058754
0.8 1.241435619
0.9 1.061760430

. - - Qny,Qng
Table 1: Error of approzimation for Dy, i,

This completes the proof. O

Example 2. Let f € CY(I%). Considering n1 = ny = 10 and a,, = ap, = 0.2,
in Table 1 we compute the error of approzimation of f(x,y) = %y + 23y — 2% by
using relation (5).

For f € C(I?), the total modulus of continuity [2] is given by

‘D(f;61752) = sup {|f(t75)_f($7y)|:(ta S)a (‘Tay) 612 and |t_$| S 515 |5_y| S 52}

Alternately,

w(f;01,02) = sup {If(taS)—f(w,y)li(t, s), (z,y) €I*and \/(t—z)2+(s—y)? < 5},

where,
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(i) @(f;01,02) — 0, if 61 — 0 and 3 — 0;

) 17(0.9) = foa) < atrion o) (14 5 ) (14 B2,

Further, the partial moduli of continuity with respect to x and y are defined as

W (f:8) = sup{|f<a:1,y> — fmy) iy e and o — | < 5},
and
W (f;8) = sup{|f<a:,y1> — f@) rz e T and gyl < a}.
Let
O = {1 € CU) s arFups i i € O .

equipped with the norm

2
llezas = 11+ 3 (H
=1

For f € C(I?), the appropriate Peetre’s K —functional is defined by
K(f;6) = inf - 0 ,0 > 0.
(F:6) = _inf, {117 =gl + 6ol

o'f
oy’

o' f
ozt

il

Also,
K(f:6) < M{wz(f; Vo) + min<1,6>||f||},

where M is a constant independent of § and f and @y (f; /) is given by

@2(f; V3) =sup { Z(—l)Q*”f(:c—i—l/h,y—i-uk)

2 ‘
v=0

(2,9), (2 + 2h,y + 2k) € J2, |h] < 6, k] < 5}.
Theorem 4. For f € C(I?) and each (z,y) € I?, there follows:

DI (f gy g 2 ) — F ()] < 40 (f, S (@), 55 (y)) .

Proof. In view of property (i) of the total modulus of continuity and Lemma 2,
we have

|D0¢nl yQng

ni,n2 (f;qmaqm,%y)—f(%yﬂ
< Dnthy 2 (1f(t,8) = F(@,9)]; @ny s oz 7, 9)

Ctnq Clny 1
S w (f) 5”1;Qn1 (I)5 57127(1712 (y)> (1 +

St ign, (2)
1

x 1+M—D3:2<|s—y|;qn2,y>).
( T W)

n2,qny

Dzrlut—xuqm,x))
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Now applying the Cauchy-Schwarz inequality, we get

|D0¢n1 sQng

n1,n2 (f'Qn17Qn27$7y)_f($7y)|
< Dnhs "2 (1t 8) = F(@,9) |5 Gy s Gna» 75 9)

<o £.800h, (@), 0755, <y>) (1 b oD (= i)

M1,9n, (I)
e i Woitna)). 7)
77/27(1712
Considering (4) from the above inequality, the desired result follows easily. O

Theorem 5. Let f € C(I?) and (z,y) € I?. Then,
DS st ) = Fla)] < 200 (38300, (@)) +202(£:0053,0) ).

Proof. Using the definition of the partial moduli of continuity and the Cauchy-
Schwarz inequality,

|Dan1 yAng

s (f3 Qnys Gnoy T, y) — f2,9)]
< Doty "2 (1f (t,8) = F(2,9) |5 Gy s Gns» 2, y)
< Doty "2 (1 (8 8) = F(69)]5 @ny s s 2, 9)
+ Dtz (1 (8 ) = F(@,9) ] Gny Gna» 7, 9)

< Dplhis™ <w1(f; [t —0); Gnis Gnas T, y) + Dﬁ?}if”(cf(f; ls—y1); qny qm,x,y>
1

QN

577«111‘177.1 ()

