ISSN 1846-6168 (Print), ISSN 1848-5588 (Online)
https://doi.org/10.31803/tg-20180824073309

Original scientific paper
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Abstract: The application of the boundary element method to the calculation of a closed circular cylindrical shell of step-constant thickness, loaded over the entire surface by a
uniform normal pressure, is described. The numerical example is considered. The results of the calculation are compared by two numerical methods — boundary and finite elements.
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1 INTRODUCTION

The majority of the problems of construction mechanics
associated with the study of the stress-strain state (SSS) of
designs and their elements are reduced, as a rule, to one or
several differential equations. Accurate solutions of these
equations, namely the solutions in a closed form, cannot al-
ways be obtained. In this regard, for the solving of many
practical problems, approximate methods of research are
used.

Presently, the most developed numerical method is the
finite element method (FEM). The search for alternative ap-
proaches had led to the emergence of a new method, or ra-
ther, to the emergence of the boundary element method
(BEM). Here, the whole area under consideration is not sub-
jected to discretization, as opposed to the finite element
method, but only its boundary. Considerable numbers of
works are devoted to this direction in the field of structural
mechanics. However, many problems remain unresolved.
One of these problems is the calculation of shells.

2 ANALYSIS OF RECENT RESEARCH AND PUBLICATIONS

A great variety of engineering tasks in construction
requires the attraction of effective methods for their
calculation. Since researchers are not always satisfied with
the results of FEM, it is extremely necessary to apply
accurate and perfect methods for the calculation and analysis
of engineering structures, in particular of cylindrical shells.

The literature on the research of cylindrical shells is very
voluminous. However, there is no research where a modern
numerical-analytical variant is applied [1-5]. Basically, the
numerical-analytical version of BEM is developed for rod
and plate systems [6-11].

At the same time, with insignificant resources (memory
and speed), BEM allows engineers to obtain very accurate
values of the stress-strain state of various engineering
constructions. In this connection, the application and
obtaining of mathematical models for various variants of
BEM is an actual problem in calculations, modeling and
designing of existing engineering constructions.

3 THE PURPOSE OF THE WORK

The purpose of this research is the construction of
mathematical models of the state of cylindrical shells of
piecewise constant rigidity that are suitable for the
application of the numerical-analytical variant of BEM.
Calculations of the stress-strain state of the cylindrical shells
of BEM and FEM (ANSYYS) are performed and their results
are compared (MATLAB).

4  MAIN PURPOSE OF THE ARTICLE

Let us consider the bending of the closed circular cylin-
drical shell of step-constant thickness, loaded over the entire
surface by the uniform normal pressure intensity p (Fig. 1).

In view of the symmetry of the load p relative to the shell
axis, the deformation of the latter will also be symmetric. The
bending of such a shell can be characterized by the bending
of a beam-strip of unit width separated from the shell under
consideration by two meridional planes (Fig. 2).
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Figure 1 Closed circular cylindrical shell that is loaded with comprehensive exter-
nal evenly distributed pressure

In view of the symmetry of the load p with respect to the
shell axis, the deformation of the latter will also be symmet-
ric. The bending of such a shell can be characterized by the
bending of a beam-strip of unit width, separated from the
shell under consideration by two meridional planes (Fig. 2).

The following will act on the beam-strip:

a) the transverse load p uniformly distributed along the
length;

b) T forces applied to the lateral faces of the beam-strip and
characterizing the effect of the cut off part of the shell.
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The forces of 7, are directed tangentially to the
circumference of the cross section of the shell;

c) longitudinal forces 7>, caused by the action of normal
pressure on the end bulkheads of the shell.

Since the angle between the meridional cross sections of

a beam-strip of unit width (Fig. 2a) is equal to d@ = l, then
r
. T . .
the resultant of the forces T, is — and the total intensity of
r

o T
the transverse load of the beam-strip is p, = p +—%.
r

Figure 2 To the derivation of the differential equation of the axisymmetric bending
of a circular cylindrical shell

Since this beam-strip, in addition to the lateral load is
also subject to the action of longitudinal forces T, the
differential equation of the bending of such a beam-strip will
then be written in the following form:

d*w d*w

Dot e T
d*w d*w T,
D?_TIEZNT’ (1)
ER’ o ,
where: D = ﬁ - cylindrical rigidity; v - Poisson's ra-
-v

tio.
The force 71 can be expressed through the external pres-
sure p, acting on the end diaphragms of the shell and causing

compression of the shell along the generator. It is obvious
that

2
T T
=-22__% )
2nr 2
According to Hooke's law, for a plane stressed state, we
can write that

1
£=E#Bﬂmx 3)

where &) - the linear deformation of the middle surface of

the shell in the direction of the tangent to its circumference.

