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INEQUALITIES VIA (p,r)-CONVEX FUNCTIONS

MUHAMMAD ASLAM NOOR, KHALIDA INAYAT NOOR AND SABAH
IFTIKHAR

ABSTRACT. The main aim of this paper is to introduce a new class
of convex functions, which is called (p,r)-convex functions. We derive
some new Hermite-Hadamard type integral inequalities via (p,r)-convex
functions. Some special cases are also discussed. These results can be
considered as significant improvement of the known results. The technique
and ideas of this paper may motivate further research.

1. INTRODUCTION

Convexity theory has become a rich source of inspiration in pure and
applied sciences. This theory had not only stimulated new and deep results in
many branches of mathematical and engineering sciences, but also provided
us a unified and general framework for studying a wide class of unrelated
problems. For recent applications, generalizations and other aspects of convex
functions and their variant forms, see [1-17] and the references therein.

Pearce et. al [13] generalized the Hermite-Hadamard inequality to a r-
convex function f which is defined on an interval [a,b]. Let r be a fixed real
number. We say that f: I = [a,b] C R — R is r-convex, if f is positive and
Va,y € I and t € [0,1], we have

(L= )[f(@]" +t[f @], r#0
@) s -varw < { oAU roo.
It is clear that 0-convex functions are log-convex functions and 1-convex func-
tions are ordinary convex functions.
Ngoc et. al [6] obtained the following Hermite-Hadamard inequality for
r-convex function.

57) < i /abﬂx)dxg(7_’;1)i[[f<a>r+[f<bm, r 0.
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Zhang and Wan [18] introduced and studied a new class of convex func-
tions, which is called p-convex.

DEFINITION 1.1 ([18]). A set I = [a,b] C R\ {0} is said to be p-convex
set, if

[(1—t)a? +tyP]r €I,  Va,yel,telo,1].

Some special cases of the p-convex sets are:

I. If p =1, then p-convex set is a convex set.
II. If p = —1, then p-convex set becomes a harmonic convex set.
III. If p = 0, then p-convex set collapses to the geometrically convex set.
This shows that the concept of p-convex sets is quite general and unifying
one.

DEFINITION 1.2 ([18]). A function f: I = [a,b] C R\ {0} — R is said to
be p-convex, where p # 0, if

(1.2) (1= t)a” +tP)7) < (1 =D f(x) +f(y),  Va,yelte[o,1]

We note that, if p = 0, then p-convex functions reduce to geometrically
convex functions [7], that is,

F@ ™) < =0)f(2) +tf(y),  Va,yel,te[o1].

For different and appropriate choices of p, one can show that the p-convex
functions include the convex functions, harmonic convex functions and geo-
metrically convex functions as special cases.

Noor et. al [8] have obtained the integral inequality for p-convex func-
tions, which may be regarded as a refinement of the concept of convexity. In
particular, it has been shown that f is a p-convex function, if and only if, it
satisfies

(=0T ) < sb (=] ) (=) )

b
P f(z)
bp —ar /, xl-p da

Slpdﬂ+wr)+ﬂw+ﬂg

<

2 2 2
(13) < S 1f(@ + /0]

The inequality (1.3) holds in reversed direction if f is a p-concave function.
For recent developments and properties of p-convex functions and their
variant forms, see [10,12].
It is clear from (1.1) and (1.2) that the classes of r-convex functions and
p-convex functions are two distinct generalizations of the convex functions and
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do not contain each other. It is natural to consider a new class of convex func-
tions which unifies these two concepts. Motivated and inspired by this fact,
we introduce new class of convex functions, which is called (p, r)-convex func-
tion. This class is more general and contains several known and new classes
of p-convex and r-convex functions as special cases. We discuss some prop-
erties of (p,r)-convex functions. We derive several new Hermite-Hadamard
inequalities for (p,r)-convex functions. We also discuss some special cases
which can be obtained from the main results. Results proved in this paper
can be viewed as significant contributions in the field of integral inequalities.
Throughout this paper, we take R} = (0, 00), unless otherwise specified.
We now consider a new class of convex functions.