1
W(F, 500 (y»{l N S
e Sna 2y (¥)

<WH(f, 0t (@ >>{1 + ﬁ (Dg?l ((t =2 q"“”) 1/2}

M1,9ny

1 1/2
2,05 <y>>{1 R (D (s - )% qm,m) }
577«21‘1712 (y)

(8 <x>>{1 n DL (It — s g x)}

D3 (|s —yl;qng,y)}

Thus, we get the desired result. (|

In our next result we establish the rate of approximation of the Stancu-Durrmeyer
type operators to the function f € C(I?) by means of Peetre’s K-functional.
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Theorem 6. For the function f € C(I?), we have
|D$7fllyln)2an2 (fa qny549nys L5 y) - f(xa y)|

< 00§ (1 AT s 2.9) ) + L AT 11

+w(f;\/<m(l+qm [m]qnm—w)i (mum[nz]qng)—y)f

where

Qny,0ny
An1 sN2,p (in ) qnz y L, y)

- {(5;‘531(1”1 (@)% + (0ns ., (1))* + ([ (14 gn, [mlg, @) = "E>2

ny + Q]qnl

2
+ [ (1 + gu[n ~y) ¢
(=t alrahin o) |
Qny Oy

and the constant M > 0 does not depend onf and An;hs 5 (Gnys Gnay T Y)-

Proof. Let us define an auxiliary operator

D" (f5 ny s Gng > T, Y)
= Dulhs " (F5qnys Gnas ,y) + f2,y)

1 1
- f(m(l + qn, [1]g,,, ), et 20,

dno

(1 gl ) )

Then using Lemma 3, we have

*Qn g ,Qlng

Dy (1;qn15qn27$7y):17
D:ﬁl?;’l’nl;an2 (t - :E7 qn1 ) qn27 fL', y) = 07
D*a”17an2

ni,no (S_y;inuanaxay) = 0.
For any g € C?(I?) and t,s € I, by Taylor’s theorem

- ¢ 20 (u
glts9) — glary) = 222D ¢ =gy 1 [ - ) AL g,

x y 2g(t,v
2 )+ [ a0 o

Hence,

*Qn g, Qng .
Dn17n2 (qunlvqnzaxay)

t 2
. 97g(u,
= D:L(inlza 2 (/ (t - u)%du;%naqnmxay)
z u

*Qn . s 9?g(x,v)
+Dn?,7112a : (/U (S_’U)de;qnlaqnwxay
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t 2
Qnq,Qn a g\u,
- Dnll/n«2 2 </ (t_u) 6( 2 )du qn17qn27$ y>

/mw]qn(”%l mlon, @
x nl + 2 in

+Df:r}n’?"2( [ =0 PIE y)
Yy

/W(Pﬂl@ n2]qnq Y)
y ’IIQ + 2

>g(u,y)
(1 + gny[na]g,, @) — U> Wdu

0?g(x,v)
(1 + gn,[n2]g,,y) — U) Tdv-

qng
Thus,

|D*an1 yQng

ni,n2 (Q;Qn17Qn27fE7y>_g(fE7y |
t 2
97g(u,
< i (| [ - 52
* Ju

o)

%(l—i-qn [n1] x) 2
o1+ 2lan, 1M an, 9%g(u,y)
(144 | A A
* w/m [ ni +2](1n1( o 1[n1]‘1”1x) u} ou? !
+D3’:3n’3”2( / s — of| 242 g, xy>
Y 2
5 (1+qn [n2] y) 2
n2+20qn, 217slang 1 0 g(x,v)
e (1+44qn —of| 2L
i / v, ) ' 9 | %

« « 1
DL (0=t )+ g (b bl )= }||g||02 p
{ 1,12 1 2 [n1+2]qn1 1 q 1 )
(14 qn, [n2] an, Y >

}

Dznl’njaTQ - 2; n1 Ynoy Ly T a1
+{ vine (5= Y)% Gny Gnop @ y)+<[n2+2]

Ano

X ||g||c2(12)

