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ABSTRACT. In this work we first establish some existence results fol-
lowed by boundedness behavior and asymptotic behavior of solutions for
systems of difference equations with infinite delay. Our approach is based
on a Perov fixed point theorem in vector metric space. We apply our results
to a system of Volterra difference equations.

1. INTRODUCTION

In this work, we are concerned with the existence and uniqueness of
bounded solutions in some state space of sequences for a system of semilin-
ear functional difference equations with infinite delay. Several aspects of the
theory of functional difference equations can be understood as a proper gen-
eralization of the theory of ordinary difference equations. However, the fact
that the state space for functional difference equations is infinite dimensional
requires the development of methods and techniques coming from functional
analysis (e.g., theory of semigroups of operators on Banach spaces, spectral
theory, fixed point theory, etc.). Some important contributions to the study of
the mathematical aspects of such equations have been undertaken in [1,5,12]
and the references therein.

2010 Mathematics Subject Classification. 34K45, 34A60.
Key words and phrases. Difference equations, fixed point, infinite delay, boundedness,
asymptotic behavior, matrix convergent to zero.

123



124 J. J. NIETO, A. OUAHAB AND M. A. SLIMANI

Abstract retarded functional difference equations in phase space have
great importance in applications. Consequently, the theory of difference equa-
tions with infinite delay has drawn the attention of several authors. Quali-
tative analysis, discrete maximal regularity, exponential dichotomy, and peri-
odicity have received much attention; see [2—4,7-9,11,14-18,20-22, 25,29, 28,
30, 31]. For more information on functional difference equations, we suggest
also [10,13,19, 24, 26, 33].

In this paper, we consider the following system of linear functional differ-
ence equations

(1 1) 1’(77,+].) :Al(naznayn)a nZO,
' y(n+1) = As(n,zn,yn), n >0,
and its perturbation
(nJrl) =4 (n ﬂfmyn)Jrfl(n,ﬂ?n,yn), n >0,
(1 2) (n+1) :A (n xn7yn)+f2(n7xn7yn)a n207
z(0) =p €

y(0) = wel’a’,

where A1, Ay : Z1t x Bx B — C" are bounded linear maps with respect to the
variables x,, and y,; fi, fo are C"—valued functions defined on the product
space ZT x X x X under suitable conditions; B denotes an abstract phase
space that we will explain briefly below, X is an appropriate Banach space.
The notation, x_, denotes the B—valued function defined by n — x,,, where z,
is the history function, which is defined by z,(m) = z(n+m) for allm € Z~.

Next, we are concerned with the following homogeneous retarded linear
functional equations

. y(n+1) :L2(=Tnayn)a n>0

and its perturbation, along with initial conditions, defined by the semilinear
difference equation with infinite delay

z(n+1) = L1(zp, yn) + 91(n, Tn, Yn), n >0,
y(n+1) = Lo(Tn,yn) + 92(n, Tn, yn), n >0,
z(0) = ¢ € B,
y(0) =v € B,

where L1, Ly : BxB — C" are bounded operators and g1, g2 : ZT x BxB — C"
are given functions.

This paper is organized as follows. In Sections 2 and 3 we will recall briefly
some basic definitions and preliminary facts which will be used throughout
the following sections. In Section 4 we give one of our main existence re-
sults for solutions of (1.4) and their boundedness, with the proof based on
Perov’s fixed point theorem. In Section 5, we examine the weighted bounded-
ness and asymptotic behavior for solutions of (1.4). In Section 6, we present

(1.4)
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the S—asymptotic and w-periodic behavior of solutions of (1.4). Finally, in
Section 7 an example is given to demonstrate the applicability of our results.

2. PRELIMINARIES

Here we present notations and provide some auxiliary results that we will
need in subsequent sections. The phase space B = B(Z~,C") is a Banach
space with a norm denoted by ||.||z which is a subfamily of functions from Z~
into C" and it is assumed to satisfy the following axioms.

Axiom (A): There are a positive constant J and nonnegative functions N(.)
and M (.) on Z* with the property that if z : ZT — C” is a function such that
if zg € B, then for all n € Z™
(i) =, € B;
(i) Jlza| < [lznlls < N(n)supo<s<, [2(s)] + M(n)||zo]|s-
Denote by B(Z~,C") the set of bounded functions from Z~ to C".

Axiom (B): The inclusion map ¢ : (B(Z7,C"), || - |leo) = (B, || - ||8) is con-
tinuous, i.e., there is a constant d > 0 such that [|¢||g < d|¢|e for all
p€eB(Z,Cn).

Hereafter, B will denote a phase space satisfying Axioms (A) and (B).

For any n > 7 we define the bounded linear operator U(n,7) : B — B
by U(n,7)p = x,(7,,0) for ¢ € B, where x(-, 7, »,0) denotes the solution
of the homogeneous linear system (1.1). The operator U(n,7) is called the
solution operator of the homogeneous linear system (1.1).

