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COMMUTATIVE OPERATORS FOR DOUBLE YANGIAN
DY (sl,)

SLAVEN Koz1¢
University of Zagreb, Croatia

ABSTRACT. We derive explicit formulae for certain commutative ver-
tex operators associated with Iohara’s realization of the level 1 DY (sly)-
modules. As an application, we construct combinatorial bases for the corre-
sponding principal subspaces and recover the classical character formulae.
In the end, we discuss the underlying nonlocal vertex algebra theory.

INTRODUCTION

The principal subspaces of the standard 5A[2—modu1es were introduced by
B. L. Feigin and A. V. Stoyanovsky in [9]. The authors found the correspon-
dence between the principal subspaces’ character formulae and the sum sides
of some combinatorial identities, which was later extended to the other types
of the affine Lie algebras. The corresponding combinatorial bases were con-
structed by G. Georgiev in type Asll), see [11], and by M. Butorac in types

(BC’)%I) and G(Ql); see [1-3]. The other closely related topics, such as presen-
tations of principal subspaces, the underlying vertex algebraic structures or
Feigin—Stoyanovsky’s type subspaces, were also extensively studied; see, e.g.,
[4,14,20-22] and references therein.

In this paper, we consider the quantum double [6] of the Yangian Y (sl,,)
over C[[h]] and, in particular, its Drinfeld realization; see [12,15]. We find
explicit formulae for certain commutative operators E;(z) = > €;(r)z"!
in Hom(F, F((z))), associated with Iohara’s realization [12] of level 1 modules
for the double Yangian DY (sl,,), which is given on a certain C[[h]]-module F.
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These operators exhibit similar properties as the Ding—Feigin operators for
the quantum affine algebra Uq(sA[n)7 so, motivated by [5,11], we define the
principal subspaces W; C F as the (h-adically completed) C[[h]]-span of the
monomials €;,, (kn,) .. .€;, (k1)v;, where v; is the highest weight vector. Finally,
we construct monomial bases B; for some dense C[[h]]-submodule of W; from
which one can easily obtain the level 1 character formulae coinciding with
those in [9,11].

Even though our approach follows [11], some differences occur due to the
underlying (nonlocal) vertex algebra theory, which we discuss in the last sec-
tion. So far, the general construction of quantum VOAs by P. Etingof and
D. Kazhdan from [8] and of h-adic nonlocal vertex algebras by H.-S. Li from
[18,19] gave rise to certain (quantum) vertex algebraic structures associated
with the double Yangian. However, we employ the construction of nonlocal
h-vertez algebras (which are, roughly speaking, the h-adic nonlocal vertex
algebras without the h-adic completeness requirement) found in [16]. In con-
trast with the approach in [8,18,19], we consider the vertex operator products
defined via 2h-derivation a(z) — (a(z+2h) —a(z))/2h, which provides a sim-
ple interpretation of the Yangian integrability relations E;(2)E;(z & h) = 0;
cf. integrability relations in [17] and quantum integrability in [5]. As with
the construction of the basis B;, we show that these relations play an im-
portant role in the construction of basis for the nonlocal h-vertex algebra
Vi C Hom(F,F((2))[[h]]) generated by the operator E1(z). In the end, it
is worth noting that, even though the operator E(z) is commutative, i.e.
[E1(21), E1(22)] = 0, the vertex operator products on V; are not commuta-
tive. Moreover, the product a-b:= a_1b for a,b € V; defines a structure of a
noncommutative associative algebra on Vj.

1. JOHARA’S REALIZATION

In this section, we follow [12] to introduce the double Yangian for sl,, and
its level 1 infinite-dimensional modules. Let h be a formal parameter and let
M be an arbitrary C[[h]]-module. Recall that the h-adic topology on M is the
topology generated by the basis v + ™M with v € M and m € Z3(. Denote
by A = (aij)z;ll the Cartan matrix of the simple Lie algebra sl,,. The double
Yangian DY (sl,,) is defined as the h-adically completed associative algebra
over C[[h]] generated by the central element ¢ and the coefficients of the series

HA(2) =140 Yl H () = 1= B halh)e ™,

k>0 k<0
Ei(z) = Zei(k)z_k_l, Fi(z) = Z fi(k)z=k"1,
keZ keEZ
where i = 1,...,n — 1, subject to the defining relations