< {(6311%1 ()" + ([

ny + 2]%1

2
(4 gun [, @) —x) }||g||cz<m

+ {(55:;?%2 (1) + (W

dno

2
(L + g [nlan,y) — y) }||9||c2(12)

_ {(5;3:?3%1 (@)% + (52;@12”2 (y)? + (W(l + qny [n1]g,, T) — x)z

dn,y

2
1
- 1 n _
+ <[n2+2]qn2( + qn,[12]g,.,Y) y) }Ilchzuz)

Aanl yAng

ni,n2 (qmv%lzvxvy)||g||02(12)' (8)
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Also,

|D*0¢n1 sQng

ni,na (f;QnUanaxvy)l
S |D$7fll,1n)2an2 (f7 inaquaxa y)|

1 1
+ f(m(l + Gny[n1]g,, ), ot 2,

(Ut i) ) | +17(20)
dno
<3[I£1 (9)
Hence for any g € C?(I?), in view of (8) and (9), we get

|D0¢n1 yOng

ni,n2 (f;ananaIay)_f(Iay”

- ’D:‘l(innl;an2 (f7 dni59no, T, y) - f((E, y)

*f(ﬁ

qn,

(1+ 4o [l 2 a +qn2[n21qn2y>) - f(x,w\

ng + 2

Qnsy
*Qny ,Qny *Qpy ,Qngy

S |Dn1,n2 (f g; qn17Qn27x y)|+|Dn17n2 (g;anQngafE,y)_g(x,y”
+lg(z,y) — f(z,y)|
—(1+ n4 [TV X))y
’f( n1+2]qn1( q 1[ 1]Qn1 ) [n2+2]

Insy

(14 qn, [nz]qnzy)> — f(z, y)’

<A|f = gll + Anrhe ™ (s Gna» 2, Y)| |9l o212

+w(f;\/(muwm[m]qnlx)—x)i(W%%(qu[nz]%y) y))

Thus,
|D0¢n1 yQng

ni,n2 (f7Qn17qn27:E7y)_f(‘ruy)|

1 _ QAny,Qngy
§4g€gg{12){||f gl| + Anits (qnl,qn2,$,y)||g||cz(12)}

+w<f;\/<m<1+qm[m1qu>—x)2+(mum[m]%w y>>

<AK(f; Antiis ™ (@na s Gna» T, )

+w (f;\/<[nl+2]qnl(1+qm [nl]qu)—xﬁ (le]%mqnz il )2)

{W( AT g, qnmw’y)) +min{L, An 5 (G dno 9 HIf e 12)}

sa iy (g 1t o) (e (bl )3 )
[ 1+ ]qnl [ 2+ ]qn2
|

which is the desired conclusion.
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4. A Voronovskaya-type theorm

Lemma 4. Assume that 0 < ¢, <1, g, = 1 and ¢} = a, a € [0,1) as n — oo. If

lim ap, =0 and lim na, =1 € R, then
n—o0 n—oo

lim [n]g, D™ (t — x5 qn;z) =1 — (1 + a)z,
n—00

Tinn folg, DS" ((t - )% 4ai2) = (1+ 2)a(l —a), (10)
lim [n]2 Do ((t — 2)*; gn;2) = 32°(1—2)%1(1 + 4)+2*(1—2)(T2® = Tz+5). (11)

n— 00 In

Proof. Using Lemma 1, we get

. [n]q [n]q +1

1 D& (t — z; n; = S — 5 1 n =1-(1 ’
li Do ((t — 2)2qni @) = (24 Dz — 2% + i Il
i [nlg, D5 (¢ = 2)% gns 2) = 2+ Dz — a4 oo P

x {q3 [n] 3; 2qn[n]g,[n+2]g,[n+3]q,+[n+2]g,[n+3]q,
Hn+3]g, an([n+2]q, —2n[nlq, )} 2°
= (l+2)x—(l—|—1)x2+7}£§o 2, [J?_];:]Lq (1 +an)
< { @3 (a)* +2an(1+qn)ap — qp[nlg, +1} 27
=(+42)z(1 —z).