DEFINITION 2.1 ([11]). We say that Equation (1.1) (or its solution op-
erator U(n,7),n,7 € Z%) has an exponential dichotomy on B with data
(o, K, P(+)), if the solution operator U(n,T) satisfies the following property:
there are positive constants o, K, and a projection operator P(n),n € Z*, in
B, such that if Q(n) = I — P(n), where I is the identity operator, then:

(i) U(n,7)P(r) = P()U(n,7),n >,

(ii) the restriction U(n,T)|Range(Q(T)),n > T, is an isomorphism from
Range(Q(7)) onto Range(Q(n)), and then we define (U(,n)) as its
mverse mapping,

(i0) U (n, 7)¢lls < Ke o0—plls,n = 7,0 € P(r)B,

(V) U, m)¢lls < Ke* " Dpls, 7 >n,¢ € Q()B.

We denote by I'(n, s) the Green function associated with (1.1), that is,

U(n,s+1)P(s+1) n—12>s,
(2.1) L(t,s) = { —U(n,s+1)Q(s+1) s>n-—1.

Denote by X the Banach space of all bounded functions 1 : Z+ — B endowed
with the norm

(2.2) Inll = sup [[n]|s-
n>0
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Throughout this paper, for any number 1 < p < oo, we consider the following
spaces:

P(ZYB)={¢: 2 5 B | lEm)llh =D €)% < oo},
n=0
(2, B) ={§: 2" = B [|€]lc = sup [€(n)]ls < oo},
nezt

T B)y={¢:2" = B |¢&lls = sup l€(n)llse™ " < oo},
ne
BEZ,C)={p:Z" = C | ells =D lp(n)| e " < oo},
n=0

P(Z,CT) = {p:Z" = C/|lells = Y lo(n)|P < oo}
n=0

LEMMA 2.2. Let 7 € Z*. Assume that the function z : [r,00) — B
satisfies the relation
n—1
(2.3) z(n) =U(n,7)z(1) + Z U(n,s+1)E°(P(s)), n>r,
s=T
where
0 1d, the unit matriz,t = 0,
E°(t) =
0, the zero matriz, t < 0
and define a function y : Z — C" by

_ | (zm))0), n>r,
(2.4) y(n) = { (z())n—=71), n<r.
Then y(n) satisfies the equation
(2.5) y(n+1) = L(n,yn) + P(n), n >,

together with relation y, = z(n), n > 7.

DEFINITION 2.3 ([17]). We say that system (1.1) has discrete mazimal
reqularity if, for each hy, hs € IP(ZT,C") (1 < p < o0) and each ,) € P(0)B,
the solution z of the boundary value problem

z(n+1) = A1(n, zn, Zn) + hi(n), n >0,
Z(n+1) = As(n, zn, Zn) + ha(n), n >0,
P(0)2(0) = ¢ € B,
P(0)z(0) = ¢ € B,
satisfies z.,z. € IP(Z1, B

)
THEOREM 2.4 ([11]). Assume that system (1.1) has an exponential di-
chotomy on B with data (o, K, P(-)). Then system (1.2) has discrete mazimal
reqularity.

(2.6)
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THEOREM 2.5. Assume that system (1.1) has an exponential dichotomy
with data (o, K, P(-)). Then, for any hi,hs € IP(ZT,C") (1 < p < <) and
each @, € P(0)B, the boundary value problem (2.6) has a unique solution
(2,2) so that z.,z. € IP(Z",B).

THEOREM 2.6 (Exponential boundedness of the solution operator, [11]).
Assume that
(H1) {A1(n,-,-)} and {Az(n,-, )} are uniformly bounded sequences of boun-
ded linear operators mapping B x B into C". There are constants
M;,N; > 1,1 =1,2 such that
[A1(n, @, 9)| < Millglls + Nil[Ylls, for alln € Z and ¢,7) € B,

and
[A2(n,0,9) < Malglls + Noll¢l5, for all n € ZT and ¢,4) € B.
(Hz2) The functions N(.) and M(.) given in Aziom (A) are bounded.
Then, there are positive constants A and § such that
(2.7) U (n,m)||z < Xe’™) 0 >m > 0.
PROPOSITION 2.7 ([11]). Under the conditions (Hy)—(Hz), if system (1.1)
has an exponential dichotomy with data (a, K, P(.)), then the following haolds.
(i) suppez+ |[P(n)]ls < oo.
(ii) Range(P(n)) = {¢ € B : e ""=™U(n,m)y is bounded for n > m}
for any 0<n<a. R
(iii) Let P(0) be a projection such that Range(P(0)) = Range(P(0)). Then
(1.2) has an exponential dichotomy on Z+ with data (o, K, P(+)), where
B(n) = P(n) + U (n,0)PO)U(0,)Q(n),

K = (K + K2 PO)ls) sup (1 + | P(n) ).
In addition, we have
(28)  sup [P(m)]ls < (1+ K¥|P(0) = P(0)5) sup (1 + [[P(m) | 5):

Also one has
(2.9) P(n) = P(n) +o(1), as n — cc.