DEFINITION 1.3. Let r be a real number. We say that f : I = [a,b] C
Ry — R is (p,r)-convex function, or f belongs to the class (p,r,I), if [ is
positive and we have

) - oore oty < {GEMERL IO 120 028

The function f is said to be (p,r)-concave function, if and only if the
function —f is (p, r)-convex function.
For t =  in (1.4), the function f satisfies

1 D N
(L5) f<xp+yp)p ) (e ) Cr£0. p£0
i G@TW.  r=0. pAo.
which is called Jensen (p, r)-convex function.

REMARK 1.4. For different and appropriate choices of p, one can show
that the (p,r)-convex functions include the r-convex functions [2], harmonic
r-convex functions [11] and geometrically r-convex functions, as special cases.

DEFINITION 1.5 ([16]). Two functions f, g are said to be similarly ordered
(f is g-monotone), if and only if,

(f(z) = f(y),9(x) —g(y)) >0, Vz,y € R".

The Euler Beta function is a special function defined by
1

Blz,y) = / t" 1 —t)¥tdt,  Ya,y > 0.
0

We now prove that the product of two similarly ordered (p,r)-convex
functions is again a (p, r)-convex function.

LEMMA 1.6. Let f and g be two (p,r)-convex functions. Then, for r > 0,
the product of f and g is (p,r)-convex, if f and g are similarly ordered.



96 M.A.NOOR, K.I. NOOR AND S.IFTIKHAR

PrROOF. Let f and g be two similarly ordered (p,r)-convex functions.
Then

FUL = )2 + ty?)7)g([(1 — t)a® + ty?] )
<[(1 = @] + LTI = O)g(@)]” + tgw)]]7
(1= 02[f(@)g(@)]" + (1= )t([f()g()]" + [f(W)g(@)]")

= [/ (2)g(
+ 2 (y)g(W)]")7
< (1= 2[f@)g@)]" + (1 = ([ f(2)g(@)]" + [FW)g(w)]")
+ [ )W)’

(1.6) = [(1 = B)[f(@)g(@)]" + tIf (1)g(y))"]7

This shows, product of two similarly ordered (p,r)-convex functions is again
a (p,r)-convex function.
The converse of this result is not true. 0

REMARK 1.7. The product of two similarly ordered (0, r)-convex functions
is again a (0, r)-convex function.
2. MAIN RESULTS

In this section, we obtain new Hermite-Hadamard inequality for (p,r)-
convex functions.

THEOREM 2.1. Let f : I = [a,b] C Ry — R be (p, r)-convex function with
a<b. If f € Lla,b], then

(2.1) f([“p‘;b”]‘l’)< b [ 80 < o (1)

—bp—ar J, x'7P 1+7r

PROOF. Let f be (p,r)-convex function. Then, taking x = [(1 — t)aP +
tbp]% and y = [ta? + (1 — t)bp]% in (1.5), we have

f([apjhbp}é) - [[f([(l—t)ap—l—tbp]zlo)]?”_'_[f([tap+(1_t)bp]:,)]r:|i

2 2

Now integrating the above inequality and using Minkowski’s inequality, we

([aerpr )

<(3) [t - e+ by + e + 1 - 0w

0




(p, 7)-CONVEX FUNCTIONS 97

< (;) K/Olf([u_t)ap+tbff’]zi)czt>r+(/Olf([muu—t)bfﬂ]zi)dtﬂi
- Kbppap ab il(midx>}

This implies

(([=0T))

IN

p f()l,>

b —a? J, xl-p

1 . r
F(ta? + (1 — t)bp]p)dt>

I
~ o~ —
o— — >—

IN

1 . r
(= O @] + elf o) 1v~dt>

1(1715 ) +</01t3- b)]dt)r
— @) +1f ( )

which is the required result. 0

<

We now discuss some special cases.
Special Cases:

I). If p = 1 and under the asbumptions of Theorem 2.1, then (2.1) reduces
to the following know result [

(5) = bfa/f o < ([f@] + 01 )

II). If p = —1 and under the assumptions of Theorem 2.1, then (2.1)
reduces to the following new result:

(28 < o [ < qrar +iront ()

III). If p = 0 and under the assumptions of Theorem 2.1, then (2.1)
reduces to the following new result:

b €T 1 r
a) < ot [T < r rvon? ().