Relation (11) is obtained in a similar way using Lemma 1 and Lemma 3.2 ([27]).
(|

Theorem 7. Let f € C? (I?) and (gn)n be a sequence in the interval (0,1) such that
Gn — 1 and ¢ = a, a € [0,1) as n — oo. If lim «p, =0 and lim na, =1 € R,

n—oo n—oo

then for every (x,y) € I, one has

lim [n]qn {Dg%an (f;%za(Jnuxuy) - f(‘rvy)}

n—00

= (1~ (a4 Vel y) + [ (ot Dulfy(o0) + 2 (o0 = 2) ()

+y(L—y)fie(z, )}

Proof. For (xg,y0) € I%, by Taylor’s formula it follows
f(t,s) =f(zo,y0) + fr(zo,y0)(t —20) + fy (0, 0)(s — yo)

+ % {12 (w0, yo) (t—z0)*+2f1, (0, yo) (t—20) (s — yo)+ f12 (0, y0) (s—10)* }
+ @(t,s) ((t—20)* + (s —y0)?)

where (t,s) € I? and  lim  ¢(s,t) =0.
(t,8)—(zo,y0)
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From the linearity of Dpn.%" | we have

D?L‘%an (f(tv S)? Gn; dn, L0, yO)

= f(xo0,%0) + f;(fﬂoayo)sz‘,{a" (t = 203 4n» Gn, o, Yo)
+ f’ (0, 90) Dy (5 = Y05 @ns Gns T0, Yo)
+ < {f IanO Dz:},{an((t_$0)2;qn7qnaIan0)
+ 2fzy($ov Y0) Dy (8 = 20)(s — Y0); dns Gn» Tos Yo)
+ [l (@0, y0) Dy (s = 0)s dns Gn» To, Y0) }
+ Dg%an (gD(t, S) ((t - :EO)2 + (S - y0)2) 5 Gny Gny L0, yO)

= f(fl?ovyo) + fr(x0,y0) Dy (t — 205 qns To) + fy (20, ¥0) D™ (5 — Y03 4ns Yo)
+ = {f iUanO D ((t—.’I]Q) QHVTO)+f3///2(x07y0)D’?7,‘n((8_y0)2;qn7y0)
+2fzy($0, Y0) DS ((t — 20); gns ©0) DY (s — Y0); qn» Y0) }
+ D (95, 1) (= 20)% + (5 = ¥0)?) ; €ns Gns 0, Y0) -

By the Cauchy-Schwarz inequality, we have
| Dy (ot s) (8= 20)* + (s = 40)%) s Gns G 0, 0) |
<{ D (G2t 5); s G 70, 90) }
x { D (((t=20)*+(5=90)%) " Gns @ 0,0 ) }
< V2D (2(t,); Gns s 70, 90) }

) {DEmen (= 20)" gy Gns 0, 90) + D2 ((5 = Y0)*: Gns G w0, 90) }

1/2

2
By Theorem 2, we get

lim D% (¢%(t, 5); qns Gns o, Yo) = ©*(20,%0) = 0,

n—00

and hence using Lemma 4 we have

lim [n]q, Do (@(t, s) ((t = 20)* + (s = %0)*) 5 Gns Gns o, Yo) = 0.

n—oo

The theorem is proved by applying Lemma 4. [l

5. Construction of -GBS operators of Stancu-Durrmeyer type

In [11] and [12], Bogel introduced a new concept of Bogel-continuous (B-continuous)
functions and established some significant results. Dobrescu and Matei [15] proved
the convergence of the Boolean sum of bivariate generalization of Bernstein poly-
nomials to the B-continuous function on a bounded interval. Badea and Cottin [5]
obtained Korovkin theorems for GBS operators. After that, Pop [29] introduced
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Voronovoskaja-type theorems for certain GBS operators. For further contribution
by researchers in this direction, we refer to (cf.[8, 9, 10, 17, 18, 19, 30, 31, 33], etc.).