DEFINITION 2.8 ([23]). A sequence & € 1°°(Z,B) is called (discrete) S-
asymptotically w-periodic if there is w € ZT\{0} such that lim,, o ((n+w)—
&(n)) = 0. In this case we say that w is an asymptotic period of &.

In this work the notation SAP, (B) stands for the subspace of [*(Z", B)
consisting of all the (discrete) S—asymptotically w-periodic sequences. From
[23], SAP,(B) is a Banach space.
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DEFINITION 2.9 ([23]). A strongly continuous function F : ZT — L(B)
is said to be strongly S-asymptotically periodic if, for each ¢ € B, there is
wy, € ZT\{0} such that F(.)g is S-asymptotically w,-periodic.

DEFINITION 2.10 ([23]). A continuous function g : ZT x B — C" is
said to be uniformly S-asymptotically w-periodic on bounded sets if, for every
bounded subset B of B, the set {g(n,p) : n € Z*,p € B} is bounded and
limy, 00 (g(n, @) — g(n 4+ w, @) = 0 uniformly on ¢ € B.

DEFINITION 2.11 ([23]). A function g : ZT x B — C" is called uni-
formly asymptotically continuous on bounded sets if, for every ¢ > 0 and
every bounded subset B of B, there are Kc.g > 0 and 6., > 0 such that
lg(n, @) —g(n, )| <e, for alln > K. g and all p,v € B with ||p— | < d¢,B.

LEMMA 2.12 ([23]). Let g : Zt xB — C" be uniformly S-asymptotically w-
periodic on bounded sets and asymptotically uniformly continuous on bounded
sets. Let £ : Zt — B be a discrete S-asymptotically w-periodic function. Then
the function g(-,&(+)) is discrete S—asymptotically w-periodic.

3. FIXED POINT RESULTS

In this short section, we introduce notations and definitions which are
used throughout this paper.

DEFINITION 3.1. Let X be a nonempty set and consider the space R en-
dowed with the usual component-wise partial order. The mappingd : X x X —
R7*, which satisfies all the usual axioms of the metric, is called a generalized
metric in Perov’s sense and (X,d) is called a vector metric space.

Let (X,d) be a vector metric space in Perov’s sense. For r :=
(r1,...,rm) € R, we denote by

B(zg,r) ={z € X : d(xg,x) <7}
the open ball centered in xg with radius r» and by
B(zg,r) ={z € X : d(xo,x) <7}

the closed ball centered at zo with radius r.

In the case of vector metric spaces in the sense of Perov, the notions of
convergent sequence, Cauchy sequence, completeness, and open and closed
subsets are similar to those for usual metric spaces.

If v,r € R™v := (v1,...,0m) and 7 := (r1,...,7y), then by v < r
we mean v; < r; for each ¢ € {1,...,m} and by v < r we mean v; < 7;
for each i € {1,...,m}. Also |v| = (Jvi],...,|vm|) and max(u,v) =
(max(u1,v1),...,max(m, vy)). I ¢ € R, then v < ¢ means v; < ¢ for
each i € {1,...,m}.
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Throughout this paper we denote by M, .,,(R4) the set of all m x m
matrices with positive elements, by © the zero m x m matrix, and by Id the
identity m x m matrix.

DEFINITION 3.2. A square matric M € My, n(R4) is said to be conver-
gent to zero if

MF = O as k — oo.

LEMMA 3.3 ([32]). Let M be a square matriz of nonnegative numbers.
Then the following assertions are equivalent:

1. M is convergent to zero;
2. the matriz Id — M is non-singular and

(Id— M) =Id+M+M>*+- -+ M+

3. |[All < 1 for every A € C with det(M — AId) = 0;
4. (Id — M) is non-singular and (Id — M)~ has nonnegative elements.

DEFINITION 3.4. We say that a non-singular matriz A = (a;j)1<i,j<m €
Mpnxm(R) has the absolute value property if

ATNA| < Id,
where
|A] = (laij)1<ij<m € Mmxm(R4).

Some examples of matrices convergent to zero are the following:

1. A= ( a 0 ),Where a,b € Ry and max(a,b) < 1.

0 b
2.A:(g _bc),Wherea,b,c€R+anda+b<1,c<1.
S.A:(Z (bl),Wherea,b€R+and|a—b|<1,a>1,b>0.

THEOREM 3.5 ([27]). Let (X,d) be a complete vector metric space with
d: X x X =5 R"™ and let N : X — X be such that

d(N(z), N(y)) < Md(z,y),

for all x,y € X and some square matriz M of nonnegative numbers. If the
matriz M is convergent to zero, that is, M* — 0 as k — oo, then N has a
unique fixed point x, € X,

d(N*(z0),2.) < M*(Id — M)~ d(N(z), x0)

for every xop € X and k > 1.
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4. BOUNDEDNESS OF SOLUTIONS

In this section, we are concerned with the study of the existence of
bounded solutions for the semilinear difference equation with infinite delay
via discrete maximal regularity.