THEOREM 2.2. Let f,g € (p,r,I) with a <b. Then, forr >0,
b r
P f(z)g(x)
(2.2) <b1’ — /a xl—P dz
< M(a,b) | =~ +N( n(s(E+1,41 '
a 2 + a7 r ) r b
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where
(2.3) M(a,b) = [f(a)g(a)]" + [f(b)g(b)]",
(2.4) N(a,b) = [f(a)g(®)]" + [f(b)g(a)]",

and B(-,-) is the Beta function.

Proor. Let f € (p,r,I) and g € (p,r,I) with a < b, where r > 0, we
have

@~ a? +a07]7) < (1= 0)[f(@)] + /O],
g([(1 = ta” + 1]7) < [(1 = )[g(@)] + tla(B)]"] "

Using Minkowski’s inequality, we have

(52 [ L8 ar)

= ([ st -0+ 00 - 00+ 1)

< </0 [(1 = 0)?[f(a)g(@)]" + (1 = )[f(b)g(a)]" + (1 = t)t[f(a)g(D)]"

which is the required result. 0

Special Cases:

I). If p = 1 and under the assumptions of Theorem 2.2, then (2.2) reduces
to the following known result [6]:

(555 [ rmtons) = wen( ) wvwn(s(1e1.101) )
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ITI). If p = —1 and under the assumptions of Theorem 2.2, then (2.2)
reduces to the following new result:

(2 / Iaeta) .

< M(a,b)(21r>r+N(a,b)(ﬂ<i + 1,i+1)>r.

III). If p = 0 and under the assumptions of Theorem 2.2, then (2.2)
reduces to the following new result:

<1nb i na /ab f(w)xg(x) dx)r

crtan (3 evan(a(tent 1))

THEOREM 2.3. Let f,g € (p,r,I) be similarly ordered with a <b. Then,
forr >0,

i [ 900 < (gt + g1 (1 . )

PRrOOF. Let f,g € (p,r,I) with a < b, where r > 0. Then

<[(1 = Bf(@)] + O],
<[ -1)g(a)]" +tlg®)]']7

1=

From (1.6), we have
1

FUL = t)a?+t0]7)g([(1 — t)aP +t67] 7 ) < [(1 — 0)[f(a)g(a)] +t[f (B)g(B)]']7

Integrating the above inequality over [0, 1] and using Minkowski’s inequality,
we have

p
bp — qP

/b f(xl)i(,x) d

< ([ 0= ots@ator + dswgortar)

0

< gty | - t)]idt)r +ir@aor (| 1 tidt)r

~ @@l + FOsorT (15 )

which is the required result. 0
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THEOREM 2.4. Let f,g € (p,r,I) with a < b. Then, forr >0,

(g [ Ll =)
< M(a, b)(ﬂ( +1, 1+1>>T+N(a,b)<2:T>r,

where M(a,b) and N(a,b) are given by (2.3) and (2.4), respectively and (-, )
is the beta function.

PRrooOF. Let f,g € (p,r,I) with a < b, where r > 0. Then

[(1—t)[f (@) +t[f O],
[tlg(a)]” + (1 = t)[g(®)]"]7.