With symmetrical deformation, the shell receives some
uniform compression, which is accompanied by a decrease in
the radius of the curvature of the shell by the amount w . The
linear deformation of the middle surface of the shell is then
determined from the obvious dependence

0o _2m(r—-w)=-2mnr  w
82 - =

“4)

2nr r

The eliminating from (3) with the help of (4) the quantity
53 and solving the resulting equation with respect to 7> helps
us obtain the following:

T, =vT, -Eh2.
r
(5)

Using the obtained dependences (2) and (5), we exclude
the forces 7; and 7, from the Eq. (1).We get the following:

d*w prd*w Eh ( Vj
D—+———+—w=pll-——|. 6
4 2 ! 2 r2 p 2 ( )

The last equation determines the elastic surface of a
circular cylindrical shell bounded at its ends by end
diaphragms and loaded with uniform external pressure.

The differential Eq. (6) in its structure represents the
equation of the bending of a prismatic beam of the
inflexibility £1= D, lying on a solid elastic base stiffness with
the inflexibility

k==, (7)

loaded uniformly distributed load with the intensity

q=p@—§] ®

and the longitudinal force
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__pr
T= > )

In the notation (7) - (9), equation (6) can be rewritten in the
form

EW" —Tw"+kw=q. (10)

The Eq. (10) and possible forms of its general integral
are well-known. The form of the general integral is
determined by the numerical value of the parameter S:

T
= , 11
ﬁ'zﬁEk (11)

For the shells of greatest practical interest, the parameter
B satisfies the condition 0 < #? < 1. The general integral of
the Eq. (10), or equivalently, of the Eq. (6) can then be writ-
ten in the form

w(x) = Ci,chdxcosyx + C,chd xsinyx +

(12)

+C3shoxcosy x + Cyshoxsiny x + Wy »

where

S=aJl+f; y=a\l-p; a=4L. (13)

4E1

As p = const, the particular solution is determined by the
formula

2
q_pr’(, v
_a_ PV 14
Vpart =7 Eh[ 2) (14)

A closed cylindrical shell, bounded at its ends by
transverse diaphragms, cannot perceive large external
transverse pressures if the distance between the diaphragms
is sufficiently large. Such a shell can lose stability even at a
very low value of external pressure.

The most effective means of increasing the stability of
cylindrical shells is their reinforcement with annular closed
stiffeners.

In connection with this, consider the work on the bending
of a closed cylindrical circular uniformly loaded shell,
reinforced between transverse diaphragms by equidistant
identical annular ribs of the area 4 (Fig. 3).

Neglecting the influence of the stiffness of the end
diaphragms on the work in the middle part of the shell, we
can assume that the radial compressions of the shell at a
certain distance from the diaphragms will be symmetrical
with respect to the plane of the reinforcing ribs. By virtue of
this, we can confine ourselves to examining the bending of
the shell only within one span.

If we place the origin of coordinates in the middle be-
tween the edges (Fig. 4), then, because of the symmetry of

the shell bending relative to the chosen origin in the expres-
sion (12), only even terms should be retained, that is, take the
form of C, = C5=0.

T T
[
Figure 3 Scheme of a circular cylindrical shell reinforced with identical equidistant
annular ribs
I
,L L /
2 0 2/ x

\
Figure 4 To the formulation of the boundary conditions of a circular cylindrical shell
reinforced by ribs

Expression (12) takes the form

2

w(x) = Py Yy C,chdxcosyx+C,shoxsiny x. (15)
Eh 2

In view of the symmetry of the elastic shell surface

relative to the plane of each of the reinforcing ribs, the angles

of the rotation of the shell on the edges will be zero, i.e. with

x=i£
2
dw
=2 0. 16
% (16)

The second boundary condition is obtained if we con-
sider the interaction of the shell and the reinforcing edge.