THEOREM 4.1. Assume that system (1.1) has exponential dichotomy on
B, and in addition to conditions (H1) and (Hz), suppose that the following
conditions hold:
(H3) the functions fi(n,-,-) : IP(Z*,B) x IP(ZT,B) — C", i = 1,2 satisfy,
for all x,y, 7,y € IP(Z*,B) and n € Z*,

|f1(n,x,y) - fl(n7f7y)| < al(n)llm - fH]D + bl(n)Hy _ZHP
and
|f2(n,1',y) - f2(nafay)| < a2(n)||1' - f||P + b2(n)”y 7?”1’

where a;,b; € IP(Z1), i =1,2,
(H4) fl('aoao)an('aoao) € Z;D(ZJr’(CT),
(Hs) the matriz M € Mayo(Ry) such that
. b
M =2dK(1—e®)"1su 14 ||P(n <||a1||p Hlp)
( ) anZ*( H ( )HB) ||(12||p ||b2||p
converges to zero.
Then, for each @, € P(0)B there is a unique bounded solution (x,y) of
system (1.2) with P(0)zg = ¢, P(0)yo = 1, such that (x.,y.) € IP(Z*,B) x
»(Z*, B).
PROOF. Let &, 71 be sequences in (P(Z",B). Using conditions (H3) and
(H4) we obtain that the function F(-) = f1(-,&,n) is in IP(Z*,C"), and we
have

ol

115 [fi(n, & m)I”

n=0

(|f1(na§777) - fl(n70a0)| + |f1(na070)|)p

0

20> [ fi(n, &) = fi(n,0,0)[P +27 Y [ fi(n,0,0)]
n=0

3
I

IN

= n=0
<27 (al (n) €)% + B () Inll) + 2711 f1.(n, 0,0) .
n=0

Hence
1M, < 2(llarllp €l + N01llplnlly + [1f1(-,0,0)]15)-
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Similarly we obtain that the function G(-) = fa(+,&,n) is in [P(Z*,C"), and

IGIE =" Ifa(n, & m)P

n=0

< Z(|f2(n,€777) - f2(na070)| + |f2(n5070)|)p

n=0

2P Z |f2(n7§a77) - f2(n7050)|p + 2P Z |f2(n70a0)|p
n=0

n=0

IN

NE

<27 ) (a3(n)li€ls + b5 (n)lInlls) + 271l f2(n, 0, 0) 5.

Il
=]

n
Hence

1Gllp < 2(llazllpllEllp + [102llplInll, + [1f2(-5 0,0)5)-

If p,4 € P(0)B, then by Theorem 2.4, system (1.2) has discrete maximal
regularity, and so the Cauchy system

z(n+1) = A1(n, zn, 2n) + F(n), n € Z*,
Z(n+1) = As(n, zn, 2n) + G(n), n € Z7,
P(0)zo = ¢,
P(0)zo = ¢,

(4.1)

has a unique solution (z,2) € IP(Z*,B) x I[P(Z*,B), which is given by

o0

(4.2) 20 = Hi(£(n),n(n)) = U(n,0)P(0)p + Y T(n,s)fi(s,&.1)

s=0

(4.3) Zn = Ha(E(n),n(n)) = U(n,0)P(0)¢ + Y _T(n, ) fa(s,€,m).

We now show that the operator H : [P(Z1,B) x IP(ZT,B) — IP(Z*,B) x
IP(Z7", B) has a unique fixed point, defined as follows:

H(&(n),n(n)) = (Hi(&(n),n(n)), H2(£(n),n(n))), (§,n)€P(ZT, B)xI"(ZT, B).
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Let &1,m1,&2,m2 € IP(ZT,B). We have that

| H1(€1,m) — Hi(§2,m2)|lp

5

o0

L(n, s) [fi1(s,&1,m) — f1(s,82,1m2)]
0

p]}g
B

n=0 S=
< dK sup (1+ || P(n)|5)
n€ezt+
oo oo : %
» lz ( e~ 4y (5) s — Ealls + by () — mllsl> ]
n=0 \s=0

< 2dK sup (14 ||P(n)|s)
nezt

o0 o0
x 33D (flag [ 6r — Eallp + lbrllplom — mallp)
n=0 s=0
< 2dK(1- e_‘)‘)_1 sup (1+ [|P(n)||B)
nezZ+
% (larlpllér = xllp + [Ballplm — m2llp) -