Integrating and using Minkowski’s inequality, we have

( v / [l +12 - 27]7) dx)?‘

(/ FU = t)a? + tb?]7 )g([ta? + 1—tbpi)dt>

FUL = t)a? + t57]7)
g([ta” + (1 — )p?]7)

VANV

S[f(a)g(a)]f(/ol[t(l—t)]rdt) + [f(a)g(b)]" /0[(1—75)}’%(1?5)7‘

which is the required result. 0

THEOREM 2.5. Let f € (p,71,1) and g € (p,ra,I) with a <b. Then, for
r1 >0, and ro > 0, we have

2
1

s [ e (i e oy
(2.5) #3522 oty + o] .

2+’I"2
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PRrROOF. Let f € (p,r1,I) and g € (p,re,I) with (r; > 0, 72 > 0). Then
FUQ = t)a? + t7)7) < [(1— O)[f ()] +[f(B)]] 7T,
g([(1 = t)a? + t7]7) < [(1 - 1)[g(a)]™® + t]g(b)]™2] 7.

Now multiplying the above inequalities and integrating over [0, 1], we have

b [ i@, [ . o
bp_ap/a 71-p dSC—/O f([(lft)a +tbp]p)g([(1ft)a +tbp]1>)dt

S/ [ = DIF @] + O] = )lg(@)]™ + tlg(b)] ] = dt

0

1 , 1 2
= % /0 (1 =D @) + t{F )] )77 dt + % /0 [(1 = D)g(a)]™ + t[g(b))"2] 7= dt.

Using Minkowski’s inequality, we have

1
/ (1= D ()] + O] e

[([a-oru zdt)%( /Oza[f@]zdtfﬁ
{ ( (1—t)7 dt)?—k[f(b)]Tl(/Oltr dt) }
1 1A [

— (@] + (o)) (2 un )

It is enough to note that a similar result holds for the function g. Thus

bp—ap/ fxl = 1<2_7|:1T1>Hf(a)]Tl"’_[f(b)]Tl]fl
+;< . )Ug(a)}” +[g(0)]™2] 7,

241y
which is the required result. 0

3o
m‘j
2o

Special Cases:

I). If p = 1 and under the assumptions of Theorem 2.5, then (2.5) reduces
to the following know result [6]:

[ rwar < (G2 @i + o)
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II). If ry = 7o = 2 and under the assumptions of Theorem 2.5, then (2.5)
reduces to the following new result:

b
ol [ 108 4 < P + 0 + o) + o).

III). If 1y =y = 2, f(x) = g(x) and under the assumptions of Theorem
2.5, then (2.5) reduces to the following new result:

b [ < Histor + 002)

bp — P xl-p

IV). If p = —1 and under the assumptions of Theorem 2.5, then (2.5)
reduces to the following known result [9]:

o [ gy < L) W + o]

’I"1+2

+;( - )[[g(a)]”ﬂg(b)rz]é,

T2+2

V). If p = 0 and under the assumptions of Theorem 2.5, then (2.5) reduces
to the following known result [9]:

b T T 71 a
1nbilna/a - i;g( )dx§ ;(T1+2>[[f(a)]n +[f(b)]rl]m

+3 (1 ) Tl + o) %,

THEOREM 2.6. Let f € (p,r1,1I) and g € (p,ro,I) with a < b. Then for
ry >0, r2>0and%+%:1, we have

o, Qo 0 o o
b —ar ), xl-P - 2 '

PrOOF. Let f € (p,r1,I) and g € (p,r2,I) with (r; > 0, r2 > 0). Then

£ = t)a? + 09]5) < [(1 = O[f (@)™ + t[F )],

g([(1 = t)a” + 10")7) < [(1 = B)[g(a)]"™* + t[g(D)]"*] =
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for all t € [0,1]. Now multiplying the above inequalities, using Holder’s

inequality and integrating over [0, 1], we have
b
bp f ap/ f(jl)gp / £ = t)a? + 0] g([(1 — t)aP + thP]F)dt
< [ 10 = 00@r + I 0= la(@) + ta(b) ]

< ([ 1o varora) " ([0t sdaoria)

« (ot [ (- 0)di + o)) / 1 war)”

1

1
T

_ ((F@I + [ ®)]") ™ (l9(@)]™ + [9(b)]™) ™
5 :

Thus

Y CTCI (@1 + )™ (lg(@)]™ + [g®)]™)
bp —ar ), wl-P = 2 ’
|

which is the required result.