(1Y) [H(2), Hy (w)] =0,
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(12) (25 — ws + hayj/2) (22 — wg — haij /2)H] (2) H] (w)
= (Z:F — w4+ — haij/Q)(Zj: - w:': + ha”/2)H]:F(w)Hli(Z),

(1.3)  H(2) ' Ej(w)H; (2) = Z4 —w+ hag;/2

7

Ej(w),

Zzx —w — ha;j/2

(L) HEGR @I () = I ),
(1.5) (2 —w—ha;j/2)Ei(2)E;(w) = (2 — w + hai;j [2) E;j(w)E;(2),
(1.6) (2 —w++ ha;j/2)F;(2)F;(w) = (2 — w — hai; /2)F;(w)Fi(2),
(17)  (Bile), Fy(w)) = 25 (5 —w ) H (2) — 8z, —w )H; ()
(1.8) Z: [Ei(za(l)), [Ei(zg(g)), . [Ei(za(m)), Ej (’LU)] . ]] = 0,
77’:L7éja m=1- A5,
(19) Z [Fi(za(l))v [E (20(2))7 o [Fi(za(m))a Fj (w)] . ]] = 0;

i#jamzl_aija

where zy+ = z £ he/4 and §(z — w) = >, .5 2" w” is the delta function.

Let b be the Cartan subalgebra of sl,,, let @ be the root lattice generated
by the simple roots aj,...,a,—1 € h* and let P C h* be the weight lattice
generated by the fundamental weights A1, ..., A,—1. Denote by (-,-) the stan-
dard bilinear form on h* defined by (a;, ;) = ai;. Let s be the Heisenberg
algebra generated by the elements a;, i =1,...,n -1, kK € Z, k # 0, and
the central element ¢ subject to the relations

(1.10) (@i %, aj1) = kbi jorti0C.

For any ¢ = 0,...,n — 1 consider the h-adically completed tensor product
(1.11) Fi=C[h]llajk : j=1,...,n—1, k € Zoo] ® C[[h]][Q]e™,
where C[[h]][Q] denotes the group algebra of the root lattice Q over C[[h]] and

e* = 1. Define the action of the elements c, Ujky Oa;r e, 7 =1,...,n—1,k €
Z,k # 0, on F; by

ajrf®e” for k <0,
(@)%, f]®€e” for k > 0,

(1.13) O, - f®e" = (aj,v)f @e” and eV . fRe =f®eTV

(1.12) ¢-f@e"=f®e", aj,k-f®e”={

for any f ® e¥ € F;. By action (1.12) F; becomes a level 1 module for the
Heisenberg algebra s. Set ¢ = 1, so that z4 = z£h/4. We recall the realization
of level 1 DY (sl,,)-modules from [12, Theorem 4.7].
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THEOREM 1.1. For anyi=0,...,n—1 the following assignments define
a DY (sl,,)-module structure on F;:

1} ) = exp (= Teo 2 (5 - (- 9)7)) ()
() = exp (= S 2 (4 1) = (= 1))
+2 k=0 a'“”’“?”*’“ ((z + g)k _
By(2) = exp ( S 22 (2 +4)" + (= %
- Sy i (- )"
oxp (= o 5 G+ H) ) e (1 B

Fi(2) = exp (= o 5 (e )"+ (2= 1))

>

R R
e (S 2 (=) ) e (G - )

The operators H]i(z), E;(z), Fj(z) clearly belong to

N———

En(F:) == Hom(F;, Fi((2))[[h]]) € (End F)[[=*]).

Notice that we required for tensor product (1.11) to be h-adically completed
because otherwise, the coefficients of the given operators would not belong
to End F;. Clearly, the given operators can be also viewed as elements of
En(F) = Hom(F,F((2))[[h]]), where F denotes the h-adically completed
tensor product

F=Clhlllajr : j=1,....,n =1, k € Z<o] @ C[[1]][P]
and C[[h]][P] is the group algebra of the weight lattice P over C[[h]].

REMARK 1.2. Anelement a(z) =Y, . arz~ "' in (End F)[[z*']] belongs
to Ep(F) if and only if lim,_,» a,v = 0 for all v € F, where the limit is taken
with respect to the h-adic topology on F.

