GLASNIK MATEMATICKI
Vol. 53(73)(2018), 9 — 31
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ABSTRACT. In this article, a hybrid class of the ¢g-Hermite based Apos-
tol type Frobenius-Euler polynomials is introduced by means of generating
function and series representation. Several important formulas and recur-
rence relations for these polynomials are derived via different generating
function methods. Further, the 2D g¢-Hermite based Apostol-Bernoulli,
Apostol-Euler and Apostol-Genocchi polynomials are introduced and im-
portant relations for these polynomials are also established. Finally, a new
class of the 2D g-Hermite based Appell polynomials is investigated as the
generalization of the above polynomials. The determinant definitions for
the 2D g-Hermite based Appell and related polynomials are also explored.

1. INTRODUCTION AND PRELIMINARIES

The subject of g-calculus started appearing in the nineteenth century due
to its applications in various fields of mathematics, physics and engineering.
The definitions and notations of g-calculus reviewed here are taken from [2].

The g-analogue of the shifted factorial (a),, is given by

n—1
(aiq)o =1,(a;q)n = [[ (1 - ¢™a), neN.
m=0
The g-analogues of a complex number a and of the factorial function are given
by
1—¢q°
[a]q: 17(17 qG(C*{].}, GG(C,
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nlg! = ] mly = [1gl2lg -+ 1], = (iq—q;) ¢#£LneN,

04!=1,¢€eC; 0<g<1.

The Gauss g-binomial coefficient mq is given by

m ]! (G Dn

m=

= = ,k:O,l,...,n.
k (Klgln — klg! (5@ @Onr

The g-analogue of the function (z + y)™ is given by
n
n _ e
(1.1) (x+y) = Z [ ] gFE=D/2gn=kyk e N
q

k
k=0

The g-analogues of exponential functions are given by

[ee]
" 1
= = 0 1 1—gq|™!
o) = 2 G T (A g Sl < b el <lt=dl™
> n
_ x
E,(x) = Zq"(” 1)/2—[71] = (1 —-qzq), 0< gl <1; z€C.
n=0 q:

Moreover, the functions e,(x) and E4(x) satisfy the following properties:
(1.2) Dyeq(x) = eq(z), DyEq(x) = Eq(qz),
where the g-derivative D f of a function f at a point 0 # z € C is defined as

follows:
flgz) — f(2)
z

qu(z): qz —

For any two arbitrary functions f(z) and g(z), the ¢-derivative operator
D, satisfies the following product and quotient relations:

, 0<|q| < L.

(1.3) Dy, .(f(2)9(2)) = f(2)Dq,29(2) + g(qz) Dy, f(2),
f(Z) _ g(qz)Dq,zf(Z) B f(qZ)Dq,zg(z)
4 Da- (9(2)> B 9(2)9(qz) '

Recently, extensive investigations related to the g-Bernoulli polynomials
By, 4(x), ¢-Euler polynomials E, 4(z) and g¢-Genocchi polynomials G, 4(x)
and their generalizations in two variables x and y are considered, see for
example [16,18-20,17,10,11,25,24]. We recall the following definitions.

DEFINITION 1.1. The g-Apostol-Bernoulli polynomials %53‘3, (x,y; A) of or-
dera (qeC,aeN,0<|g| <1)inx andy are defined by [19]

t “ = tn
5) (——— E,(yt) = Y Bz, y; 1l 2
(1.5) ()\eq(t) — 1> eq(zt)Eq(yt) 2 ma (T y; A) ) [t+log A| < 2,

where %Sff)()\) = %533(0, 0; \) are the g-Apostol-Bernoulli numbers.
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DEFINITION 1.2. The g-Apostol-Euler polynomials E‘Eglag(x,y; ) of order

a(@eC,aeN, 0<|g| <1)inz andy are defined by [19]
16

- t
(@) t + log(—A
<Aeq 1) e =3 €N I+ sVl <

where Qf(a)()\) = Qfsﬁg (0,0; A) are the q-Apostol-Euler numbers.

DEFINITION 1.3. The q-Apostol-Genocchi polynomials Qr(fq) (x,y; A) of or-
dera (qeC,aeN,0<|g| <1)inzx andy are defined by [19]

(1.7)
2t * > e

where g‘“)( A) = flaq) (0,0; A\) are the g-Apostol-Genocchi numbers.

Several unified forms of the Apostol-type polynomials are introduced and
studied by many authors, for this see [7,21,23,22,27,8,9,12,15]. We recall the

definition of the Apostol type g-Frobenius-Euler polynomials ’Hgﬁg(:c, y;u; )
introduced and studied by Kurt in [13].