For suitable and appropriate choice of ry, o and p, one can obtain several
new integral inequalities for various classes of convex functions.

THEOREM 2.7. Let f,g € (p,r,I) with a <b. Then, for r > 0, we have
ab + P a + 7\ p P f@)g(@)  \"
V(A=) -G [ e

1 1 " r
2. < M(a,b -+1,-+1 N(a,b
2o =way(p(trnten)) even (35
where M (a,b) and N(a,b) are given by (2.3) and (2.4), respectively and ((

is the beta function.

PRrOOF. Let f,g € (p,r,I) with t = % Then
([ < ey’ e

.7.)

g({xﬁ;yﬁﬁ . [[g@)r;[g(y)r}{ o

Let z = [(1 — t)aP + tbP]», and y = [ta? + (1 — t)bP]7. Then we have
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(%
([

Let a = [(1 — t)a? + 0P
ab + b af 4 b°

f([ 2 } )g([ B } )
< D@ @+ OO+ @) GO @)
= ([ @V s@1 O O @ O] + O @) at

Using Minkowski’s inequality, we have

([ w@ru@r + 5orisor + v@rs®y + orisar)* ) a
(/ﬁﬂ)ﬂ(ﬂ )+ ([ )
+( [ ir@nsmn) + ([ o)
< ([ s ) ( [ r@nisar)
+<1
([

} ) (é) a? + t07]5)]"+ [ £ ([t +(1—)7]3)] )"
} > ( > (1=t)a? + tb7]3)]"+ [g ([taP+(1-1)07]3)] ")
7,

and b = [ta? + (1 — ¢)b”]%. Then

ﬁumwr+u_mmmqmg
T)F((1 - ﬂH)V+mwwﬁw)

S2Kb”—al’/a fxl—P )
() ol

This implies
([ )[5))] - (ot [ F50e)
SM(a,b)<B<i+l,i+1)> + N(a, b)<2+r> ,

which is the required result.
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Special Cases:

I). If p = 1 and under the assumptions of Theorem 2.7, then (2.7) reduces
to the following know result [6]:

b
21" a5 = (= [ f@ata)da)’

< M(a7b)(5(% 11, % +1)) + N(a,b)(ﬁ)?

II). If p = —1 and under the assumptions of Theorem 2.7, then (2.7)
reduces to the following know result [9]:

ab ab \qr ab b f(x)g(x r
21 (Z0)g( 20 - (2 [

< M(a,b)(ﬁ(% +1, % + 1))T + N(a,b)(#)r.

CONCLUSION

In this paper, we have introduced a new class of convex functions, which
can be viewed as unifying one. We have derived several integral inequalities
via this class. Results obtained in this paper can be viewed as significant
contribution in this field. For appropriate and suitable choice of p and r, one
can obtain new results for various known and new classes of convex functions.
Ideas and techniques of this paper may stimulate further research.
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Nejednakosti za (p,r)-konveksne funkcije
M. A. Noor, K. I. Noor i S. Iftikhar

SAZETAK. Glavni cilj ovog ¢lanka je uvesti novu klasu konvek-
snih funkcija, koje nazivamo (p, r)-konveksne funkcije. Izvodimo
neke nove integralne nejednakosti Hermite-Hadamardovog tipa za
(p, r)-konveksne funkcije. Diskutiramo i neke specijalne slucajeve.
Ovi rezultati se mogu smatrati znacajnim poboljSanjem prije poz-
natih rezultata. Tehnike i ideje uvedene u ovom c¢lanku mogle bi
motivirati daljnja istrazivanja.
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