In the latter part of the paper we will also need the operators

) k
(1.14) ¥;(z) =exp <Za]’—kk (Z-‘r%) ) € &n(F), j=1,...,n—1,

k>0
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which appear in the construction of the intertwiners in [12, Theorem 4.8].
Using (1.10) one can easily verify that operators (1.14) satisfy
(1.15)

zZ1 — X
Ei(21)W;(zg) = =2

m@z(ZQ)El(Zl) and [E;(z1), ¥ (2z2)] = 0 for i # j.

2. COMMUTATIVE OPERATORS

In this section, we introduce certain commutative operators associated
with Tohara’s realization and we study their properties. First, notice that the
operator E;(z) € E,(F) can be written as

where
E;'(z) = exp (— Y k>0 aJT’“ (z + %)716) and
E; (2) = exp (Z bt ((z + 8 4 (2 - %)’“>
§ k>0 ~ & ] 1
@it a1 k
=2 k>0 *’kZ k('z*%))

For j =1,...,n — 1 define the operator k;(z) on F by
(2.1) B3(2) = exp (= Dymo U (4 = (2 + 1))

) . k
+ 2 k>0 . +1'7k;2a —=* (Z - %) ) :

Clearly, the operators

(22) Ej(2) := Zéj(k)z_k_l =k;j(2)Ej(#—h/4), wherej=1,...,n—1,
kEZ

belong to &, (F). Moreover, we have

(2.3) Ej(z) = E;(z)F;r(z)e% ((_1)3'—12)5«”‘ )
where

=+ ik
B} (2) = exp (- Spop 4427)  and

T, (2) = exp (ZM Szt ((z +0)F (2 h)k)) .

THEOREM 2.1. For anyi,7 =1,...,n— 1 we have
(24) [Ei(21), Ej(22)] =0 if i—j#=L,
(25) Zlﬁi(zl)Ej (2’2) = _ZQE]‘ (ZQ)Ei(Zl) Zf 1—7 ==%1.

Furthermore, we have

(2.6) Ej(2)Ej(z£h)=0 forallj=1,...,n—1.
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PROOF. Let us prove (2.4) for ¢ = j. By using Theorem 1.1 and (1.10)
one can easily verify that

(27) (21 —z9 + h)kj(zl)Ej(Zg - h/4) = (21 - ZQ)EJ‘(ZQ - h/4)k1(21)
Observe that the elements k;j(z1)E; (22 — h/4) and E;(z2 — h/4)k;(z1) belong
to Hom(F, F((z2))[[z1, h]]), so we can multiply expression (2.7) by the inverse
(=22 4+ 21)~" € C[zy Y[[21]] of 21 — 20, thus getting

21— 29 + h

2.8
(28) —22+ 21

kj(z1)Ej(22 — h/4) = Ej(z2 — h/4)k;(21).
Consider the inverses (21 — 22)~% in C[z;'][[z2]] and (—z2 + 21)~! in
Clz; [[z1]] of the polynomial z; — z5. Relation

(21 —22)(z1 — 22+ h) _
(Zl +h/4)2 Ej (ZQ)E;_(Zl)ﬂ

which can be proved using (1.10), implies that the following equality of the
well-defined elements of Hom(F, F((z1, 22))[[#]]) holds

21— 22+ h
B, B, =T
o, Dilw)E(w) = ———
for wy, = 2z, — h/4. Since [k;(z1), k;(22)] = 0, by multiplying (2.10) with the
element k;(z1)k;(z2), which belongs to Hom(F, F[[z1, 22]]), we obtain

(2.9) Ef(21)E; (22) =

z21—22—h

(2.10) Ej(wg)Ej(wl)

Z1 — 292 — h
kj(zl)ﬁkj (22) Ej(w1)Ej(ws2)
z1—2z2+h

= kj(z2)7_22 o

(2.11)
kj(z1) Ej(w2) Ej(wr).

Finally, due to (2.8), we can express (2.11) as
kj(z1)Ej(z1 — h/4)k;j(22) Ej(z2 — h/4)
212 = ki (e2) (22 — hA)k (1) (21 — /),

which is equivalent to

(2.13) Ej(21)Ej(z2) = Ej(22)Ej(21),
as required.