DEFINITION 1.4. The Apostol type q-Frobenius-Euler polynomials of order
a Hﬁffg(z,y;u;)\) (qeC,aeN,0<|q| <1)inz andy are defined by

19 (Gra) clE) = S Hew g

where ’Hﬁﬁg (u; ) = ’Hﬁﬂ} (0,0;u; \) are the Apostol type ¢-Frobenius-Euler
numbers defined by

n

(1.9) <A627“) ZH (0,0 u; )\)[ n

e For y = 0, the polynomlals ’Hn q(:c y,u; A) reduce to the g-Apostol type

Frobenius-Euler polynomials 'Hnyq(l', u; A) in one variable [26].

e By letting ¢ — 1~ and A = 1, the polynomials Hgfg(ac, u; A) reduce to
the Frobenius-Euler polynomials ’H( )( u) [14,3].

Very recently a new type of g-Hermite polynomial is considered in [4],

which is a particular member of the g-Appell family [1]. The ¢-Appell poly-
nomials are defined by means of the following generating function

H=% Amq(:c)[t—;', Ay i= An(0).

gq(t) n=0 n q-
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DEFINITION 1.5. The continuous q-Hermite polynomials Hr(f()l(x) (0 <
qg<1,0# s €R) are defined by

(1.10) o (ot~ ) = T HE )T

n=0 a

where Hfl‘f()] = H,(L‘fq(O) are the q-Hermite numbers defined by

(1.11) eq (—fiq) = ZH,(fZI(O)[;—L!.

n=0

The continuous q-Hermite polynomials H,gszl(x) are q-Appell for g,(t) =

st?
€q ( 1+q> :

To study hybrid forms of the g-polynomials by different means is a new ap-
proach. Very recently, Riyasat et al. [24] introduced and studied the compos-
ite 2D g-Appell polynomials. In order to extend this approach, in this article,
a hybrid class of the ¢g-Hermite based Apostol type Frobenius-Euler polyno-
mials is introduced. The generating function, series representation and sev-
eral important formulas and relations for these polynomials are derived. The
2D g-Hermite based Apostol-Bernoulli, Apostol-Euler and Apostol-Genocchi
polynomials are also introduced and corresponding results are established.
Finally, a new family of the 2D g-Hermite based Appell polynomials is intro-
duced and studied from determinant point of view.

2. ¢-HERMITE BASED APOSTOL TYPE FROBENIUS-EULER POLYNOMIALS

In this section, we introduce the g-Hermite based Apostol type Frobenius-
Euler polynomials (qHbATFEP) by means of generating function and series
representation. Certain relations for these polynomials are also derived by
using various identities.

In order to establish the generating function for the qHbATFEP, the
following result is proved.

THEOREM 2.1. Let ¢ € C, a« € N, 0 < |¢| < 1. The following generating
function for the q-Hermite based Apostol type Frobenius-FEuler polynomials

HH(‘X ‘5)(3573}; u; A) of order a holds true

(2.1) (ﬁ)a eq <:ct 1qu> (yt) = i:: (2, y; u; A) [;Zq!

PrOOF. Expanding the exponential function e,(xt) and then replacing

the powers of z, i.e. 2%, ', 22,...,2" by the corresponding polynomials

H(()f; (x), Hﬁ; (), ..., Hfft)](:c) in the Lh.s. and replacing = by the polynomial
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H(S)( ) in the r.h.s. of equation (1.8) and after summing up the terms in the
Lh.s. of the resultant equation, we find

].*U o o0 o0 tn
- % (s (@) (6)
() oo X2 B g = S H @i N

which on using equation (1.10) in the Lh.s. and denoting the resultant
gqHbATFEP in the r.h.s. by H"H(a )(:E, y;u; A) yields assertion (2.1). O

REMARK 2.2. We note that HHS?‘(}S) (u; ) == H"Hﬁ}s) (0,0;u; \) are the
g-Hermite based Apostol type Frobenius-Euler numbers defined by

1—u « st? > t"
-z _ _ (e,8) (,,.
(Aequ)—u) ( 1+q> EHH )

THEOREM 2.3. The following series representation for the q-Hermite

based Apostol type Frobenius-Euler polynomials HH( 7 )(:c, y;u; A) of order a
hold true:

22w ) = Y (1] H, 0 VAL @)
k=0 q
PRrROOF. Using equations (1.8) and (1.10) in the Lh.s. of equation (2.1)
and then applying the Cauchy product rule and equating the coefficients of

same powers of ¢ in both sides of resultant equation, we get representation
(2.2). O