When acting on the pressure shell p, the edge is exposed
from the shell side to the action of a uniformly distributed
load with the running intensity pi. The linear load p; is
balanced by twice the value of the transverse force in the
reference section of a beam-strip of unit width, i.e.

d*w
pl :ZDE x:l. (17)

2

The voltage value g, acting in the cross section of the
edge, can be determined, on the one hand, from the obvious
equality
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phr
o, =——, 18
p A (18)

or on the other hand, by the formula

{4
e — (19)

7

From the comparison of (18) and (19), we obtain

W(x - 9
p=———5"2EA (20)

Eliminating p; with (20) from (17), we obtain the second
missing boundary condition for determining the integration
constants in the expression (15):

2Dr? d3_w
EA 4

21

1

X=—
2

Substituting the expression for the x from (15) into the
boundary conditions (16) and (21), we obtain two equations,
the joint solution of which allows us to determine the
unknown C; and Cy:

C < 2pr? (1 vj u,chuysinu, +u,shucosu,
=— _r
2

é15
Eh uysh2uy +uy sin2u, :
(22)
_2pr? (1_Kj u,chusinu, —u;shu,cosu, .
Y Eh 2)  upsh2u +usin2u,
where
& SN
1= 5
th
1+— A (u,u
A1)
ch2u; —cos2u
A (g, uy) =1 7 ! z_.
1. 162) d 1,sh2u, +u,sin2u, (23)
u; :%:u1/1+,6’; U, :%l:u\/1+ﬂ;
u=0,6425 !

N

With the final expression for w(x), we can determine all
elements of the beam-bending strip and, consequently, the
shell elements under consideration bending.

The foregoing solution of the problem takes into account
the influence of longitudinal forces on the bending of the
shell. However, as numerical calculations show, in most
cases, this influence can be neglected. Instead of (10), we
should then consider an equation of the form

EW" +lw=gq. (24)

As it can be seen from the differential Eq. (24) and the
boundary conditions (16) and (21), the approximate solution
reduces to solving the problem of the bending of a single-
span beam, lying on an elastic foundation loaded with a
uniformly distributed load and rigidly embedded at the ends
on elastic supports with a compliance coefficient k7, equal to

2

= 25)

)i

The final formulas for determining the characteristic el-
ements of the bending of the beam-strip, and, consequently,
of the shell as a whole, are written in the following form:

The deflection of the shell in the cross-section between
the ribs

_or’ _z) W],
W(O)_Eh (1 )| 1+B, | 26)

The bending moment in the cross-section in the middle
of the span

__p_lz v () .
MO)=="5 (1 2j1+B,’ @7

The bending moment in reference sections

2
Ml(ijzi(l_zj%z_w; %)
2) 120 2)1+8B

The deflection of the shell in the reference section
2
2 Eh 2 )1+ B,

lh
Here B ="an(u), 010, 71@). 72(u) . py(w) - tabu-

lated functions.

In engineering practice, there are cases when the elastic
rod system is in contact with an elastic base. The calculation
of such a system must be supplemented by a rod scheme on
an elastic base. The simplest and most widely used design
scheme is the E. Winkler model — single-bed scheme. The
simplicity of this model leads to inadequate accuracy of the
results obtained. Therefore, more perfect and accurate mod-
els were later developed.

The Cauchy problem for a model with two bed
coefficients is represented in the form
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Dle(x)+%v"(x) +E—2hv(x) = p(l —ﬁj;
r

2
v(0); @(0)=v'(0);

M(0)=—D v'(0)—Tw(0); (30)
0(0) =-Dv"(0)-Tv'(0);
r=-£"

2

The characteristic equation for the differential Eq. (30) is
a biquadratic:

Dk +%k2 +E—2h=0, K=t

-
G
EHE—zh: 0,
r

Dt +

which roots

‘ r
12 — s
’ 2D
(32)
2
_pry (prj _apEh
2 2 e
k1,2,3,4 ==

2D

The fundamental orthonormal functions of the task for
all four possible variants of the roots of the characteristic
equation are known [1].

Variant 1. Roots are complex (corresponds to low
pressures):

ki 534 =%atib, (33)
where
a=al+p;

b=ayl-p;

a= ‘\‘/z (34)
4p’

pr

Variant 2. Imaginary roots:
ki, =tia; ky 4 = +ib. (35)

This variant of the roots also corresponds to the compres-
sion of the shell.
Variant 3. Four valid roots:

ki o =a; ky 4 =+b. (36)

This variant of the roots corresponds to the extension of
the shell.
Variant 4. Two real roots and two imaginary roots:

ky , =*a; ks 4 ==ib. 37

This variant of the roots also corresponds to the exten-
sion of the shell.