Equalities (2.4) for ¢ # j and (2.5) are clear. Let us prove (2.6). Recall
that the left hand sides in (2.11) and (2.13) coincide. Hence, due to (2.9), we
have
Ej(z1)Ej(2)

= (21— 22— h)(21 — 22+ h)
20 (<1200 (2129)70 (1) (22)

-Ej (21 — h/4)E; (22 — h/4)E;r(22 — h/4)E;r(z1 —h/4).

(2.14)
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Since the expression kj(21)k;j(22)E; (wl)E;(wg)E;r(wg)E;r(wl) belongs to
Hom(F, F((z1,22))[[h]]), we obtain (2.6) by applying the substitution z; = z,

zo = z = h to (2.14). O

REMARK 2.2. Our construction of operators E;(z) was motivated by the
commutative operators for the quantum affine algebra U, (;[n), which were
introduced by J. Ding and B. Feigin in [5]. By Theorem 2.1, the operators (2.2)
exhibit similar properties as the Ding—Feigin operators. However, the explicit
formulae for the operators in [5] is, due to Frenkel-Jing realization from [10],
given in terms of elements of certain Heisenberg subalgebra of U, (;[n), so the
action of these operators can be directly extended to an arbitrary (restricted)
U, (;[n)—module. On the other hand, the formulae for the operators E;(z) are
given in terms of elements of certain artificial Heisenberg algebra s from the
Tohara’s realization, which does not need to be a subalgebra of the double
Yangian DY (sl,,). Hence, it is not clear whether the operators E(z) can be
naturally extended to an arbitrary DY (sl,,)-module. However, the existence
of the Hopf algebra structure on DY (sl3), whose coproduct possesses a simple
form in terms of the generating series Hi(z), E1(z), Fi(2), see [7], suggests
that the extension of our operators to the tensor product of multiple copies
of F; might be plausible.

REMARK 2.3. Equality (2.6) can be viewed as the Yangian version of the
level 1 integrability relation x4, (2)? = 0 for the affine Lie algebra sly; see [17].
As with its classical analogue, (2.6) plays an important role in the construction
of combinatorial bases for the principal subspaces, which is presented in the
next section. In particular, see Lemma 3.2.

3. PRINCIPAL SUBSPACES

In this section, we introduce the principal subspaces associated with
DY (sl,,)-modules F; and construct the corresponding combinatorial bases.
Our construction relies on the Georgiev’s approach in [11], which we adapt to
the Yangian setting.

For ¢ =1,...,n — 1 introduce the elements

vu=1Qe% € F and vw=1®1¢eF.

Motivated by [5,9,11], we define the principal subspace W;, i =0,...,n —1,
as the h-adic completion of the C[[h]]-submodule of F; which is spanned by
the elements

(3.1)

€, (km)... €, (k1)vi, wheren—12>d1,...,0n =21, k1,....kn €Z, m > 0.

Due to (2.4) and (2.5), we can arrange the operators €;, (k,) in (3.1),
so that the indices i1,...,%,, are increasing from right to left. Hence, the
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C[[h]]-span of the elements

Eim (km) . Eil (kl)vi,

3.2
(3.2) wheren—1>24, >...204 =21, k,....kp, €EZ, m >0

coincides with the C[[h]]-span of (3.1). We will now further reduce spanning
set (3.2).
LEMMA 3.1. Foranym >0 andn—12 14, > ... 21 > 1 we have

(3.3) Ei,(zm) .. By (v € [] 207" Willzm, ... 2],

s=1

where r, denotes the number of indices t = 1,...,m such that iy = p and, in
particular, rg = 0.

PROOF. The lemma is a consequence of (2.4) and the formulae

e = et B (), B (21)] =0
and
Qjt1 35\ 051 ey i=1, \%;
e®t ((—=1) ) e ((=1)7'z)
_ (_1)j€aj+aj+1 (_1)(3'—1)8%- +50a;, 4 zfaj 228%+1_1,
which can be verified by a direct calculation. O

Denote by S; the set of all elements €;, (kn,) . .. €, (k1)v; satisfying
(34) 77,71221 = ... >Zm = ]., ks gris,l—&sifl, 5:1,...,m, m}O

Notice that the element €;  (kp,)...€;, (k1)v; is equal to the coefficient of
zbm=1 2771 in expression (3.3). By Lemma 3.1 we see that the coeffi-
cient of 2, Fm=1 .. zl_kl_1 in (3.3) is zero if there exists an integer s = 1,...,m
such that ks > r;,_1 — d;,; — 1. Hence, we conclude that W; is equal to the
h-adic completion of the C[[h]]-span of S;.