THEOREM 2.4. The following summation formulas for the gq-Hermite

based Apostol type Frobenius-Euler polynomials H’H(a é)(:c, y;u; A) of order a

holds true:
. " [n _
(23)  pHED () =S [k] HHE) 0,0, \) @ + )",
k=0 "q
n
HH(‘“)xy,u)\:Z[} Oy,u)\)
k=0 1"

n

(24)  gH (@ ywA) = m g R k=D/2 ) (1, 05 Ay
k=0 q

PROOF. Suitably using equations (1.1)-(1.7) in generating function (2.20)
to get three different forms. Further, making use of the Cauchy product rule
in the resultant expressions and then comparing the like powers of ¢ in both
sides of resultant equation, we find formulas (2.3)-(2.4). O
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THEOREM 2.5. The following recursive formulas for the q-Hermite based
Apostol type Frobenius-FEuler polynomials H?—[( 7 )(:E,y;u; A) of order a hold
true:

(2.5) Dy, HH;‘f(f)(Jc,y;u;)\) = [n], H’Hn 1 q(ac,y;u; A),
(2.6) Dyy uHy) (. yiusA) = [nlg w77, (@, qysus M),

Proor. Differentiating generating function (2.1) with respect to z and
y with the help of equation (1.2) and then simplifying with the help of the
Cauchy product rule, formulas (2.5) and (2.6) are obtained. O

THEOREM 2.6. The following recurrence relation for the q-Hermite based
Apostol type Frobenius-Euler polynomials HHSEJ(QC, y;u; A) holds true:

HnJrl q(x,y;u;)\)
2s s
+z HHSL(x,y;u;A) +y HH(&) (g2, qu; u; \)

)\ n
71—u;

=0

n _
M S @y ws N g (1, 05u; ).
q
Proor. Taking a = 1 and then applying ¢-derivative on both sides of
generating function (2.1), it follows that

o0 n t)Eq(yt)e (—i)
(s) t eq(wt) Eq a\ " T+q
H, T,y U A =(1—-u)D,, ,
2 ntl g s N = (=)D | =

which on performing differentiation in the Lh.s. using formula (1.4) yields

tn
n),!

ZHHTH-IQ xZ, yau7>‘)[

o [(Qealat) — D (eaet Exft)eq (-5))
—mw (e 0] — ) (g () — 1) -
eq(@qt) Ey(yat)e, (—2545 ) Dyrldeg(t) = u)
Oreq(t) = u) ey lat) — )
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Now, using product differentiation formula (1.3) in the above equation, it
follows that

(2:8)
Z aHY) y;’u;)\)[n—]q!

() () o i

. <ﬁ> ¢ (:ct - %) E,(yt)

+y (ﬁ) eq (q:ct - 1qu) Eq(qyt)

s () (= 155) o (555 0

Further, using generating functions (1.8) and (2.1) (with « = 1) in equa-
tion (2.8), we find

n

t
Z ) (g A)W
g

n

25 () L
- - (m) [n]q g Hanl,q(qxv qy;u; >‘) [n]q|

tn
[n]q!

th

_—ZHHS; (x,y;u; A)g Z?-lkq10u)\)
I—us= [ q! [klq!

+$ZHH(é)foyU)\ +yZHH(5) gz, qy; u; A) Ty

which on making use of the Cauchy product rule in the r.h.s. and comparing
the coefficients of t™ /n! on both sides of the resultant equation gives recurrence
relation (2.7). O

THEOREM 2.7. The following relation for the q-Hermite based Apostol
type Frobenius-FEuler polynomials HHSL(:E, y;u; A) holds true:

n

n s
2.9) (2u—1) Z [k} H?-in & q(ac, y; 1 — u; )\)’H,(CVZI(O, 0; u; A)
. k=0 q

= uHHszl(:c, yius A) — (1 — u)HHsL(x,y; 1—u; ).
PrOOF. Making use of the identity
(2u — 1) B 1 1
(Aeq(t) —u)Aeg(t) = (L =) (Aeglt) —u) — (Aeg(t) — (1 —w))
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to evaluate the following fraction, so that we have

(1= ey (wt = 5 ) (1= (1 = w) By (yt)
Oelt) = )0er® — (1 =)
(1—u)eq (Jct ) uEq(yt)
(Aeq(t) —u)
(1= weq (at = ££) (1 = (1 = w) By (yt)
Ceg®) — (1 =) ’

which on using equations (2.1) and (1.9) in both sides gives

(2u—1)

k

o0 s t
ZH%;(O,O;U; A)W

q*

(2u—1) ZH’anxy, u;

|
n=0 [‘1'

n

(1—u) ZH"H(&) x y;l—u;)\)[s] ;.
q!