Hence

[H1(&1,m) — Hi(62,m2)||p < 2dK(1— ™) sup (1+[[P(n)]5)
nezZt

X (llarllpll€r = Eallp + 1oallpllm —m2llp) -

Similarly

[H2(&1,m) — Ha(€2,m2)||p < 2dK(1—e™)7" sup (L+[[P(n)]|s)
nezt

X (llazllpll€r = Eallp + 1[b2llpllm —n2llp) -

Then

[ H (&1,m) — H(&2,m2)|lp < 2dK (1 —e™*)7" sup (1+[|P(n)]5)

nezt
» ( laxllp [1o1lp > < 161 — &2|lp )
lazll, b2l [l = m2llp

By (Hs) and Theorem 3.5, it follows that H has a unique fixed point (£,7) €
IP(Z",B) x IP(ZT, B).
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Let (&, 1) be the unique fixed point of H. Then we have
p} b
B

S Ul s + D fis,6.0)

oo

ZUnO

€]l = PO)e+> Uln,s+1)fi(s,&n)

s=0

ZIIU n,0)P(0)e|5

1

o0

12

]

p];
B

n=0 s=0
- 1/p
SK | e | lols
7=0
1/p
+2szu>1%(1+||P( m)|[g)(1 —e™ %) [Z|f1 ]
m=

<SK1-e ) els
+2dK sup (1 +[|P(m)||5)(1 — ™)~
m>0

x (laxllplI€lly + orllplinll + 11.f1(, 0)lp),

and
Il < (1 —e=*) " Yls
+ 2dK sup (1 + |[P(m)|[5)(1 —e )"
m>0
X ([lazllpll€lly + [[b2llplnllp + ([ f2( O)p),
whence

(mk)gﬂwwﬂuwmmhﬂ_gw4@mm|MM)(MM)

m>0 lazllp (10205 ) \ [I7ll»

+Kuf%*<”ﬂp>+wme1WPmmw
P m>0

e (IBGO)
{1 =e) (nﬁ@mm)'
Then

(i ) = amso o= (o)

+ 2K sup (1 +[P(m)])(1 e < Hﬁggni H

O
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5. WEIGHTED BOUNDEDNESS AND ASYMPTOTIC BEHAVIOR

We have the following result about weighted bounded solutions.

THEOREM 5.1. Assume that conditions (Hy)—(Hz) hold. Let A and 0 be
the constants of Theorem 2.6. In addition, suppose that the following condi-
tions hold:

(C1) the functions fi(n,-,-): BxB — C", i =1,2 satisfy, for all z,y, T,y €
B andn € 7T,

lfi(ln,z,y) = f1(n, 7, 7)| < ar(n)l|z — 7[5 + br(n)|ly — V|5,
and
|f2(n,:c,y) - fQ(H,T,y” < GQ(H)HLB 7THB + bQ(n)Hy 7?”3

where a;,b; € IMZ7T), i =1,2;
(CQ) fl('5070)5f2('5070) S Z%(Z+7(CT);

—

(C3) the matriz M € Maxa2(Ry) defined by
j Ade5< ail[r [[o1][2 >
lazllx  [1b2]lx
18 convergent to zero.
Then, there is an unique weighted bounded solution (x,y) of system (1.2) with
20 =0,y0 = 0.
PrROOF. We define the operator Q = (Q1,Q2) on I$°(Z*1, B) by

n—1

Q(E(n),n(n)) =D Uln,s+1)fi(s,&(s),n(s)), &n €l

s=0

and
n—1

Qa(E(n),n(n)) = D> Uln, s +1) fa(s,&(s),n(s)), &n €15

s=0

We now show that the operator Q : I$°(ZT, B) x I°(Z1,B) — I°(ZT, B) x
18°(Z*, B) has a unique fixed point. We observe that 2 is well defined. In
fact, we obtain

124(&,m)llse™°"

< Me > | f1(s,£(s),n(s)) e
s=0
< Ade™? | (ar(s)][€(s)[[5e + bi(s)e®[In(s)lls + Y 1f1(-0,0)[e*®)
s=0

s=0
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and

122(¢,m) ][ 56"

n—1
< e Y |fals,(s),m(s))le ™
s=0

n—1

< e | (aa(9) €)™ + ba(s)e™ [n(s) s + i [f2(0,0)[e”) ] ,

s=0 s=0
whence
1206, mls < Ade™°[[la[[1[1E(s) 15 + 1Bl [[n()lls + |f1(,0,0)[|1,6]

and

192(¢,m)lls < Ade™°[llazll1ll€(s)lls + 1b2ll1[n(s)ll5 + Il f2(-,0,0)[1,5].
Hence, the space [3° is invariant under Q. Next let (£,7) and (€,7) be in
I15° < 15°. Then
121(&(5), () = Qu(E(),7())ls < Ade™ [llarll1 € —€lls + Iballv 1 — 7ls]

and

192(£(s),m(s)) — Q2(€(5),7(s))|ls < Ade ™ [|lazl[1[|€ — Ells + b2l ]ln — 7lls] -
Then
_Q(F 7 —s ( llaallx [lb1]l1 ) ( 1€ = €|l >
o — Emls < ade (et Pl ) (1678 )