Finally, introduce the set B; C S; by

Bi = {Eim (km) .. ~Ei1 (kl)’l)i S 'Sz :
ip = ip41 implies kp4q <k, —2forall 1 <r<m—1}.

LEMMA 3.2. For anyi=0,...,n—1 the principal subspace W; coincides
with the h-adically completed C[[h]]-span of B;.

PROOF. Observe that, due to (2.6), we have

Ej(erh) *EJ(Z — h)
2h

(35) Ej(z+h)Ej(z)v=0 and Ej(z)v=0
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for any v € W;. We can view the expressions in (3.5) as Taylor series in the
variable h. By considering their constant terms with respect to h we conclude
(3.6)

Ei(2)E;(z2)v=0 mod hW; and (diEj (z)) E;j(z)v=0 mod hW;.
z

Fix an arbitrary positive integer N and the monomial
(3.7)
B =%, (k‘m) s Cipyn (kp+2)éip+1 (kp+1)éip (k’p)éip71 (kp—l) €5y (k'l)vi € S

We will prove that there exist an element K; in the h-adically completed
C|[[h]]-span of B; such that F; = K; mod hNW;. Since N was arbitrary and
Fi is h-adically complete, this implies the statement of the lemma.

Due to (2.4), we can assume without loss of generality that for all indices
r the equality 4, = 4,41 implies k41 < k.. Let p be the minimal integer
such that i, = ip41 and kpy1 > kp — 2. If such integer p does not exist, the
monomial F already belongs to B;, so the proof is over.

By considering the coefficients of the variable z in (3.6) and arguing as
in [11], we can find the C-linear combination L}, which consists of some
monomials of the form

(38) € lm) - €jppa(pr2)€), .y (lpr1)€5, (Ip)Ej,_, (Ip-1) .. €5, ()vi € Si
satisfying that for all » = 1,...,p equality j, = jr+1 implies l,41 < [, — 2,
such that

E1 = Lll mod hWZ
By applying the aforementioned procedure for an appropriate number of
times, so that in each step the procedure is applied on all monomials (3.8)
obtained in the previous step, we obtain the C-linear combination L; of some
monomials in B; such that

E1 = L1 mod hWZ

Note that Ey := (Ey — L1)/h is a well-defined element of W;. Hence,
we can find a C][[h]]-linear combination of some monomials of the form (3.8),
which coincides with E; modulo hW;. Next, by arguing as above, we con-
clude that every such monomial coincides modulo hW; with some C-linear
combination of some elements of B;. Therefore, there exists a C[[h]]-linear
combination Ly of some elements of B; satisfying Fo = Lo mod hW;. This
implies

Ey =Ly +hLy mod *W;.

Clearly, we can now proceed inductively and find C[[h]]-linear combina-

tions Ls, ..., Ly of some elements of B; such that

Ei=Ly+hLy+ ...+ kN "'Ly mod hNW;,

thus proving the lemma. O
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The following theorem is the main result in this section.

THEOREM 3.3. For any i = 0,...,n — 1 the set B; forms a basis for a
dense C[[h]]-submodule of W;.

PROOF. Due to Lemma 3.2, it is sufficient to prove that the set B; is lin-
early independent over C[[h]]. Since the proof of linear independence closely
follows [11], we will only provide a brief outline, so that we cover the differ-
ences. In particular, the proof in [11] relies on certain intertwining operators.
Therefore, our first goal is to find the explicit formulae for the operators which
exhibit similar properties, with respect to Fj (z), as those in the classical set-
ting. These operators will be denoted by Y;(z).