Following [13], a function f : E x F — R is said to be B-continuous at (zg, yo) €
E x F, where F and F are compact subsets of R if

lim  Af[(x,y); (z0,y0)] =0,

(z,y)=(0,y0)

where
Afl(z,y); (o, y0)] = f(2,y) — f(2o,y) — f(z,90) + f (20, %0)

denotes the mixed difference of f.
A function f : F x F — R is called B-differentiable at (zo,y0) € E x F if the

limit
(z.y)—(zo.y0) (2 —20)(y — Yo)

exists and is finite. This limit is called B-differential of f at the point (zg,yo) and
is denoted by Dy f (20, yo)-

The function f: A C F x F — R is called B-bounded on A if we can find a
constant M > 0 such that |Af [t,s;z,y]| < M, VY(z,y),(t,s) € A. In case A C R? is
compact, it follows that each B-continuous function on A is a B-bounded function.
In what follows, let By, (A), be the class of all B-bounded functions on A. We denote
by Cy (A) and Dy (A) the spaces of all B-continuous functions and B differentiable
functions on A, respectively. Further, let B (A4) and C (A) be the spaces of all
bounded functions and continuous functions on A, respectively, endowed with the
sup-norm ||.|| . . Clearly, C'(A) C Cy (A).

Theorem 8 (see [6]). Let (Lnymy); Loy, @ Co(A) — B(A), ni,n2 € N be a
sequence of bivariate linear positive operators, Gy, n, GBS-operators associated to
Ly, n, and let the following conditions be satisfied

(Z) Ln1,n2 €00§£Uay) =1

(
(1) Ly ns(€1052,Y) = T + Uny s (T, Y)
(iti) Ly ny(€0152,Y) =Y + Vny ny (2, )

(iv) Ly, ny (€20 + €025, y) = 22 + Y2 + Wny ny (T,Y)

for all (x,y) € A. If the sequences (Un, ny), (Unyne) and (Wn, n,) converges to zero
uniformly on A, then the sequence (Gp,y m,f) converge to f uniformly on A for all

feCy(A).
The mixed modulus of smoothness for f € Cj (I 2) is defined as
Wmized (f;01,02) :=sup {|Af [t, s; 2, 9]| : |z — t| < 01, |y — 8| < b2},

for all (z,y), (t,s) € I? and for any (41,62) € (0,00) x (0,00) With Wpizeq : [0,00) x
[0,00) = R.
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For the properties of Wyizea We refer to papers [5] and [7]. For any f € Cp(I?) and
n1,n2 € N, the GBS operator associated with DZ‘;}"’?"‘Z is given by

Gnltng "2 (f3 s Gnas @,9) = Dt 2 (f(t:y) + f(2,8) = F(6,8); dns Gz 25 9),
for all (z,y) € I?. Alternately,

Ganl yQng

ni,n2 (f;QnUQnmx;y)

qny,Qn qno sQn
= [nl + 1]Qn1 [n2 + 1 Qng Z Z pnllkl 1 JJ n22,k2 : (y)
k}l_O kQ_O

x / / P (BT () (6 ) + F(,5) — F(t5)]dg, tdy, 5. (12)

Evidently, the operator Gm,712 "2 is a linear operator.

Example 3. Let f(x) = 2%y + 32%y — 2y*, n1 = ny = 50, an, = ap, = 0.1,
Gn, = Gn, = 0.9. In Figure 3, we compare the q-Stancu-Durrmeyer operator and
its GBS-type operator. We note that Gy e gives a better approzimation than the
operator Dyr'hs ™2 . In Table 2, we computed the error of approzimation for Dy by "
and Gﬁf},{f”? at certain points.