It follows that 2 has a unique fixed point (§,7n) € I§°(Z1, B) x I$°(Z", B). The
uniqueness of the solution is reduced to the uniqueness of the fixed point of
the map Q. Let (£,n) be the unique fixed point of 2. Then we have

€lls < Ade™(llavlllI€]ls + orllellnlls + [lf1(-, 0, 0)]1,6]
and

Inlls < Ade™° [llazll1[I€]ls + 121l 17lls + [.f2(-,0,0)][1.6].
Then

||s||5> 5<||a1||1 ||b1||1><||s||5) 5<||f1(-,0,0)||1,5)
(IInIIa <M aally balh ) Ulills ) A% U000l s )
So,

IElls s e (1AG0.0)]s
<||77||5)§)‘de (Id = M) (Ilfz(',0,0)||1,5>'
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6. ASYMPTOTIC PERIODICITY

The next result ensures the existence and uniqueness of a discrete S-
asymptotically w-periodic solution for the problem (1.4).

THEOREM 6.1. Assume that the solution operator of (1.3) is strongly
S-asymptotically w-periodic semigroup. Let g1,g92 : ZT x B x B — C" be
functions such that g1(-,0,0) and ga(-,0,0) are summable in Z* and there
exist summable functions a;,b; € IN(ZT), i = 1,2, such that

lg1(n, 2, y) — 91(n, Z,9)| < ar(n)llz —Z| 5+ bi(n)lly — Yl 5,
and
|g2(n,:£,y) - gg(n,f,ﬂﬂ S a2(n)||1' - f||B + bQ(n)”y - y”Ba

for all z,y, 7,y € B and n € ZT. Then there is a unique discrete S-
asymptotically w-periodic solution of the problem (1.4) for every ¢, € B.

PRrROOF. We define the operator T' on the space SAP,,(B) by
T(&(n),n(n) = (T1(&(n), n(n), T2(§(n), n(n)),

where

Ty(Em), 1(m) = U)o+ 3" Ul — 1= ) fa(s,€(s), (5)),

s=0
for all (§,n) € SAP,,(B) and

To(€(n),n(n) = Umyp + 3" Uln — 1 - ) fals, £(5),n(s))

s=0
for all (¢,n) € SAP,,(B). Then we can write
n—1
nin) = S U(n -1 8)fa(s, (), 1(5)),
s=0

for all (§,n) € SAP,,(B) and

va(n) = S Uln— 1 5) ol £().m(5)).

for all (§,m) € SAP,,(B). We shall prove that T' is well defined. We note that
the functions
T(')@v T(W € SAP, (B)
Moreover, the semigroup U(n) is uniformly bounded in Z*. We get
[v1lloo < Mdfl[ar|[1]|€]lcc + 11 l[1]Inlloc + [I£1(-; 0,0)][1]

and
[v2lloe < Md[|lazl|1]|€]loc + [[b2]l1 /7]l + [1f2(-, 0, 0)[[1].
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<§; a1(8)> [1€llo0 + <§; ) 1710 + <;; |f1(s,0,0)| )]

(i «m(s)) €l + <i b2<s>> Illoe + (i |f2<s,o,o>|>] .

s$=n1 s$=n1 S=n1

On the other hand, we have

m

S Ulm — ) f1(s,£(5),0(s))

S=n1

<M

and

m

> Ulm = s)fa(s,&(s),m(s))

S=n1

<M

Hence we obtain that

$$ZUfwwaH»ﬂ

S=nq
and
ﬁgZU—wha)@hu
S=n1
Taking into account that T'(.) is S-asymptotically w-periodic and

v (n+w) — v (n) = i [Un—1—s+w)—Uln—1-s)]fi(s&(s),m(s))
s=0
ni—14+w
+ Z Un—1-—s+w)fi(s,&(s),n(s))
— Z U(TL —1- S)f1(57§(5)777(5))7

sS=n1
we obtain that

lim 11 (n+w) —11(n) = 0.
n—o0

Similarly, we have

s+ 0) — va() = 3" [U(n =15+ )~ Uln — 1 - 5)}fa(s,(5).n(s)
s=0
ny—14+w
+ Z U(n_1_5+w)f2(3a€(3)a77(3))

S=n1
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ni—1
— 3 U — 1= ) fals, (), n(s)),
and hence

lim vp(n +w) — va(n) = 0.
n—o0

7. VOLTERRA DIFFERENCE SYSTEM WITH INFINITE DELAY

We apply our previous result to Volterra difference systems with infinite
delay. Volterra difference equations can be considered as natural generaliza-
tion of difference equations. During the last few years Volterra difference
equations have emerged vigorously in several applied fields, and currently
there is wide interest in developing the qualitative theory for such equations.

Let v be a positive real number and let A(n) and K (n) be r X r matrices
defined for n € Z1, s € Z* such that

o0
Z |K(n)le" < 400

and
|A]|oo = sup |A(n)] < oc.
n>0

We consider the following Volterra difference system with infinite delay

(7.1) z(n+1) Z A(n)K (n — s)z(s), n > 0.