Applying the Cauchy product rule in the above equation and then equating
the coefficients of like powers of ¢ in both sides of the resultant equation,
assertion (2.9) follows. O

—UZHH(S) T,Y;U; )\)

n=0 [

THEOREM 2.8. The following relation for the q-Hermite based Apostol
type Frobenius-FEuler polynomials HHS,L(I, y;u; A) holds true:

wir M) (2, y;u; \)

(210) Z": m (AHHffzk,q(W? wA) = (1—w)H, (0)(+ y)f;) :
k=0 q

PROOF. By using e4(t)E,(—t) = 1, we consider the following identity:

U 1 1
A(Aeq(t) —u)eq(t) B (Aeg(t) —u) - Aeg(t)

Evaluating the following fraction using above identity, we find

u(l —u)eg (:ct — m) E,(yt)
AAeq(t) — u)eq(t)
(1—u)eq (:ct — 1+q) E,(yt) (1—u)eg (:ct — 1+q) E,(yt)

(Aeq(t) — ) Aeg(t) ’
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which on using equations (2.1), (1.1) and (1.11) yields

n

t
uZH’H(é) X, y;uy \)

[n]y!
—)\ZH’H(‘S) acy,u)\ 'i £
nq! :0
1*“2 S |Zx+y
n=0 n]q! k=0

Making use of the Cauchy product rule in the r.h.s. of above equation
and then comparing the coefficients of ¢"/n! on both sides of the resultant
equation, we get relation (2.10). O

THEOREM 2.9. The following relation for the q-Hermite based Apostol

type Frobenius-FEuler polynomials HH( 7 )(:E, y;u; A) of order « holds true:
(2.11)

1 " n
(@) (1 1o mre XY —
My (@ ysus \) T ,;O [k]q()\H’H oLy us M (2, 0545 0)

—u ) (@, 0505 A Mg (0, 3 s A)).

PRrROOF. Consider generating function (2.1) in the following form:

oo t
(@,9) S
> a M (2, ysus M)
o 4 [n]q!

- () = (527) ()
oot - 7).

Simplifying the above equation and using equations (2.1) and (1.8), we find

n

n

= t
> M @y )y

= [n]q!

k

t" t
1 . .
()\ E H’H JY; U A ) —— [n]q! g:OHk,q(ac,O,u, )\)—[k] '

q'
k

" — t
—u H’H(O‘ 5) (x,0;u; A) Hiq(0,y5u; A)=—=— ).
Z gyt 2 P i)

Application of the Cauchy product rule in the r.h.s. and cancelation of the

coefficients of same powers of ¢ in both sides of the resultant equation yields
relation (2.11). O
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THEOREM 2.10. The following relation between the q- Hermite based Apos-
tol type Frobenius-FEuler polynomials HH( 7 )(:c,y;u;)\) and the q-Apostol-
Bernoulli polynomials By, q(x,y; A) holds true

(2.12) HH%S)(x’y;“;A):g [njl] [nﬂ] (AZ { ] Birq (0.4 )

— B,q(0, y; A)) H/Hn,’kJqu(x, 0;u; A).
Proor. Counsider generating function (2.1) in the following form

n

t
ZHH xy,u)\)n

Q —
=

which on simplification and use of equations (2.1) and (1.5) (with « = 1) gives

2 i) [Zq!
0 k o0 T
(2.13) (AZH”H‘“ (a, Z:: a(0; )ﬁq'; [:]q!
00 oo k

= > a M (,0;

n=0

On equating the coefficients of same powers of ¢t after using Cauchy product
rule in equation (2.13), assertion (2.12) follows. O

THEOREM 2.11. The following relation between the q-Hermite based Apos-

tol type Frobenius-Fuler polynomials HH( ] )(x,y;u;)\) and the q-Apostol-
Euler polynomials €, q(x,y; \) holds true:

(2.14)

HHE) (2,0 0) = %;O[ZL( Z[ ] Cr—r.q(2,0;A)
¢

k,q(@, 05 A)) H ML) (0,5 ).
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PRrROOF. Consider generating function (2.1) in the following form:

tn
ZHH(“) 75w A)
n

Ja!

() o) (522
eq (Jct— fiq).

Simplifying the above equation and then making use of equations (2.1) and
(1.13) (with a = 1), it follows that

n

o0 t
(a,s) -

Y M (3w \)

n=0 e [Tl]q'

(AZHH(as)oy,’u}\ il |ZZ@M¢0/\ ] [r]q!

qk07 =0
—I—Z ’H(O‘S)Oyu)\)tn ZQ‘E (xO)\)tk>
Yy UTA) T k, YW A) =7 )
[yl 2= k]!

which on using the Cauchy product rule and equating the coefficients of same
powers of ¢ in resultant equation yields relation (2.14). O

THEOREM 2.12. The following relation between the q-Hermite based Apos-

tol type Frobenius-Fuler polynomials HH( ] )(x,y;u;)\) and the q-Apostol-
Genocchi polynomials Gy, 4(x,y; X) holds true

n+1

1 1 [n+1 k
(09 (2,3 A) =2 3 3
Hanq (Zﬂy7uﬂ>\) 72 Pt [n+ 1]q |: k :|q<>\ |: :| gk rq(O y)A)

(2.15) o

+ Gr,q(0,y; A))HH;OEZ)JFLQ(I, 0; u; A).

