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Summary 

A model of a central centric collision of two fictive rolling disks, with radii equal to the 
radii of pitch diameters of coupled gears, is used to describe the vibro-impact dynamics of 
spur gears. 

Total deformations vary during the operation of spur gears with involute profile, 
particularly as a result of variable number of pairs of teeth in contact. These variations, as 
well as tooth profile misalignments or damages, lead to the backlash, the appearance of 
internal dynamic forces, and impact. Particular values of tooth profile parameters and 
transmission ratio create the conditions for a vibro-impact vibration regime. The vibro-impact 
gear dynamics is characterized by vibro-impact vibrations in the contact between the pinion 
tooth and the wheel tooth during a short period of time after the collision. 

New formulas for the calculation of the time periods between two tooth collisions, as 
well as between two successive tooth collision impacts, are devised. Also, a set of equations 
for the calculation of the disturbance angular velocity of the pinion called the transmission 
error is developed; the transmission error has a role of an excitation for vibro-impact 
vibrations in the gear tooth contact. 

Key words: Spur gears, vibro-impact, collision, coefficient of restitution, angular 
velocity 

1. Introduction 
Gears are most widely used devices for the transmission of rotary motion from one shaft 

to another and they can be found in all kinds of machinery. It is very important to develop a 
reliable model to simulate the dynamic/impact behaviour of gear sets as it could have a wide 
range of applications in the optimization of gear parameters. 

In real operating conditions, the gear teeth and the gear bulks are elastic bodies with 
standard allowed deviations from the standard shape and dimensions. That leads to the 
variations in the real transmission ratio around the constant theoretical value and to the 
appearance of a dynamic transmission error. As a result of elastic deformations of the teeth in 
contact and the above mentioned manufacturing deviations, the drive gear (the pinion in a 
spur gear pair) has an angular clearance (backlash) with respect to the driven gear (the wheel 
in a spur gear pair). 
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If the normal load on tooth flanks in contact were constant during the gear pair 
operation, or if it were possible to always have only one pair of teeth in contact, the total 
deformation of the pair of teeth in contact would remain nearly unchanged. However, the 
number of pairs of teeth which are simultaneously in contact changes during the gear pair 
meshing. During the operation of cylindrical involute gears with straight teeth (spur gears), 
the period with a single pair of teeth in contact alternates with that with a double pair of teeth 
in contact. When the period with a single pair of teeth in contact ends and the period with two 
teeth pairs in contact starts, the normal load on the flanks of the previous pair of meshed teeth 
decreases; therefore, the contact and the bending deformations on this pair of teeth also 
decrease. This change happens during a very short time period and its consequence is the 
appearance of internal dynamic forces that cause the impact phenomenon. The similar 
phenomenon occurs when the period with two pairs of teeth in contact end and the period 
with a single pair of teeth in contact starts. In the same way, the deviations of the tooth profile 
pitch of the pinion and of the wheel could cause internal dynamic forces and, consequently, 
impacts. It should be noted that these deviations can be positive or negative values. 

Extensive research into the gear vibration and other dynamic phenomena has been done 
in last few decades. There are a lot of papers published describing models and procedures 
which attempted to explain some or all of the aspects of gear dynamics. Spitas and Spitas [1] 
give a comprehensive review of published research in this area. Almost all of analyses in the 
conducted research used the equation of motion to explain the gear pair as a multi-DOF 
(degrees of freedom) dynamic system. However, a significant number of authors verified a 
hypothesis that a reduction of the system to a two [2] or to a single degree of freedom system 
[3-7] will not reduce the quality of a model but that it will simplify numerical operations and 
enable a wider range of applications. Vibration of a spur gear pair in all of the mentioned 
models was simulated by two disks coupled by nonlinear mesh stiffness/mesh damping and 
excitation due to gear errors, [2-4, 6-10]. A number of authors use the Finite Element Method 
(FEM) within their gear dynamic models for the calculation of meshed gear teeth 
deformations and stiffness function, [5-7, 11-12]; they found out that this numerical method 
gave excellent results for those purposes. Moradi and Salarieh described a dynamic system of 
a spur gear pair that could be reduced to a single degree of freedom model in terms of 
dynamic transmission error [3]; they concluded that the approximation of the nonlinear 
backlash function with a third-order polynomial could lead to the methodology for studying 
the nonlinear dynamics of spur gears. 