0 0.2
0.4
0

6
508

08 06 04

X

1

Figure 3: The convergence of Dn1 o "2 ond Gfﬁ’fln;”? to f (grey f, white Dnnlnza"z, black
an ,Qp
nl lng 2)

Theorem 9 (see [7]). Let L : Cp(A) = Cy(A) be a bivariate linear positive operator
and G : Cy(A) — Cy(A) be associated GBS-operator. Then

G(fsz,y) = f(@y)| < |f(zy)l|L(Lz,y) — 1 +{L(1'$ y)
—|—5 VL((t—1x)?%2,y) —|—5 (s—y)%z,y)

+51 1\/L t—JJ ;xuy 21\/L S_y ;xay)}wmimed(f;61752)u
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z [y [ 1Dnihs 2 (fian @nos 2,y) | (Garkis 2 (i Gnys Gnas T, Y)
_f(xv y) |
0.1 | 0.1 | 0.0008661426 0.0150800080
01| 0.2 | 0.0356938734 0.0133166036
0104 | 0.1607531616 0.0089474496
01 ] 05 | 0.2300166971 0.0061010298
0.1 | 0.6 | 0.2819979805 0.0026529348
02 [ 05 | 0.1803563457 0.0094698811
02 [ 06 | 0.2267702167 0.0033050660
0.6 | 0.1 | 0.2396496598 0.0656001107
0.6 | 0.2 | 0.20468839683 0.0617182500
07 | 0.1 | 0.3621377633 0.0689935569
07 | 0.2 | 0.3185327583 0.0656191341
07 | 03 | 0.2511961928 0.0611420405
0.8 | 0.1 | 0.5408351349 0.0571732421
08 | 0.2 | 0.4855005567 0.0546858009
08 | 0.3 | 0.4044064178 0.0514608256
0.9 | 0.1 | 0.7979254620 0.0162967181
0.9 | 0.2 | 0.7277334820 0.0151054460

for all f € Cy(A), (x,y) € A and 01,062 > 0.

Table 2: Error of approximation for D

QAnq,Q0ng and GanlyanQ

7L1,7L2

Theorem 10. Let f € Cy(I?) and (x,y) € I%. Then

ni,ng

|G(¥n1 sQng

ni,n2 (f7 dny5qns> T, y) - f(SC, y)l < 4wmimed(f7 (Sgilqnl (.I'), (ngnzqnz (y))

Proof. Applying Theorem 9, we have
|G(¥n1 sQng

ni,n2 (f;inaanal'ay)_f(xay)l
< f (@ )l|Gnikis " (L Gny , Gng, T, y) — 1| + {Gnihe " (15 ny s Gns» @, Y)

+ o7 \/Gfi?lr{f” t—2)2; Gy Gny T Y) +551\/G3?37i?"2 ((5=)?; s Gna . Y)
60 G (= 0% o s 3. )
\/Gz‘?}ngw = Y)% Any s Gnz» T Y) tWmized(f3 01, 62).

Now choosing §; = 5n17qn () and 3 = 5n27qn2( ), we obtain the desired result. O

Let
Lipys (8,7)={f €Cy (12):1AF [t iy < M [t=al [s—y[" for (t,5) . (2, ) € I},

B,7 € (0,1], be the Lipschitz class for B-continuous functions.

Theorem 11. Let f € Lipy(B,7) and (x,y) € I%. Then for M > 0, 8,7 € (0,1],
we have

B vy
(G (F: o Goms29) — F(239)] SM(&?:}% (x)) (5S:,zn2<y>) .
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Proof. By the definition of Gn by "?, we may write

Ganl sQng

nims > (f3Gnys ey T,Y)
= Dgiln’s“w (f(I, S) + f(ta y) - f(ta S)a qnlaqn27$7y)
= Diihia " (f(2,y) = AF[t 552, 9); Gy G 2, )
= f(‘ruy)Dgil")gnz (eoo;qnluqnzvxvy) - Dsll}");lnz (Af[tu S;xgy];Qn17Qn27x7y)-
Hence,
|Gz‘?1n)2o‘"2 (f7 dnysQnas T, y) - f(xa y)|
< Dnthiy " (IAF[E 82, Y]l Gy s o 1)
< MDz:,lvfnz (|t - I|B|S - y|V7 dnysQnas T, y)
= MDp (|t — 215 gny 2,) Dz (Is = y[75 gy ).

