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PROPER INCLUSIONS OF MORREY SPACES

HENDRA GUNAWAN, DENNY IVANAL HAKIM AND MOCHAMMAD IDRIS
Bandung Institute of Technology (ITB), Indonesia

ABSTRACT. In this paper, we prove that the inclusions between Mor-
rey spaces, between weak Morrey spaces, and between a Morrey space and
a weak Morrey space are all proper. The proper inclusion between a Mor-
rey space and a weak Morrey space is established via the unboundedness
of the Hardy-Littlewood maximal operator on Morrey spaces of exponent
1. In addition, we also give a necessary condition for each inclusion. Our
results refine previous inclusion properties studied in [4].

1. INTRODUCTION

Morrey spaces were first introduced by C. B. Morrey in [7] in relation to
the study of the solution of certain elliptic partial differential equations. For
1 <p < q < oo, the Morrey space MY = Mg(Rd) is defined to be the set of
all f € L} (RY) such that
1 p
[fllmg == sup  [Bla,r)|v | m—=7 lf)IP dy | < oo

? a€Rd, r>0 ’ |B(a7 T)' B(a,r)

Q=

Here, B(a,r) is an open ball centered at a with radius r, and |B(a, )| denotes
its Lebesgue measure. Notice that, when p = ¢, one can recover the Lebesgue
space LP = LP(R?) as the special case of MF. See [9] for various spaces
related to Morrey spaces. Many researchers have proved the boundedness of
classical integral operators on Morrey spaces and their generalizations. See,
for instance, [1,2] and the references therein.

Concerning the Hardy-Littlewood maximal operator (defined in Section
3), one may prove its boundedness on Morrey spaces using the inclusion MEC
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M;. In general, we have the following inclusions of Morrey spaces

LT = M] C M2 C M QM;
provided that 1 < p; < pa < ¢ < co. These inclusions may be obtained
by applying Holder’s inequality. Note that, for 1 < py < ¢ < oo, we have
fz) = |x|7% € M?b2\ M{. This tells us that the inclusion M C M¥b2 is
proper for 1 < py < ¢ < 0.

Besides the ‘strong’ Morrey spaces, we also have weak Morrey spaces
whose definitions are given as follows.

DEFINITION 1.1. Let 1 < p < q < co. A measurable functions f on R is
said to belong to the weak Morrey space wMY = wal’(Rd) if the quasi-norm

I fllwatz = sup lvxq 15~y Lz
v>0
is finite.
Note that, by using the inequality vx s>y < |f| for every v > 0, we
have M C wM?E. The inclusion properties of weak Morrey spaces, gener-
alized Morrey spaces, generalized weak Morrey spaces, and their necessary

conditions were discussed in [4]. In particular, for the case of Morrey spaces
and weak Morrey spaces, the results can be stated as follows.

THEOREM 1.2 ([4]). For 1 < p; < ps < ¢ < 00, the following inclusion
holds

w/\/lfl’2 - w/\/lfl’l.
Further, if p1 < p2, then
wMb C MB

In addition to the above inclusion relations of Morrey spaces, we have the
following theorems.

THEOREM 1.3. Let 1 < p; < pa < ¢ < oo. Then each of the following
inclusions is proper:
(i) Mp2 C Mb;
(ii) wMPpz C Mbr;
(iii) wMPb2 CwMbr.
THEOREM 1.4. Let 1 < p < g < co. Then the inclusion M{]’ - w/\/l{]’ 18
proper.

REMARK 1.5. The claim about the proper inclusion M{f C M{;l is stated
in [4, p. 2] without proof. We shall see the detailed explanation of this claim
in the proof of Theorem 1.3 (i). In [4, Remark 2.4], the authors refer to [3]
for the proper inclusion between the generalized Morrey space L% and the
corresponding weak type space wL''?, where ¢(t) = t~!log(3 + t). Since
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LY #£ M; for this choice of ¢, Theorem 1.4 can be seen as a complement of
the result in [3].

We also obtain the following necessary conditions for inclusion of Morrey
spaces and weak Morrey spaces which can be seen as a refinement of some
necessary conditions given in [4].

THEOREM 1.6. Let 1 < p; < q; < oo for it = 1,2. Then the following
implications hold:
(i) M{;g - /\/l{l’l1 implies g1 = g2 and p1 < pa;
(u) wMb2 CwMEY implies q1 = q2 and p1 < pa;
(iil) wMb2 C MBL implies q1 = q2 and p1 < pa.

REMARK 1.7. A necessary and sufficient condition for inclusion of Morrey
spaces on a bounded domain can be found in [10, Theorem 2.1] and [11]. The
case of Morrey spaces on R? is mentioned in [6, Eq. (3.9)] and the authors
refer to [12, Satz 1.6]. However, we do not have the access to the paper, so
that we do not know how the proof goes. See also [6, Corollary 3.14] for
weighted version of Theorem 1.6. Here we present a proof of the necessary
and sufficient condition for the inclusion property, which is different from and
simpler than that in [10].