For any series a = a(z) denote by a its classical limit (a)|p—o. In order to

simplify our notation, we will denote the classical limits F;(z) of the operators
Ej(z) and the classical limits €;(r) of their coefficients ;(r) by E](z) and
€;(r) respectively. This notation should not cause any confusion because the
classical limits of the operators E;(z) are not considered anywhere in this
paper. For example, we see from (2.3) that

(3.9)

pey 2a; _ a; _ . i
Ej(2) = exp (Zk>0 JTkzk) exp (_ k0 k) e ((_1)J 12)

By applying (3.9) on v; we get

Do

E\j(z)vi = ¢j(—1—6;;)v;2° + higher powers of z,

where
(3.10) Ei(—1 =8 v = (=)D (1 @ ety
We will also need the following simple formula
(3.11) € (r)e™ = (—1)UD@rr-1405040) G (1 4 28,y — 851 — Oj ki)

Consider the operators Y;(z) € &,(F) defined by

Vi(2) = V5 (2)V] (z)e ((—1)jz)axf : j=1,...,n—1,

where

yj(z) =exp (= X juo ZE27%) and Vi (2) = exp (Y pso E2") .
Notice that )A/j () = Y;(#). Using (1.10) one can easily prove that
(3.12) [E;(21), Vi(22)] =0 forall jjk=1,...,n—1.

In particular, the classical limits €;(r) of coefficients of E;(z) commute with
the coefficients of the operator Vi (z). Moreover, for any i =0,...,n — 1 and
jk=1,...,n—1 we have

(3.13) 2Py = 2OmAidy, and e;(r)e™ = e (r+ djx).
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We are now ready to prove the linear independence of the set B;. Clearly,
it is sufficient to prove that the set

gi:{g:bGBi}

is linearly independent. Our first goal is to show that the set EZ does not
contain zero. We proceed as in the proof of [11, Theorem 4.2]. For an arbitrary
element

b= € (lm) o €y (lg)éjl (ll)vi € B;
set
b= Qjm (Zm) .. ./€\j2 (lg)/e\ﬁ (11)’()1' € B;.
By applying Res, z~(A12)=1y. (2) on b and using (3.12) we get
Res 2~ M=y (2)b = Res 2~ M 71g (1) .85, (12)85, ()Y, (2)vi-
By the first equality in (3.13) this equals to
Ejm (lm) .. ./€\j2 (12)/6\]‘1 (Zl)e)‘jl Vi.
Next, we employ the second equality in (3.13) to move the invertible element
eM1 to the left and then, we multiply the expression by e~ %1 thus canceling
i
erit:
(3.14) € (b +0j15,) -+ €5 (I2 + 65,55 )€, (I + )i

In (3.14), all indices I, such that j; = jy are increased by 1, while the indices
I, for p > s remain unchanged.

We can repeat this procedure of increasing indices until the rightmost
element in (3.14) becomes €;, (—1 — d;5, ). Then, we use (3.10) to express the
resulting monomial as

€ (b — (L4845, +11)05,5,) - - -
€y (la — (1 8ijy 4+ 11)04,50)€5, (=1 — 845, v
= (=)= D%ung; (1, — (1+ 8ijy +1)355,) - -
o€y (la — (14 0ijy, +11)d5, 4, ) e v,

(3.15)

Finally, we employ (3.11) to move the invertible element e®1 to the left and
then, we multiply the expression by +e~%1. As a result, we obtain another
element of B;, a monomial consisting of m — 1 operators €;(r) acting on v;.

We can now continue to reduce the length of the resulting monomial
via the above described procedure, until we obtain the nonzero element wv;.
This proves that b is nonzero, so the original monomial b is nonzero as well.
Therefore, the sets B;- and B; do not contain zero.

A similar technique can be used to prove that the set B;- is linearly inde-
pendent, which implies the statement of the theorem; see [11, Theorem 4.2]
for details. O
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We can now easily recover the character formulae from [9,11] as follows.
Define the degree of the monomial

b==¢;, (lm)...¢ (L)v € B; by degb = —lp — ... — 1.
Denote by r, = r,(b) the number of indices t = 1,...,m such that i; = p.
EXAMPLE 3.4. For b = e3(—9)ea(—6)ea(—4)e1(—1)ve € By we have
deg(b) =9+6+4+1=20, r3(b)=r1(b)=1 and rz(b) =2.
For WZ := spang,)) B; define
(3.16) ch, W; = ;}dlmw -q%,  where Wdfsl[)[fz]r]l{bEB degb =d}.