PRrROOF. Consider generating function (2.1) in the following form:

S i
() e ) ()

(-755)
eq | ot — .
1+g¢
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Simplifying equation (2.16) and using equations (2.1) and (1.7) (with a = 1),
we find

n

Z eI CATTPY

[n]q!
i(AZHH ), 0 s \) e igk (0 y')\)ii L
2 [n]q! =0 T K] —o [r]q!

" t
_;’_ZHH(O(&) z,0;u; \) 'ng,q(o,y;)\)—').
n]Q' k=0 [k]q'

Comparison of the like powers of t"/n! after using the Cauchy product rule
in the above equation yields desired identity (2.15). O

In the next section, we introduce the 2D ¢-Hermite based Apostol-
Bernoulli, Apostol-Euler and Apostol-Genocchi polynomials and establish
some relations for these hybrid polynomials.

3. 2D ¢-HERMITE BASED APOSTOL-BERNOULLI, APOSTOL-EULER AND
APOSTOL-GENOCCHI POLYNOMIALS

Keleshteri and Mahmudov in [10] introduced and studied the 2D ¢-Appell
polynomials A, 4(x,y) which are the 2-variable generalizations of the ¢-Appell
polynomials A, 4(x) [1]. The 2D g-Appell polynomials A, 4(z,y) are defined
by means of the following generating function:

oo

1 t"
eq(xt)Ey(yt) = Z n,q(Z,Y) = Ap g = Ar4(0,0).
9q(t) — [n]q!

The 2D ¢-Bernoulli polynomials B, 4(z, y), ¢-Euler polynomials E,, ,(x,y)
and ¢-Genocchi polynomials G,, 4(x,y) are the particular members of the 2D
g-Appell family. Several important relations and formulas for these polyno-
mials and for their generalizations are derived in [16, 18,20, 5, 6].

The approach used in previous section is further exploited to introduce the
2D g-Hermite-based Apostol-Bernoulli, Apostol-Euler and Apostol-Genocchi
polynomials. First, we give the following definitions.

DEFINITION 3.1. The 2D gq-Hermite based Apostol-Bernoulli polynomials
(2DgHbABP) of order «, H%(a 5)(:E,y;u;)\) (qeC,aeN, 0<|q <1)are
defined by the following generating function

(3.1) (%)a eq <:ct 1qu> ZH% (. y; )[;—Tq!,
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where H%ﬁfff) (N = %ﬁﬁ’f} (0,0; A) are the 2D g-Hermite-based Apostol-
Bernoulli numbers. The 2DgHbABP H%(a S)(Jc,y;)\) are 2D q-Appell for

ga(t) = (2==1)" e, (£5).

DEFINITION 3.2. The 2D g-Hermite based Apostol-FEuler polynomials
H@%a,(}s)(x,y;u;)\) (2DgHbVAEP) of order o« (¢ € C, « € N, 0 < |q| < 1)
are defined by the following gemerating function

2 “ st? S tn
2) (s t— By (yt) = () (2, 43 \) ——
32 <Aeq(t)+1) “ (x 1+q) o) ;HQE""J T

where HQE(O‘ 6)()\) = HQE(‘X ‘5)(0 0; \) are the 2D q-Hermite-based Apostol-
Euler numbers. The 2DgHbAEP HQE(O‘ 5)(x,y; A) are 2D g-Appell for gq4(t) =

deg(t)+1 s
(=52)" e (359).

DEFINITION 3.3. The 2D g-Hermite based Apostol-Genocchi polynomials
1GY% ) (z,y;us \) (2DgHBAGP) of order o (g € C, o € N, 0 < |q| < 1) are
defined by the following generating function

33 2t * ; st? E (yt) = - g(a,s) Y i
( . ) )\eq(t)—i—l €q | TV — 1+g Q(y)*ZH n,q (xvya )[n]q'a

n=0

where Hg“ S)()\) = Hgnq (O 0; \) are the 2D q-Hermite-based Apostol-
Genocchi numbers. The 2DgHbAGP Hg“ S)(Jc,y;)\) are 2D q-Appell for

Aeq(t)+1 s
galt) = (295" ¢, (£2).

Analogous to the results obtained for the qgHbATFEP in Section 2, we
obtain the series representations, summation formulas and recursive formulas
for the 2DqHbABP, 2DqHbAEP and 2DqHbAGP. We present these results
in TABLE 1 (I, II-IV, V-VI, respectively).

Next, we establish certain summation relations for the 2DqHbABP,
2DgHbAEP and 2DgHbAGP by proving the following results.