The organization of this paper is as follows. In the next section, we prove
that for 1 <p; < pa < ¢ < oo the set ME1 \ MP2 is not empty. By the same
example, we also show that for 1 < p; < p2 < ¢ the inclusion wM¥%2 C wM
is proper. In Section 3, we give the proof of Theorem 1.4 using the unbounded-
ness of the Hardy-Littlewood maximal operator on Morrey spaces of exponent
1. The proof of Theorem 1.6 is given in the last section. Throughout this pa-
per, we denote by C' a positive constant which is independent of the function
f and its value may be different from line to line.

2. THE PROOF OF THEOREM 1.3

We shall first prove Theorem 1.3 (i) by constructing a function which
belongs to /\/l{]’1 but not to /\/12’2, for 1 < p; < p2 < q < 0.

PrROOF OF THEOREM 1.3 (i). Let 1 < p; < p2 < ¢ < o0 and f :=

d(pgij;m). Then we have

d d
(2.1) D g2
q q

and
d(q —p1) +d(q — p2)

d— 5= %

> 0.
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Define g(z) := xp(o,1)(v) + XR”\B(OJ)(QU)|$|_B. Then, for each k € N, we
choose 1y, € (k, k4 1) such that

/ gla) do = [B(0.1) \ BO.K)]|.
B(0,k+1)\ B(0,k)

Next define

[e.e]
(2.2) F@) == xB0.1)(®) + Y XBO.mN\BOK (@)
k=1

We shall show that f € MP1\ MP2. First observe that

[ @< [ e
B(a,r) B(0,r)

for every 1 < p < 00, a € R%, r > 0. Now, for 1 < p < oo and r > 2, we have

P dy = d d
/B o e ds /B o @l de s /B o I

S0

(2.3) / |f(x)|P do < / |:E|_B de = Crd="P
B(0,r) B(0,2r)

and

ea [ el | 2 do
B(0,r) B(0,7)\B(0,1)

_ 1 _
=C(r ﬁ—1)zc(1—2dﬂ)7~d 8.

Therefore, by substituting p = p; into (2.3) and recalling (2.1), we have
(2.5)

11 n d_d d4_8 a_8
|B(0,7«)|q p1 / |f(x)|p1 dx < (Cra prpri r1 =Cra rn <(C.
B(0,r)

On the other hand, for each r < 2, we have

1

© o A nar)
g PO (/B L@l dx> < or (/B L@l dx>

<COri<C.

By combining (2.5) and (2.6) we conclude that f € MP1.
Meanwhile, by substituting p = py into (2.4), we have

1

1_1 »z d_d d=8 d_ B
|B(0, )| ¥z (/ | f(2)[P? dfﬂ) >Cra rpar e =Cro 2.
B(0,r)
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Since g — p% > 0, we have

sup  |Bla,r)| i~ / @) da
a€R,r>0 B(a,r)

ZCsup|B(0,r)|%_$ </ | f ()] dm)
r>2 B(0,r)

a_ B
> (C'supre r2 = o0.
r>2

1

Thus f ¢ M?P?, and we are done. O

Theorem 1.3 (ii) and (iii) are proved by using the function f from the
proof of Theorem 1.3 (i) and its relation with the characteristic function of
its level set. The detailed proof goes as follows.

PROOF OF THEOREM 1.3 (ii)-(iii). For 1 < p1 < pa < g < o0, let f be
defined by (2.2). Observe that

0, =1

This together with the fact that f ¢ M?7? gives

[flwamzz = sup lxqpsapliaee = sup Yl fllaee = [1f[lpee = o0,
v€(0,1) v€(0,1)

and hence f € M¥ \ wM?b2. Thus we have shown that wM¥b? C M2t is a
proper inclusion. Since Mt C wMP', we also have f € wMb \ wMP?, so
the inclusion (iii) is proper. O

3. THE PROOF OF THEOREM 1.4
In order to prove Theorem 1.4, we need the following lemma.

LEMMA 3.1. Let 1 <p < qg< oo. Then
1
Il = NFPN R,
P
Jor every f € ML and
1
1wtz = L1 ae
P

Jor every f € wMY.
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PRrOOF. We calculate

1

g =suw (1857 [ 17 o) = 1AP Iy,
B B ?

By applying the first identity for x 1, we have
{If1>~7}
» 1 1 1 1
p — D p J— D j—
11 IIMM% = supy? ||X{\f|P>7}||M}% = supy? X oy i = 1 T ra
as desired. 0

We also use the following fact about the unboundedness of the Hardy-
Littlewood maximal operator M on Morrey spaces of exponent 1. The oper-
ator M maps a locally integrable function f to M f which is given by

1
Mf(z) = Supi/ |f(y)|dy, =e€R™
r>0 |B(@,7)| /B
LEMMA 3.2. The Hardy-Littlewood mazximal operator M is not bounded
on the Morrey space Mé forl < q < oo.