5 RESULTS

As an example, consider a cylindrical shell rigidly
clamped along the ends of step-constant rigidity, which is un-
der the action of uniform internal pressure (Fig. 5).

The algorithm for calculating of the cylindrical shell is:
1. Break the shell into three modules.

2. We form the matrices of the initial and final parameters
and the load vector, taking into account the boundary
conditions, the equilibrium equations and the equations
of the compatibility of displacements of the nodes 1 and
2.

An analysis of the matrix X, shows that in the matrix
A, , it is necessary to zero the first and second columns and

then introduce compensating elements for transferring the fi-
nal parameters from ¥ to the matrix X..

3. The equation of the boundary value problem for a cylin-
drical shell by the boundary element method takes the
form (38).

4. By solving the system (38) in the MATLAB environ-
ment, we obtain numerical and visual parameters of the
stress-strain state of the shell.

5. In accordance with the algorithm above, the cylindrical
shell of step-constant rigidity is calculated for the action
of internal pressure (Fig. 5).
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DY (0)=0; M7 (ly) DYV’ (1) = D' (0) - BN (1)
D" (0)=0; 0*7 () D" (1) = Dyp'(0) - B3 (1)
M(0) M (1) =M"(0) B(1)
0°(0) 0'()=0"2(0) B ()
Dyv' 2 (0) D' (1) = Dyv* 7 (0) B (1)
Y. - D,p'(0) D, (1) = D,p*(0) - By’ (h)
* 1-2 Y= 1-2 2423 B= 1-2
M'2(0) M2 (1) =M>7(0) B3 % (1)
0" (0) 0"()=07(0) B (1)
Dy (0) Dy (13) =0 - B (1)
Dsp*7(0) Dyp*(13)=0 - B3 (1)
M*3(0) M> (1) B3 (13)
2-3 2-3 2-3
0°7(0) 07 (L) B (13)
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Figure 5 Cylindrical shell of step-constant stiffness
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With the indicated shell parameters, the characteristic
equation (30) for each section with constant rigidity has, as
in the previous problem, complex roots:

- On a section with the diameter D,

ki_y =%(0,0899 £i-0,0895),
- On a section with the diameter D>
ki_4 =£(0,0819£i-0,0818),
- On a section with the diameter D5
ki_q =%(0,0758 £i-0,0757),

i.e. where a solution for the fundamental functions and the
load vector are used for the Variant 1.

Because of the calculations in the MATLAB
environment, the values of deflections, angles of rotation,
bending moments, transverse forces and stresses are
calculated. The numerical values of deflections and stresses,
which are calculated with a step of 1m at the points of the
upper formed shell, are given in Tab. 1.

Table 1 Stresses and displacements in a shell of variable rigidity

. BEM, MATLAB FEM, ANSYS
Coordinate -
along the axis, Dis- Displacement.
m Stress, MPa | place- Stress, MPa m ?
ment, m
1 20.828 0.07419 20.754 0.07132
2 20.731 0.07399 20.751 0.07130
3 19.029 0.06867 19.01 0.00162
4 17.353 0.06294 17.415 0.07139
5 17.377 0.06298 17.415 0.07130
6 17.395 0.06301 17.415 0.07130
7 16.021 0.05814 16.183 0.00162
8 15.026 0.05411 15.034 0.07140
9 15.033 0.05412 15.033 0.07130
10 15.037 0.05414 15.033 0.07130
11 14.974 0.05432 15.023 0.07139

In order to verify the results of the calculation using the
MGE algorithm, the problem was solved in the ANSYS
package.

Here, as in MATLAB, the values of deflections, angles
of rotation, bending moments, transverse forces and stresses
are calculated. The numerical values of deflections and
stresses, which are calculated with a step of 1m at the points
of the upper shell generatrix, are given in Tab. 1.

6 CONCLUSIONS

A comparison of the stresses and displacements which
were calculated by two methods (MGE and MCE) shows
their good convergence (the discrepancy is 4-5%).

This paper proves that in calculating the stress-strain
state of cylindrical shells of step-constant rigidity, one can
use CA MGE. In this case, the resolving equation of MGE is
very minimal in magnitude (in the example of 12 equations).

A similar FEM equation contains about 1000 equations with
a very small difference in the results.
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