In this paper, a completely new and original application of the extension of the classical 
theory of impact with the theory of kinematics and dynamics of the collision of two rolling 
axially symmetric bodies was used for the investigation of a new model of vibro-impact 
dynamics of a spur gear pair [13-17]. The new model of vibro-impact dynamics of spur gears 
is described in detail in accordance with the main postulates of the model of the central 
centric collision of two fictive rolling disks, with radii equal to the radii of kinematic 
diameters of the pinion and the wheel and with the current rolling axes in collision which 
coincide with the rotation axis of the pinion and the wheel [13-17]. 

2. A model for the vibro-impact dynamics of spur gears 

2.1 Description of collision and vibro-impact phenomena in the contact between gear teeth 
Involute cylindrical gears are widely used, primarily due to the approximately constant 

transmission ratio, which is defined by the following relation: 𝑖 = = =  (1) 
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where: ω1,2 is the angular velocity of the pinion (1) or the wheel (2), z1,2 is the number of teeth 
of the pinion (1) or the wheel (2), r1,2 is the reference radius of the pinion (1) or the wheel (2). 

Vibro-impact dynamics occurs when disturbance of the angular velocity ratio occurs. 
The disturbance of angular velocity of the pinion is defined as: ∆𝜔 = 𝜔 − 𝑖𝜔 > 0 (2) 

and could be considered as the excitation of vibro-impact vibrations. It is necessary to note 
that the conditions for the vibro-impact vibration regime of spur gear operation exist only in 
the special cases of involute cylindrical gears, and that the regime is characterized by the 
vibro-impact behaviour of the pinion gear. Whether the vibro-impact dynamics will occur in 
the coupling of a gear pair or not depends primarily on the gear geometry, i.e. on the tooth 
profile parameters and transmission ratio. These variables could have, in some cases, the 
values which lead to a very small arc distance between the pinion tooth and the next wheel 
tooth. As a result, at the moment of the change in the number of pairs of teeth in contact, the 
collision of the pinion tooth and the wheel tooth causes a backward rejection of the pinion 
tooth and its collision with the next wheel tooth. A number of successive forward-backward 
collisions-impacts occur during a very short time period and lead to a decrease in the 
disturbance of the post-collision outgoing and the next pre-collision arrival angular velocity. 
After a few successive forward-backward collisions-impacts, the regular operation regime 
returns and the gears rotate without vibro-impact vibrations. In the ideal stationary kinetic 
states, this phenomenon is repeated to infinity, and all of operation disturbances described 
have only the character of vibro-impact vibrations and not of permanent disorders of angular 
velocities. However, a certain amount of energy is lost in such cases. 

The calculation of the disturbance of the pinion angular velocity is of main importance 
in the development of a model of vibro-impact oscillations of spur gears. The starting point 
can be the definition of the tooth profile pitch deviation as a result of deformations and 
manufacturing deviations, as: 𝑏 = 𝐾 𝑚 , mm  (3) 

where: mn is the standard normal tooth profile module, while Kb could be defined as the error 
coefficient which has its value in the range 0.01-0.1, [2]. 

Then, the time which is required for a pinion tooth to pass this deviation can be 
expressed as: 𝑇 𝑏 =    , s (4) 

In the research presented in this paper, the vibro-impact of spur gears without any type 
of damage is analysed as a first step in the analysis of the new collision model. 

The disturbance of the pinion angular velocity can be calculated in accordance with the 
postulate that the rotation time of the pinion gear will be the same in the cases with and 
without deviation b: = ∆ , ie  ∆𝜔 = 𝜔  ,  rad/s (5) 

Coefficient Kb in general depends on the variation in the total deformation of pairs of 
meshed teeth and on the deviation of base profile pitch. Variation in the total deformation us 
during the contact period of a single pair of teeth is very small and could be calculated as a 
sum of deformation of the pinion tooth u1, deformation of the wheel tooth u2, and contact 
deformation uH. The point of force action moves from the tooth root to the tooth addendum at 
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the pinion gear tooth; therefore, the moment arm relative to the root increases and, 
consequently, deflection increases. This leads to an increase in the deformation of pinion 
tooth u1. In contrast, the point of force action moves from the tooth tip to the tooth dedendum 
at the wheel gear tooth; therefore, the moment arm relative to the root decreases and, 
consequently, deflection decreases. This leads to a decrease in the deformation of the wheel 
tooth u2 during the contact period. The local contact deformation of meshed tooth flanks uH is 
almost constant during the tooth pair contact. Therefore, if the normal force acting on tooth 
flanks is constant during the gear operation, i.e. if there is a single pair of teeth in contact 
during transmission, the total deformation will be approximately unchanged. 