Applying Holder’s inequality with p; = 2/8,q1 = 2/(2— ) and ps = 2/7, ¢2 =
2/ (2 =), we have

|Gaihs ™ (f3Gn s Gnas 7,y) — f(2,9)]

< M<szl((t _‘T)Q;QHluxu))

a ? Qa !
< M(énln}%u (‘T)) (577’;!2‘1”2 (y)> ’

B/2

N /2
< (D (s - )% qnz,y>)

O
Theorem 12. Let f € Dy(I?) with Dpf € B(I?). Then, for each (z,y) € I, we

have

|Gg?71n)§‘”2f; AnyyQqno> T, Y — f('rvy”

M —_ —
= W (”DBfHoo + Wmized(DBf; [nl]qn11/27 [n2]qn12/2)) .
" any 2 qnoy

Proof. Since f € Dy(I?) and Dpf € B(I?), then from

Y (D CA0)
Defley) = (%y)l_)(ﬂCO;yO) (t—x)(s—y)

it follows that
Af[t,s;x,y] = (t - ‘T)(S - y)DBf(gan)u

where &, n lie between t and x and s and y, respectively.
Since Dpf € B(I?) and using the following relation

Dpf(&,n) = ADpf(&,n)+Dpf(&y) + Def(x,n) — Dpf(z,y),
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we obtain

| Dtz "2 (ALt 852, Y] Gy s o @5 Y)|
= Dotk " ((t = 2)(s = y) DS (€,1); Gns s Gnas 75 Y)|
< Diflia " ([t = zlls — yllADB (& 0)]: 4y + dnas %2 Y)
+ Dty " (|t = zlls — yl(| DB f (€ )
+1Dpf(x,n)| + [Dpf(z,y)]); dny s tnas 7,y)
< Dittis " ([t=2l|s—ylwmizea(Dp f5 1€ = 2|, 1= y); @nss Gna» 7, 9)
+311Dpflloc Diilas "2 (It = @[5 = yl; Gny s iz T, )
Using the basic properties of wiized, we have
Wmized(DBf3 1€ — 2|, 11— yl) < Wmized(DBf; [t —xl,[s — yl)
< (140, t=2]) (1405, [~ y]) wmizea (DB f; 0y, Ony)-
Hence applying the Cauchy-Schwarz inequality, we get

|G0¢n1 yQng

ni,n2 f§Qn1,Qn2,I;y_f(fE7y)|
= |D’?7,‘1n,1773;ln2Af[t S5 y]'QHlaqn27x7y|

< 311D flloe/ DAT3E™ (= 2)2(5 = 1) oy gy 2, 9)

+ <D?’fﬁ%?”2(|t — alls = Yl s g, 9)

+ 6;11D2‘;71n72a"2 ((t - .’L')2|S - yl? q’ﬂl b qnz 9 :Eu y)
+ 0, Doty (= 2|(s — 1) s G 7, Y)

=+ 57:1157?21Dg?71")2anz ((t - I)2(S - y)Qa dnys9na s s y)>wmized(DBf; 577«1 ) 5712)

< 311D Flloc DAT3E™ (= 2)2(5 = 1) oy » gy 2, 9)

<\/Df{?1nx§‘”2 t - I)2(S - y)2a dnysQna s s y)

0, DR (= )45 — 1) Guns s ,9)
0,1 DR (= )2(5 — 1) Guns s ,9)

+ 6n115n21D5?71n)gn2 ((t— x)Q(S - y)2? qnyyQ9nys Ty y))‘*"miwed(DBf; Onys Ony )-

We observe that for (z,y), (t,s) € I and 4, j € {1,2}

Danl sQng

s 2 (=) (s=9)*; @y @ ,y) = D (t—=2)%; gy 2, y) D2 (5= ) *; gy 2, ).
Now taking
01 CZ

Oy = Onla, () = 75 Ona = O, (¥) = —i75
nl](hll [n2]qn2
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we obtain the desired result. O
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