THEOREM 3.4. The following relations for the 2D q-Hermite based
Apostol-Bernoulli polynomials HSB( os) (z,y; \) hold true:

a,s 1 - n S
W i) = g 3] ot (B w00
q

2mn
k=0

k
k
+ mik>\ Z |:’I“:| mTH%g,O;’S) (:L'a 0; A)) ank,q(oa my; )\)a
q
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2mn

1 [n a.s
aB (g N) = > [k] m* (H%EW; (0,50)
k=0 q

+m_k)\2[ ] m"H%%’S)(O,y;)\)) Ehek g(mx, 05 N),

r=0

1 &R 1 [n+1 " [k
(@,s) k —k
B, (2, y; \) = [ } m®(m~ "\ [ ] m
1B (0,55 0) + g BT (0, y; A))gn_m,q(mx’ 05 A),

1 sy 1 n+1 k k
%(a,s) ) = E k 7k>\ E
g (B4 2mn n+ 1], { k ] ( [7“:|
k=0 q r=o L' 1q

1B (2,0 0) + B (2, 05 A))Qn_k+1,q(0, my; A).

(d)

PRrROOF. (a) Consider generating function (3.1) in the following form:
t" t “ st? t
B = t— E, [ —.
ZH VNG, (Aeqml) oot 755 £ ()

(i) (5)

which on simplification becomes
(3.4)

Sl Vi

4 (=) e+ (- 550) 5 (o) (i) 60
(=) o (- 77) 2 o) (1) )

Now, using equations (3.1) and (1.6) in equation (3.4), we find

n

t
ZH%(as) z,Y; )[n '

J!

K thootr
()\Zm "€,4(0,my; \) ] |sz H% xO)\)[k]q![T]q!

n=0 7" k=0 r=0

- B i 0o (o tk
+Zm Gn,q(o’my;)\)[n—]q!kz_%hr%k’q ( v )\)[ ]q!)

n=0
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T

TABLE 1. Results for H%ﬁ;ﬁ) (x,y

(¢ b x)? T~ "51 :5 -

(¢ b x)” T g1 blu] =

(b a)” T g blu] =

(sto) (s‘o) (s'o)
(i) PusH g (i) Pyl g (@) osaH g 1A
()P I Plu] = (xfim)® TN Plu) = (o) Tt Pu) =
(xiiia) Lousi =bq (i) Lol =hq (¢ifiie) Lot ©bq A
y—uTX y—uTX &\:HX
by b y 0= Be bey b M 0= ¥ 0=
(o) (I 1] X = (e (st (o) al [1] X = (i) el (o) (et "T1] =) el AT
o0 @) (51T a0 ®) (I T x g a0 @) (e H X
by =4 b bry1 V=1 v 4] V= b
c b [ = (e s 2 B I X = (e L 2 b Z = (¢ Lt T
(T—y—u)(o—u) =y —u) (o —u) (T—y—u)(o—u) w
h i o
by b — ‘ E — 3 —
(Ofs [l I = (e s O 1] = cene) e e 1] T = (cne) S
SR @ @t
?idii@hu E I = (fita) (25 (of ‘0’ T oy? E = (i) fnal éfﬂ&& E I = (etiim) (Bt 1
; oN
(Y @) L y61 ao3 symsey (@) Lyl 103 symsoy (¢t @) Loyl a0y symsey 'S
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Further, making use of the Cauchy product rule in the r.h.s. of above equation
and comparing the coefficients of like powers of ¢, assertion (a) follows.
(b) Consider generating function (3.1) in the following form:

Sonss ey (s) () (25) o

(i) (575,

Following the same lines of proof as in (a), we are led to assertion (b).
(c) Consider generating function (3.1) in the following form:

Somtngiy () () o (25 oo

(=) ()

Simplifying the above equation and using equations (3.1) and (1.7), we find

tn
(as) .
H% I y7)‘)
Z [n]q!
R s
Y al nq' O [Kl! [r]g!
k=0r=0

k
mi— nZgnquo)\ nq'ZH% Oy, )[kf]q!>.

Use of the Cauchy product rule in the r.h.s. of the simplified form of the
above equation and finally equating the coefficients of same powers of t gives
assertion (c).

(d) Consider generating function (3.1) in the following form:

oo

" t o t st?
(s) (3 A = E,—. t—
2 n B @ N (Aeq<t>—1> Q<m my) “ ( 1+q)

n=0
() (5)

Proceeding on the same lines of proof as in (c), we are led to relation (d). O
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THEOREM 3.5. The following relations for the 2D q-Hermite based
Apostol-Euler polynomials HQEn ’é)(:c,y; A) hold true:

R T PO | Yy
(a,s) . _ k —k r
gE (x,y; \) = E 7[ } m=(m )\g [] m
(a) e mti= [+l kg ( g L
HEY (0,55 0) — HQfms)(O; Y A))%nkarl,q(mxa 0; A),

18 1 [n+1 "k
(e, s) . _ k —k

¢ (:L',y,)\)——g 7[ }m m )\g []m
() ™ mt = n+1]g [ k], ( —lrl,

€ (,0:0) = €% (2,0:0)) B0 (0, mys V),

1 n+1 n+1 k L
(a,s) . _ —k § r
Hen7 ($5y7)‘)_ n |: :| A |: :| m
(¢) ! 2m" = [ +1] a =0 L"q
HEGD (0,45 0) + €LY (0,45 A )gn k41,q(m, 05 \),
n+1
1 n+1
(e, s) ) = k 7k>\ r
(d) Hgn,q (Zﬂ Y; ) an — n i 1 :| E |: :|

H€) (2,05 \) + He;,é (2,0:2)) G k-1,4(0, my; A).