However, the number of tooth pairs in contact is changing during the gear operation. In 
such conditions, the deformation of the pinion tooth and the wheel tooth, as well as the total 
deformation of the tooth pair in contact, vary. Figure 1 shows the variation in the variables of 
deformations during the single contact period in the case without the profile pitch deviations, 
calculated for a particular gear pair by the Finite Element Analysis, [18]. The variable yp/pb 
defines the contact point position (P) on the path of contact as a distance from the first point 
of the path of contact relative to the base profile pitch of meshed gears (pb). The variations in 
the intensity of the normal contact force and in deformations when the base pitch deviation 
exists can be also calculated, [19]. 

 
Fig. 1  Deformations along the line of action for a spur gear pair without pitch deviations 

If the starting point of the analysis is the beginning of the gear pair operation when the 
wheel (driven gear) is stationary, then the total deformation of the starting meshing tooth pair 
causes a backward movement of the pinion (drive gear). This movement would lead to a 
pinion profile pitch reduction and a wheel profile pitch increase. From theoretical (geometric) 
point of view, the overlap of profile lines of the next tooth pair that should come in contact 
would occur. In real conditions, this leads to the collision of the pinion tooth dedendum with 
the tip of the wheel tooth of the next pair. In this way, the wheel accelerates and its delay with 
respect to the pinion decreases. This corresponds to the moment when the period of a single 
tooth pair ends and that of a double tooth pair starts. If the contact is ideally elastic, after the 
second backward collision-impact, the outgoing angular velocities of the pinion and the wheel 
will return to the values at the starting point of analysis. The same phenomenon occurs when 
the base pitch manufacturing deviation is less than 0, [18-19]. 

A similar analysis could be performed for the moment when the double tooth pair 
period passes and a single tooth pair period starts; at that moment, the single meshed tooth 
pair receives the full external load. This leads to a new collision. The wheel again delays with 
respect to the pinion as a result. The same phenomenon occurs when the base pitch 
manufacturing deviation is greater than 0, [18-19]. As a result, vibro-impact vibrations of the 
gear pair would be generated. 
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In the following consideration, we use the approximation of a gear pair using two fictive 
rolling disks with radii equal to the radii of pitch diameters of the pinion and the wheel. The 
influence of gear masses is taken into account by axial mass moments of inertia for the 
current gear axis of rotation. The angular velocities of the pinion and the wheel before and 
after every collision, and before and after every successive collision-impact, are calculated in 
accordance with the postulates of the extension of the classical theory of impact and collision 
of two rolling, axially symmetric rigid bodies, [13-17]. These velocities depend on the tooth 
profile pitch deviations as well as on the total deformation of a tooth pair. Values of the 
pinion tooth deformation, the wheel tooth deformation, and the total deformation of the tooth 
pair should be calculated precisely; for this reason, the Finite Element Analyses are performed 
using the models developed specially for that purpose, [18, 20-21]. 

2.2 A model of the central centric collision of two rolling disks 
In any point P with a character of vibro-impact vibration behaviour, two fictive rolling 

disks, used to simulate the tooth pair contact, represent a system with the rotation defined by 
the axial mass inertia moments Jp1 and Jp2 for the corresponding instantaneous axis of fictive 
rolling-rotation. In the point P, these disks have the arrival (before-impact) angular velocities 

 011 tPimpact,P 


  and  022 tPimpact,P 


 , and the corresponding outgoing (after-impact) 
angular velocities    011 tPoutgoing,P

  and    022 tPoutgoing,P
 , [13-17]. 

A qualitative and a mathematical analogy between the relations correspond to the 
system of translational dynamics and central collision (impact) dynamics of two bodies in 
translation and the relations correspond to the system of rolling dynamics of two disks and the 
central collision (impact) dynamics of two rolling disks in rolling motion could be found. This 
is in accordance with Petrovic’s theory of elements of mathematical phenomenology and 
phenomenological mappings [22-24] in the sections dealing with qualitative and mathematical 
analogies.  