REMARK 3.3. Lemma 3.2 is a consequence of a necessary condition of the
boundedness of M on generalized Orlicz-Morrey spaces given in [8, Corollary
5.3]. The Morrey space M{l’ in this paper is recognized as the Orlicz-Morrey

space L(®?) with ®(¢) = t and ¢(t) = t~3. Based on [8, Corollary 5.3], the
maximal operator M is bounded on L(®?) if and only if ® € V, (that is,
®(r) < 5z ®(kr) for some k > 1). Clearly ®(t) =t ¢ V.

Now, we are ready to prove Theorem 1.4.

PROOF OF THEOREM 1.4. Let 1 <p < gq. If p=gq, then f(x) := |x|7% €
wMb \ MP. So assume that p < ¢ and write r = %. In view of Lemma

3.1, it suffices for us to prove that M! C wM} properly. Suppose to the
contrary that M! = wM}. Since the Hardy-Littlewood maximal operator M
is bounded from M} to wM}, we obtain

[Mgllwr < Cligllmz,

for every g € ML. Meanwhile, by the Closed Graph Theorem, there must
exist a constant C’ > 0 such that

[Mgllpmz < C'IMgllwr
for every g € M. Combining the two inequalities, we obtain
[Mgllre < Cliglae

for every g € M. This tells us that M is bounded on M}, which contradicts
Lemma 3.2. Therefore, wM.?\ M} # (), as desired. 0
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To conclude this section, we write a proposition which gives us a subset of
weak Morrey spaces with norm equivalence between the Morrey norm || - || M
and the weak Morrey quasi-norm || - ||, az-

PROPOSITION 3.4. Let 1 < p < g < co. Suppose that f is a positive radial
decreasing function in wMP(R?). Then f € Mb(R?) with

1
qWd—1 ’
lloses < 1515 < 7 ) Wl

q—p)|B(0,1)]
that is, || fllwpez ~ 11l aez-
PROOF. Recall that, since yxyjf>43 < |f| for every v > 0, we have
[ fllwre < [z Next, let z € RY. Since {y € B(0, |z[) : f(y) > f(z)} =
B(0, |x|), we have
_ f@){y € B, |z]) : fy) > f(x)}?
fz) = T
B0, |z|)|»
1_1
< BO DIz v lwaty
1
B0, |z])|

By combining the last estimate and

1 _d
= [BO, D77 [ fllwrgle| "

_d < qWd—1 ’
x q P = BO,]- a A NIRO 1) ’
]~ %l vz = 1B(0, 1)] <d<q—p>|B<o,1>|>

where wgy_1 is the surface area of the unit sphere S~ !, we get
1
_1 _d qWd—1 P
Fliame < (|B(0, 1) a|||z| « P)fwPZ(—) Fllwnre-
[l < (IBO, DI |2 aag) ] sz Aq—pIBO.D) 11wz

Hence [| fllwag ~ 1fllaz- a

4. THE PROOF OF THEOREM 1.6

Proor or THEOREM 1.6 (i). It follows from the inclusion Mb2 C ME!
that

IxBomllazr < Clixsomllmzz,

for every r > 0. Therefore

da _d
ra o <(C

for every r > 0, which implies that g; = ¢2. Now choose e € (0, min{%, %}).

For j € N, define hj(z) = X{j<|z|<j+j—<}(7), and for K € N write
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f(x) = X{O§|z|<1}($) + 2511 hj(x). Then

1

Pl

1flpgzs > [B(O, K + K—)| 05 ( /B | () d:c>

(0,K+K—<)
d

(4.1) > C(K + K=Y o (K + K=)51 51 = O(K + K)o
Meanwhile, for each L € N, L < K, we observe that

1

1

P2
[BO.L+L7)% "% / f@)de ) < C(L+L7)m 5
B(0,L+L—¢)

Hence,
(4.2) 1f Wl gz < CUK + K )i 73
By combining (4.1), (4.2), ¢1 = g2, and ||f||M§11 < CHfHMgg, we get
(K+K =) m <C.
As this holds for every K € N, we conclude that p; < ps. O

REMARK 4.1. Note that the difference between the proof of Theorem 1.6
(i) and [4, Remark 3.4] is that we do not assume p; < pa.

PrROOF OF THEOREM 1.6 (ii). By arguing as in the proof of Theorem 1.6
(i) and using the identities

IxBom lurg = 1B, )]
and )
1500 lunezz = 1B, )] %,
we have g1 = ¢2. Assume to the contrary that p; > p2. Define f by (2.2). By

a similar argument as in the proof of Theorem 1.3 (ii)-(iii), we have f € wM&?

but f ¢ wMPE!, which contradicts wM?b? C wMPBL. Hence p; < pa. O

REMARK 4.2. Observe that unlike [4, Theorem 4.4 and Remark 4.5], the
condition p; < po is not assumed in Theorem 1.6 (ii).

PRrROOF OF THEOREM 1.6 (iii). Since MP2 C wMP2, we have MP2 C
M2, Therefore, by virtue of Theorem 1.6 (ii), we have ¢1 = g2 and p1 < pa.
Now, assume to the contrary that p; = p2. According to Theorem 1.4, there
exists fo € wM?E2 such that fo ¢ M. This contradicts wMbE2 C MEt. Thus

p1 < p2, as desired. 0
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