PROOF. Taking suitable arrangements of generating function (3.2) and
proceeding on the same lines of proof as in Theorem 3.4, assertions (a)—(d)
can be proved. Thus, we omit it. O

THEOREM 3.6. The following relations for the 2D q-Hermite based
Apostol-Genocchi polynomials Hg(‘" 5)(x,y; A) hold true:
18 1 e+l Tk
(a,8) \) — k -k r
(a) " m kg[nJrl] kolg ;O "lq

Hgﬁz’s) (Oa Y; ) - Hg(a é)( 7 ,)\))%nkarl,q(me', 0; )‘)a

1 n+1

1 n+1 Ek: k
(av,8) A = — — F(mRA ’
Hgmq (xaya ) mn kZ:O [’I’L + 1](1 |: k ]qm <m —0 |:T:| qm

16 (2,0, 0) = #GL% (x,0; A)) B kt1,4(0,my; A),
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1 " n
(a,8) Z k (av,8) . —k
Hgn,q (I y7)‘) an |:k:| qm (Hgk,q (.f,o,)\) +m A
(¢) .

k=0
k (9)
ZrmHg acO)\)nqumy,)\),
q

r=0
(c3) 1~ [n —k
19, (x,y; A 2mnz k mk Hgkq (O Y A) +mTEA
k=0
(d) ko
ZL} mHQ(‘“)Oy, ) n—k,qg(mx,0; X).
r=0

ProOOF. Considering appropriate arrangements of generating function
(3.3) and following the same lines of proof as in Theorem 3.4, we get as-
sertions (a)-(d). Thus, we omit it. O

In the next section, we introduce a new class of the 2D g-Hermite based
Appell polynomials (2DgqHbAP) by means of generating function and series
representation.

4. 2D ¢-HERMITE BASED APPELL POLYNOMIALS

First, we establish the generating function for the 2DqHbAP by making
use of replacement technique. For, this we consider the following definitions.

DEFINITION 4.1. The 2D q-Hermite based Appell polynomials HA%SL(I, Y)
(g € C, 0 < |g| < 1) are defined by means of the following generating function:

1 . (It st? ) Z A(s) (2,y)
TN T HAAy
9q(t) l+q A ]!

HAg;z; = HA’E;BZ(O’O)

(4.1) ]q.

DEFINITION 4.2. The 2D q-Hermite based Appell polynomials HASIS}](I, Y)
are defined by the following series representation:
n
S n S
naAy ) =3 )] Ao, o)
k=0 1"1a
Note. We note that by taking gq(t) = 1 in equation (4.1), the 2DgHbAP

HA;S%,(I, y) reduce to 2D g-Hermite polynomials Hy(ft)l (x,y). Thus, we have

the following definition.

DEFINITION 4.3. The 2D q-Hermite polynomials Hy(ft)l(:c,y) are defined
by means of the following generating function:

st2 > tn
4.2 t— E,(yt) =Y HY (x, .
( ) eq (CE 1 + q) q(y ) T;O n,q(x y) [n]q'
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REMARK 4.4. From definitions 4.1 and 4.3, it is clear that

n A (2,0) = g AT (x),  H)(x,0) = H(x),
where HA%S,L (x) and H,(f; (x) are the g-Hermite based Appell polynomials and
the ¢-Hermite polynomials, respectively.

To study the two-variable forms of the g-polynomials from determinant
point of view is a new investigation. In particular, the determinant definition
for the 2D g-Appell polynomials is considered in [10]. Motivated by this, we

find the determinant definition for the 2DgqHbAP HAS;;ZI(:E, Y).

e By using a similar approach as in [10, p.359 Theorem 7] and taking
help of equations (4.1) and (4.2), we find the following determinant

definition for the 2DqHbAP HASIS’ZI(x, ).