On the basis of the qualitative and mathematical analogies mentioned above, analogous 
kinetic parameters of these systems can be defined: 

 The axial mass inertia moments Jp1 and Jp2 for the corresponding instantaneous axis of 
rolling-rotation of two bodies in collision during rolling motion are analogous to the masses 

1m  and 2m  of two bodies in collision during translation, [13-17]. 
 Before-impact (arrival) angular velocities at a moment t0 (  011 tPimpact,P 


  and 

 022 tPimpact,P 


 ) of the rolling disks around the corresponding instantaneous axis are 
analogous to the corresponding before-impact velocities (  01 tv

  and  02 tv ) of two bodies in 
translation at the moment before collision. 

 After-impact (outgoing) angular velocities at a moment t0 + τ (    011 tPoutgoing,P
  

and    022 tPoutgoing,P
 ) of the rolling disks are analogous to the corresponding after-impact 

(outgoing) velocities (  01 tv  and  02 tv ) of two bodies in translation at the moment before 
collision. 

On the basis of Petrovic’s theory [22 -24] and the qualitative and mathematical 
analogies, as well as on the basis of the hypothesis of conservation of linear momentum 
(impulse) before and after collision, which is valid for the impact dynamics of two bodies in 
translatory motion, an analogous hypothesis of conservation of the sum of angular momentum 
(moment of impulse) before and after collision for the impact dynamics of two disks in rolling 
motion is formulated by K. Hedrih [13-17] and is given by the following relation: 

         022011022011 tttt PPPPPPPP
 JJJJ  (6) 
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Consequently, a new definition of the coefficient of restitution of the collision of two 
rolling disks [24] can be expressed as a ratio between the differences of angular velocities of 
rolling disks before collision and after collision, [13-17] in the following form: 
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This coefficient of restitution of the collision of two rolling bodies is a real, 
dimensionless number whose value is between zero and one (0-1); it depends on the material 
of the bodies and can be determined experimentally, [25]. 

In accordance with relations (7) and (8), the expressions of after-collision outgoing 
angular velocities of rolling disks or balls can be expressed in the following forms [13-17]: 
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2.3 The calculation of time periods between collisions and successive collisions-impacts 
In order to define the points in which the collision occurs during the gear pair operation, 

the characteristic points on the line of action should be defined. These points correspond to 
the moments when the normal contact force acting on the meshed flanks changes its value, 
Fig. 2. Therefore, the characteristic points (the points on the line of action when the number of 
tooth pairs in contact changes) are: point A - the first point of a tooth pair contact at the 
moment when the previous tooth pair is still in contact; point B - the first point of the single 
pair period and the last point of the previous tooth pair contact; point D – the next tooth pair 
comes in contact and the period with two tooth pairs in contact starts;  and E - the last point of 
the tooth pair contact period and the first point of the single contact period for the tooth pair 
which came in contact at point D. It could be noticed that the point A for a particular tooth 
pair corresponds to the point D for the next teeth pair, and, in the same way, the point E for a 
particular tooth pair corresponds to the point B for the next tooth pair. Therefore, the 
following points should be analysed as the collision points (moments) during the rotation of 
gears: 

 point A – when a tooth pair comes in contact and it could be approximately assumed 
that the tooth pair receives and transmits half of the total normal contact force Fbn/2 

 point B – when the same tooth pair receives and transmits the full total normal contact 
force because the previous tooth pair comes out of contact. 

The distance between the collision points (A and B) can be calculated by the following 
relations: AB = g −p = d − d + d − d − a sin α − mπ cos α  (10) 

BD = BA = p − AB = 2mπ cos α −   

− d − d + d − d + a sin α   (11) 
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where: 𝑔 = 𝑑 − 𝑑 + 𝑑 − 𝑑 − 𝑎 sin 𝛼  – is the length of the line of action [26]; 𝑝 = 𝑝 = 𝑚𝜋 cos 𝛼 – is the base profile pitch; 
pe is the arched profile pitch defined by the distance between the same points on the 

profiles of two adjacent gear teeth; 
da1,2 is the tip diameter of the pinion (1) or the wheel (2); 
db1,2 is the base diameter of the pinion (1) or the wheel (2); 
a is the gear axis distance; 
m is the normal module; 
α is the angle of tooth involute profile, and 
αw is the angle of line of action, [26]. 