Note that the direct sum of all W is only a dense C[[h]]-submodule of W},
so writing chy W; instead of chy W; in (3.16) might be misleading.

COROLLARY 3.5. For anyi=0,...,n—1 we have
r24ri8i r24re(Sia—7r1) 2 Ao 1(8in—1—Tn_2)
= 3 L Y
! (9) (q)
r1>0 L0 rn_120 Tn—1

4. NONLOCAL h-VERTEX ALGEBRAS

In this section, we follow the approach in [16] to construct the nonlocal
h-vertex algebra generated by the operator E1(z) € &,(F). Since we restrict
our considerations to DY (sly), we will omit index 1 and write E(z) and &(r)
instead of E1(z) and &(r).

Recall that the C[[h]]-module V is said to be separable if Ny>1A™V =0
and that V is said to be torsion-free if hv # 0 for all nonzero v € V. Moreover,
V is said to be topologically free if it is separable, torsion-free and complete
with respect to the h-adic topology. For example, the C[[h]]-modules F; and
F, constructed in Section 1, are topologically free. Any topologically free
C[[h]]-module V can be written as V' = Vj[[h]] for some complex vector space
Vo; see [13] for details.

DEFINITION 4.1. A nonlocal h-vertex algebra is a triple (V,Y,1), where
V is a separated and torsion-free C[[h]]-module with a C[[h]]-module map

(4.1) Y(,20): V= Er(V)
a—Y(a,z) Z arzy " -1
reZ
and a distinguished element 1 in V' such that the following conditions hold:
(4.2) Y(1,z0)a=a foralacV,
(4.3) Y(a,2z0)1 € V[[z0]] and ZloiglOY(a, z0)l=a foralla€eV,
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(4.4) Y(a,zo + 22)Y (b, 22)c =Y (Y (a, 20)b, 22)c  for all a,b,c € V.

Axiom (4.4) is equivalent to

l—r—1
(4.5)  (arb),c= Z ( : )a,._l (bsyic) for all a,b,c eV, r s €Z.
1>0

In Definition 4.1, we implicitly assume that the infinite sum in (4.5) contains
finitely many nonzero summands, so that the right hand side in (4.4) is well-
defined.

REMARK 4.2. The above definition, which was given in [16], is a mi-
nor modification of the notion of h-adic monlocal vertex algebra, originally
introduced by Li in [19]. In contrast with h-adic nonlocal vertex algebras,
Definition 4.1 does not require for the underlying C[[h]]-module V to be h-
adically complete. This will slightly simplify the construction in this section,
resulting in ”smaller” objects which posses nice combinatorial interpretation.
Also, Definition 4.1 requires for a much stronger form of the associativity ax-
iom to hold, which is useful in this particular setting. However, in general
theory, the weaker form as in [19] should be considered.

For any a(z) in &,(F) define its 2h-derivation by

o (z) = ﬂa(z): a(z+2h)—a(2).

thZ 2h
Observe that a")(z) and a(z 4 h) belong to &, (F) for any a(z) € E,(F) be-
cause F is h-adically complete. Even though we will construct some nonlocal
h-vertex algebras contained in &, (F)[t'/2], which are not h-adically complete,
the completeness of the underlying C[[h]]-module F will be important for our
construction.

(4.6)

DEFINITION 4.3. Let
. k .
(alz,£17%),b(z, V%)) = (L2, ai(2)t/2, 3252, bi(2)8/%)
be a pair in E,(F)[tT1/?] satisfying
[a;i(21),0;(22)] =0 foralli=m1,...,ma, j=ki,..., ko
For any integer v define the element a(z,tY/?)_,._1b(z,tY/?) in &, (F)[tT1/?]
by

a(z,tl/Q) t1/2 gé Z ( t’/Q) . (bj(z)tj/Q) ,

t=my j=k1

where for r < 0 we set (a;(2)t"2) | (bj(2)t"/?) = 0 while for r = 0 we
define

(@277 (b () = 2ol (e + (524 ) - 2491257,

(2
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The products of vertex operators, given in Definition 4.3, were already
studied in [16]. However, instead of using (4.6), they were introduced via
h-derivation a(z) — (a(z + h) — a(2))/h and integral powers of the variable
t. These minor differences do not affect the construction of nonlocal h-vertex
algebras provided therein, so, by [16, Theorem 1.11], we have