S§=—00

This equation is viewed as a functional difference equation on the phase space
B.,, where B, is defined as follows:

(7.2) B,=B,(2 ,C")={p:Z" —C": sup go(;:) < +oo}

nezt €

with the norm

(7.3) lells, = sup , p € B,

nez

p(=n)

Next, we consider the following Volterra difference system with infinite delay
(7.4)

z(n+1) Z A(n)K (n — s)x(s) + a1 (n)xz(n) + az(n)y(n), n >0,
y(n+1) Z A(n)K (n — s)y(s) + bi(n)z(n) + ba(n)y(n), n >0,
P(0)zo = ;—,—oo

P(O)yo = T/%



DIFFERENCES EQUATIONS 139

We recall that the Volterra system (7.4) is viewed as retarded functional
difference equations on the phase space Bj.
As consequence of Theorem 4.1 we have the following result.

THEOREM 7.1. Assume that system (7.1) has an exponential dichotomy,
and a;,b; € IP(Z1), i = 1,2. Then for each ¢, € P(0)B, there is a unique
bounded solution (x,y) of the system (7.4) such that (z.,y.) € IP(Z*,B,) x
IP(Z*,B,); in particular, (z,y) € IP(Z*T,C") x [P(Z*,C").

Here

fl (TL, T, yn) = al(n)x(n) + a2 (n)y(n)a
f2(n7 Tn,Yn) = b1 (n)x(n) + bQ(n)y(n)
and

A wa,y) = S AWK (n — s)a(s);

As(ny Ty Yn) = Z A(n)K(n — s)y(s).

PrOOF. Clearly, {A1(n,-,-)} and {Aa(n,-,-)} are uniformly bounded se-
quences of bounded linear operators mapping B x B into C". Here
Zn(—3)

[2nlls, = sup ————= < sup [lz(n—s)| < sup [lz(s)],
sezZt € sezZt 0<s<n

and the functions f; and fo satisfy: for all z,y, 7,5 € P(Z"T,B) and n € Z*
|fi(n,2,y) = f1(n, T, 9)| < aa(n)]|o = Z|p + az(n)|ly — V[,
|fa(n,2,y) = f2(n, T, 9)| < ba(n)l|z —Zp + b2(n)[ly — [,

where a;,b; € IP(Z1), i =1,2. Then

M =241 = ) sz (0 1Pl (e (o).
[1ballp (102l
Therefore, all the conditions of Theorem 4.1 are satisfied. If M converges to
zero, then problem (7.4) has a unique bounded solution (x,y). O

ACKNOWLEDGEMENTS.

This paper was completed while A. Ouahab visited the Department of
Statistics, Mathematical Analysis and Optimization of the University of San-
tiago de Compostela. The work of J. J. Nieto has been partially supported
by the AEI of Spain under Grant MTM2016- 75140-P and co-financed by
European Community fund FEDER, and XUNTA de Galicia under grants
GRC2015-004 and R2016/022.

The authors would like to thank the anonymous referees for their careful
reading of the manuscript and pertinent comments; their constructive sugges-
tions substantially improved the quality of the work.



140

(1]

[11]

[12]
[13]

[14]
[15]

[16]

[19]

[20]
[21]

22]

J. J. NIETO, A. OUAHAB AND M. A. SLIMANI

REFERENCES

R. P. Agarwal, Difference equations and inequalities. Theory, methods and applica-
tions, Marcel Dekker, Inc., New York, 1992.

R. P. Agarwal, C. Cuevas and M. Frasson, Semilinear functional difference equations
with infinite delay, Math. Comput. Modelling 55 (2012), 1083—1105.

R. P. Agarwal, D. O’Regan and P. J. Y. Wong, Constant-sign periodic and almost pe-
riodic solutions of a system of difference equations, Comput. Math. Appl. 50 (2005),
1725-1754.

R. P. Agarwal and J. Popenda, Periodic solutions of first order linear difference
equations, Math. Comput. Modelling 22 (1995), 11-19.

R. P. Agarwal and P. J. Y. Wong, Advanced topics in difference equations, Kluwer
Academic Publishers Group, Dordrecht, 1997.

W. Arendt, Semigroups and evolution equations: functional calculus, regularity and
kernel estimates, in Evolutionary equations. Vol. I, North-Holland, Amsterdam, 2004,
1-85.

C. T. H Baker and Y. Song, Periodic solutions of discrete Volterra equations, Math.
Comput. Simulation 64 (2004), 521-542.

S. Blunck, Analyticity and discrete mazimal regularity on LP-spaces, J. Funct. Anal.
183 (2001), 211-230.

S. Blunck, Mazimal regularity of discrete and continuous time evolution equations,
Studia Math. 146 (2001), 157-176.

A. Caicedo, C. Cuevas, G. M. Mophou, and G. M. N’Guérékata, Asymptotic be-
havior of solutions of some semilinear functional differential and integro-differential
equations with infinite delay in Banach spaces, J. Franklin Inst. 349 (2012), 1-24.
F. Cardoso and C. Cuevas, Exponential dichotomy and boundedness for retarded
functional difference equations, J. Difference Equ. Appl. 15 (2009), 261-290.