 
Fig. 2  Characteristic points corresponding to collision occurrences 

Then, by applying the relations 𝑖 = = = =  for the transmission ratio, 𝜀 =  for the contact ratio, and 𝑇 " = 𝑇 ′ = 𝑇 ′ = 𝑇 ′ cos 𝛼 =  for the time 
period corresponding to the arched profile pitch, the formulae for the calculation of the time 
periods between tooth collisions have been derived: T "(AB)=T(gα)-T(pe)=T εαpe -T pe =εαT pe -T pe = ε − 1  (12) 

T " BA =T pe -T AB = − ε − 1 = 2 − ε  (13) 

The time periods between successive collisions-impacts after the collision in every 
collision point along the line of action depend on the arcs corresponding to the distances 
between the teeth (αA and αB), which are determined by the base involute profile parameters, 
i.e. the profile modification (shift) coefficients x1,2 and the angle of involute profile α. For the 
calculation of the time periods between tooth successive impacts after the collision, the 
following relations are derived taking into consideration the disturbance of angular velocity 
defined by relation (5). Therefore, the final forms of the formulae obtained for these time 
periods are given as: t α = ∆ ;  t α = ∆   (14) 

3. Vibro-impact vibrations of a gear pair – case study 
The model of vibro-impact vibrations of spur gears described above is demonstrated on 

a particular spur gear pair which has been chosen from a series of spur gears; the main 
characteristics and dimensions of the gear pair are given in Table 1, [20]. This gear pair has 
the geometry characteristics which define such values of the arc distances between the pinion 
tooth in contact and the wheel tooth of the next tooth pair that is not yet in contact, which are 
small enough to lead to the vibro-impact vibration behaviour. In order to calculate the 
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coefficient Kb, the total deformation variation along the line of action is calculated by Finite 
Element Analysis (FEA) performed for this spur gear pair [20]. The obtained results are 
shown in Fig. 1. 

A case without pitch deviations of meshed tooth pairs and base profile pitch deviation is 
assumed. In accordance with the explained theoretical model of vibro-impact vibrations of 
spur gears, the disturbance of angular velocity defined by relation (5) has been calculated. 
Then, the time periods between tooth collisions as well as between tooth successive collision-
impacts after each collision have been calculated in accordance with relations (12-14). The 
new formulae are derived in accordance with the same assumptions. These values have been 
used for the calculation of angular velocities of the pinion and the wheel before and after 
every collision and before and after every successive collision-impact in accordance with the 
postulates of the extension of the classical theory of impact and collision of two rolling disks, 
given by expressions (8) and (9). The algorithm for the calculation of all main characteristic 
variables of vibro-impact oscillations of the spur gear pair (each outgoing and the next arrival 
angular velocities in successive forward-backward collisions, angular momentum, kinetic 
energy, and transmission ratio) is programmed in the MathCAD software. For the spur gear 
with characteristics given in Table 1, the obtained results for the variations in the wheel 
angular velocity, kinetic energy of the wheel, and the transmission ratio during two contact 
periods are given in Fig. 3. It is very easy to recognize the points A (the first and the third 
collision in Fig. 3) and points B (the second and the forth collision in Fig. 3) in these 
diagrams. 

Table 1  Characteristics of a particular real spur gear pair 

Variable Symbol and value 
Number of teeth z1=20; z2=96 z1=20; z2=80 z1=20;z2=60 

Transmission ratio i =z2/z1 =4.8 i =z2/z1 =4 i =z2/z1 =3 
The coefficients of profile 

modification x1=0.7; x2= -0.2 

Gear face width b=350 mm 
Profile module m=mn=24 

Rpm for the wheel n2=4.1596 min-1 
Wheel torque T2=2526.8 kNm 

Material characteristics E = 206 000 N/mm2;  = 0,3 

4. Analysis by a variation in the coefficient of restitution of a collision 
The analysis has been performed for the main characteristics of the first spur gear pair 