THEOREM 4.4. There exists a unique, smallest nonlocal h-vertex algebra
(Vi, Yy, 1) which satisfies the following:

o Vi is a C[[h]]-submodule of E,(F)[tT1/?];
o The operator E(z,t1/?) := E(2)t=Y/2 € &,(F)[tT'/?] belongs to V;;
o The vertex operator map is defined by

Yi(a,2)b = Za_,._lbz’“, where a,b € Vi,
rEZ

and the vertex operator products are given by Definition 4.3;
o The element 1 denotes the identity V; — V;.

Moreover, we have

Tm

(4.7) V; =span {F(z,t1/2)

...E(z,tlﬂ)r1 1:r,...,rm €Z, m > 0}.
Cllr]]

Our goal is to obtain a nonlocal h-vertex algebra structure on the evalua-
tion of V; at t*/2 = 1. In order to achieve this, we first need to derive a basis
for V;. Observe that (2.6) is equivalent to

(4.8) E(z,tY%) _1E(2,tY?) = E(z,tY?) _yE(z,t/?) = 0,

see also (3.5). We can use associativity (4.5), together with (4.8), to reduce
spanning set (4.7). The following lemma can be proved as [16, Lemma 2.6].

LEMMA 4.5. Nonlocal h-vertex algebra V; is spanned by the set
By, = {E(Z,tlﬂ),.m Bzt
Ty s T €2y 11 < =1, o,y < =3, m}()}.
Consider the evaluation V; C &,(F) of V; at t =1,
Vi = (Vlassr = {az1) : a(,t7/%) € V.

THEOREM 4.6. The sets By, and By, := (By,)|¢1/2—1 are linearly indepen-
dent over C[[h]]. Hence, they form bases for V; and Vi respectively. Moreover,
the evaluation ev: V; — V3

ev : a(z, t'/?) — a(z,1)
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is injective. Consequently, the C[h]]-module Vi possesses the structure of
a nonlocal h-vertex algebra (V1,Y1,1) such that the vertex operator map Yi
satisfies

Yi(a,z0)b = Zev (evHa)rev (b)) 25 """ for any a,b € V4.
rEZ

PROOF. Observe that the first equation in (1.15) and the relation
[k1(21), ¥1(22)] = 0 imply

(4.9) E(21) U1 (20 — h/4) = (1 - z—j> Uy (20 — h/4)E(2).

Next, for any a(z) € E,(F) and a positive integer r we have

(4.10) a"(z) = 2rlhr Z (;) (=Dla(z +2(r — 1)h),

=0

which can be easily verified by induction over r. The theorem can be now
proved by using (4.9), (4.10) and by repeating the arguments in the proof of
[16, Theorem 2.11] (almost) verbatim. O

REMARK 4.7. The appropriately completed nonlocal h-vertex algebra V;
would provide an example of an h-adic nonlocal vertex algebra, as defined
in [19]. However, in contrast with [19], the structures studied in this paper
are constructed using different vertex operator products; the products in Li’s
general theory of h-adic nonlocal vertex algebras utilize the derivation

d
(4.11) a(z) — aa(z),
while the example constructed in Theorem 4.6 relies on 2h-derivation (4.6).

REMARK 4.8. Nonlocal h-vertex algebra V; is not commutative. Indeed,
for
a™ :=FE(z,1)_,1 we have, for example, a(_lia(_:? 1+# a(_z?a(_lf 1.

Consequently, the underlying associative algebra structure, defined by a-b :=
a_1b for a,b € V1, is not commutative; recall (4.5). However, since the classical
limit of 2h-derivation (4.6) is derivation (4.11), the classical limit of V; is a
commutative vertex algebra.

In the end, it is worth noting that

W= @ Vi, where V& =span{b¢c By, : degh=d}
d>0 C[[n]]

and degb for b = E(z,1),, ... E(z,1),, 1 € By, is defined by

degb=m — Z(mfj +1)(r; +1).

j=1
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Finally, as with the bases found in [16], we have

2

T
chy Vi = Y dimVit.¢? = Z(q—)
d}o ’l“>0 q T
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