C. Corduneanu, Almost periodic discrete processes, Libertas Math. 2 (1982), 159-169.
C. Cuevas, Weighted convergent and bounded solutions of Volterra difference systems
with infinite delay, J. Differ. Equations Appl. 6 (2000), 461-480.

C. Cuevas and L. Del Campo, An asymptotic theory for retarded functional difference
equations, Comput. Math. Appl. 49 (2005), 841-855.

C. Cuevas and M. Pinto, Convergent solutions of linear functional difference equa-
tions in phase space, J. Math. Anal. Appl. 277 (2003), 324-341.

C. Cuevas, and C. Vidal, Discrete dichotomies and asymptotic behavior for abstract
retarded functional difference equations in phase space, J. Difference Equ. Appl. 8
(2002), 603-640.

C. Cuevas and C. Vidal, A note on discrete mazimal regularity for functional differ-
ence equations with infinite delay, Adv. Difference Equ. (2006), Art. 97614, 1-11.
B. De Andrade and C. Cuevas, S-asymptotically w-periodic and asymptotically w-
periodic solutions to semi-linear Cauchy problems with non-dense domain, Nonlinear
Anal. 72 (2010), 3190-3208.

L. Del Campo, M. Pinto and C. Vidal, Almost and asymptotically almost periodic
solutions of abstract retarded functional difference equations in phase space, J. Dif-
ference Equ. Appl. 17 (2011), 915-934.

S. Elaydi, S. Murakami and E. Kamiyama, Asymptotic equivalence for difference
equations with infinite delay, J. Differ. Equations Appl. 5 (1999), 1-23.

A. Halanay, Solutions périodiques et presque-périodiques des systémes d’équations
auz differences finies, Arch. Rational Mech. Anal. 12 (1963), 134-149.

Y. Hamaya, Ezxistence of an almost periodic solution in a difference equation with
infinite delay, J. Difference Equ. Appl. 9 (2003), 227-237.



DIFFERENCES EQUATIONS 141

[23] H. R. Henriquez, M. Pierri and P. Tdboas, On S-asymptotically w-periodic functions
on Banach spaces and applications, J. Math. Anal. Appl. 343 (2008), 1119-1130.

[24] H. Matsunaga and S. Murakami, Some invariant manifolds for functional difference
equations with infinite delay, J. Difference Equ. Appl. 10 (2004), 661-689.

[25] H. Matsunaga and S. Murakami, Asymptotic behavior of solutions of functional dif-
ference equations, J.Math. Anal. Appl. 305 (2005), 391-410.

[26] S. Murakami, Representation of solutions of linear functional difference equations
in phase space, in Proceedings of the Second World Congress of Nonlinear Analysts,
Part 2 (Athens, 1996), Nonlinear Anal. 30 (1997), 1153-1164.

[27] A. 1. Perov, On the Cauchy problem for a system of ordinary differential equations,
Pvibliz. Metod. Resen Differencial. Uvavnen. Vyp. 2 (1964), 115-134 (in Russian).

[28] Y. Song, Periodic and almost periodic solutions of functional difference equations
with finite delay, Adv. Difference Equ. (2007), Art. ID 68023, 15 pp.

[29] Y. Song, Asymptotically almost periodic solutions of nonlinear Volterra difference
equations with unbounded delay, J. Difference Equ. Appl. 14 (2008), 971-986.

[30] Y. Song, Positive almost periodic solutions of nonlinear discrete systems with finite
delay, Comput. Math. Appl. 58 (2009), 128-134.

[31] S. Sugiyama, On periodic solutions of difference equations, Bull. Sci. Engrg. Res.
Lab. Waseda Univ. 52 (1971), 89-94.

[32] R. S. Varga, Matrix iterative analysis, Springer-Verlag, Berlin, 2000.

[33] C. Vidal, Ezistence of periodic and almost periodic solutions of abstract retarded
functional difference equations in phase spaces, Adv. Difference Equ. (2009), Art.
ID 380568, 19 pp.

J. J. Nieto

Instituto de Matemadticas, Facultade de Matematicas
Universidade de Santiago de Compostela

Santiago de Compostela, 15782

Spain

E-mail: juanjose.nieto.roig@usc.es

A. Ouahab

Laboratory of Mathematics
University of Sidi Bel-Abbes

P.O. Box 89, 22000 Sidi Bel-Abbes
Algeria

E-mail: agh_ouahab@yahoo.fr

M. A. Slimani

Laboratory of Mathematics
University of Sidi Bel-Abbes

P.O. Box 89, 22000 Sidi Bel-Abbes
Algeria

E-mail: sedikslimani@yahoo.fr
Received: 15.9.2017.

Revised: 26.1.2018.