given in Table 1, with a constant transmission ratio of i=4.8. The variation in the coefficient 
of restitution of the collision has been performed within a range of values, from the value of 
an ideally elastic collision with k=1, through the value for steel of k=5/9 to the value of k=1/2. 
The constant contact ratio leads to the same time periods between tooth collisions and 
successive impacts as in the previous analysis. All the characteristic variables of vibro-impact 
oscillations of the spur gear pair (the pinion and wheel angular velocities, the pinion and 
wheel angular momentum, kinetic energy of the pinion and the wheel, and the transmission 
ratio) are calculated by means of a theoretical model programmed in MathCAD; the 
appropriate comparative diagrams have been created for the previously mentioned three 
values of coefficient of restitution. The angular momentums are calculated as the products of 
the corresponding moments of inertia and angular velocities. The obtained results are shown 
in Figures 4 - 7. 
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(a)                                                                            (b) 

(c) 

Fig. 3  The variations in the wheel angular velocity ω2 (a), kinetic energy of the wheel Ek2 (b) and transmission 
ratio i (c), during two contact periods for the first spur gear pair given in Table 1 (i=4.8 and k=5/9) 

The variation in the coefficient of restitution of the collision leads to the variation in the 
amplitude of vibro-impact vibrations. The amplitudes of all the studied variables decrease 
when the coefficient of restitution increases. In the cases of ideally elastic collisions (with 
k=1), the periodic repetition mode of vibro-impact dynamics stays "forever", and the 
coefficient of restitution of the collision has a character of the damping coefficient - when it 
increases, the amplitudes of all the studied variables decrease significantly. 

         
a)                                                                      b) 

Fig. 4  The variations in the pinion angular velocity ω1 (a) and the wheel angular velocity ω2 (b) during a 
contact period for different values of the coefficient of restitution of the collision 
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a)                                                                           b) 

Fig. 5  The variations in the kinetic energy of the pinion and the wheel (Ek1 and Ek2) during a contact period for 
different values of the coefficient of restitution of the collision 

   
a)                                                                       b) 

Fig. 6  The variations in the pinion angular momentum Mu1 and the wheel angular momentum Mu2 during a 
contact period for different values of the coefficient of restitution of the collision 

 
Fig. 7  The variations in the transmission ratio during a contact period for different values of k 

5. Discussion and Conclusions 
A new model for the investigation of vibro-impact dynamics of gears is developed, as 

the abstraction of a real system under corresponding assumptions, on the basis of 
approximation with two fictive rolling disks in successive centric central collisions. Within 
this model, the classical theory of impact is extended by the developed theory of kinematics 
and dynamics of the collision of two rolling axially symmetric rigid bodies. This extended 
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theory is used for the determination of the outgoing angular velocities of the pinion and the 
wheel before and after every collision from a series of successive collisions, as well as before 
and after every successive forward-backward collision-impact between gear teeth. 

The explained theoretical model of vibro-impact phenomenon in spur gears, as an 
approximate abstraction of the real vibro-impact system dynamics, has proved to be very 
suitable for the analyses of the dynamics of spur gears with such profile parameters and 
deviations that they lead to the backlash, the appearance of internal dynamic forces, and 
impacts. 

By studying the analyses of the particular gear pair presented in this paper, the 
following conclusions can be drawn: 

 Vibro-impact vibrations of spur gear pairs cause a significant variation in the main 
variables considered in the gear dynamics; 

 A number of successive collision-impacts occurring during a very short time period 
lead to a decrease in the disturbance of angular velocity, but after a few impacts the 
disturbance is reduced, the regular operation regime is re-established and the gear rotates 
without vibro-impact vibrations. The ideal situation would lead to the repetition of this 
phenomenon to infinity. All of the described operation disturbances have only a character of 
vibro-impact vibrations but not of permanent disorders of angular velocities. However, a 
certain amount of energy is lost in these cases. Therefore, an extension of the new model 
developed and presented in this paper could be used for energy efficiency calculations. 

 In the cases of ideally elastic collisions, the periodic repetition mode of vibro-impact 
dynamics lasts "forever" and would  provoke a very high level of noise and vibrations; 

 The coefficient of restitution of collision for an inelastic collision has a value smaller 
than 1. It is a parameter with a great impact on the vibro-impact vibrations of spur gears and 
has a character of damping coefficient - when it increases, the amplitudes of all the studied 
variables decrease. 
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