DEFINITION 4.5. The 2D q-Hermite based Appell polynomials HASiZI(I, Y)
of degree n are defined by
(4.3)
HAgf()I(x7 y) = BOl,q )
H ALy (,y)

L H{)(wy) HE)wy) - HY (ey)  Hiwy)
ﬂO,q Bl,q BQ,q 5n71,q Bn,q
_ _(=1" 0 Po.q [ﬂq Pra - [nfl]q Bn—2.q [?]q Bn—1.q
- (50,q)"+1 )
0 0 ﬁO,q e ["gl]q Bn—3,q [g]q ﬁn—Q,q
0 0 0 Bo,q [nr_ﬂq B1,q

where n = 17 2) ey 60,(] 7& 0;‘ 60,(]7 Bl,qa 62,(]) o 7Bn,q e R.

For suitable choices of g,(t), different members belonging to the family
of 2DqHbAP can be obtained. Particularly, we note that the 2DqHbABP,
2DgHbAEP and 2DgHbAGP are the special members of the 2DqHbAP

Ay (2, y).

e We conclude that for A = 1, the polynomials HSBn‘i’]s)(x,y; A),
HQE%%S) (z,y; \) and Hgn‘if)(x, y; A) reduce to the 2D ¢-Hermite based
Bernoulli polynomials HB,(L‘féS)(x,y), 2D g-Hermite based Euler poly-
nomials HEy(fés) (z,y) and 2D g-Hermite based Genocchi polynomials
HGn(?‘(}s) (z,y), each of order a. For a = 1, these polynomials reduce
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to the 2D g-Hermite based Bernoulli polynomials HB,(f?Z(x,y), 2D q-
Hermite based Euler polynomials HEy(f,t)l (x,y) and 2D g-Hermite based
Genocchi polynomials HGSL(JE, ).

Recently, Riyasat et al. in [25] gave the determinant definitions of
the g-Bernoulli, g-Euler and ¢-Genocchi polynomials. First, we slightly
focus on the determinant definitions of the 2D g-Bernoulli, ¢g-Euler and
g-Genocchi polynomials.

e By taking
(Bog =1,Big = —); (Bog = 1.5 :1)
»q »q [Z 4 1](1 »q »q 2
and
(Boa = 1,Bi0 = gas)
0= P T o,
i = 1,2,--- ,n, respectively in determinant definition of the 2D ¢-

Appell polynomials [10, p.359 Theorem 7], we can obtain the determi-
nant definitions of the 2D ¢-Bernoulli, g-Euler and ¢-Genocchi poly-
nomials By, 4(2,Yy), En,q(z,y) and G, 4(x,y), respectively.

e Again, by taking (ﬁo,q =1, Biq = [i+11]q); (ﬁoﬂ =1, Biq = %) and

(507(1 =1, 0iq= ﬁ) (t=1,2,--- ,n), respectively in determinant
q

definition (4.3) of the 2D ¢-Hermite based Appell polynomials, we find
the following determinant definitions for the polynomials HB,(fZI (z,y),
HE,(f()Z(:E, y) and HG%%(:E, y), respectively.

DEFINITION 4.6. The 2D q-Hermite based Bernoulli polynomials of degree
n HBy(fZI(:E,y) are defined by

nBi@y) () () () ()
1 Hlfq(m7y) H2‘,Sq(x7y) Hns—l,q(m7y) Hn?‘l(m7y)
1 1 1 e 1
[2]q [3lq [n]q [n+1]q
2 1 n—1 1 n 1
— (]| 9 1 HE» S e R 4 P - e
(1) ;
n—1 1 n 1
0 0 1 [ 2 }q [n—2]q4 [Q}q [n—1]4
) 1
0 0 0 1 Lo, o
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DEFINITION 4.7. The 2D q-Hermite based Euler polynomials HEr(f()Z(ac, )
of degree n are defined by
wES

"7‘1($7y)
1 HEN(xy) H)zy) - HY (zy) HS(z,y)
1 3 3 3 3
_ (| © 1 30, s, 30, 7
0 0 1 505, 353,
0 0 0 1 3l
n=1,2---.

DEFINITION 4.8. The 2D q-Hermite based Genocchi polynomials of degree
n HGS;ZI(IE, y) are defined by
HGS Y (@, y) =1,
#Gia(@,y)

1 H{)(@y) Hig(xy) - HD)(xy)  Hizy)
1 _L 1 _1 1
2[2]q 2[3]q 2["]q 2["+1]q
2 1 n—1 1 n 1
— (71)71 0 1 [Jq 2[2]4 [ 1 ]q 2[n—1]q [1]q 2[n]q
-1 1 1
0 0 1 [n2 ]q 2[n—2]q I:;L}q 2[n—1lq
. . . et . N . 1
0 0 0 1 I:nfl}q 2[2]4
n=12---.

The g¢-difference equations for the 2D ¢-Appell and composite 2D ¢-Appell
polynomials are established in [11,24]. This provides motivation to establish
g-difference equations for the 2D g-Hermite based Appell polynomials and also
for their composite forms. This aspect will be taken in next investigation.
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