
 

                                                 



 



 

𝑀𝑎𝑥 {𝑓1(𝒙), … , 𝑓𝑙(𝒙)}

𝑀𝑖𝑛 { ℎ1(𝒙), … , ℎ𝑓(𝒙)}

𝑠. 𝑡
𝒙𝜖𝑆

𝑓𝑟(𝒙) (𝑟 = 1, … , 𝑙) ℎ𝑖(𝒙) (𝑖 = 1, … , 𝑓)

𝑆 = {𝒙|𝑔𝑗(𝒙) ≤ 𝑏𝑗 , 𝑗 = 1, … , 𝑘} 𝑔𝑗(𝒙)(𝑗 = 1, … , 𝑘) 

𝑏𝑗𝜖ℝ (𝑗 = 1, … , 𝑘)

�̅�𝜖

∃! 𝒙𝜖𝑆 ∶  (𝑓𝒓(𝒙) ≥  𝑓𝑟(𝒙) (𝑟 = 1, … , 𝑙), ℎ𝑖(𝒙) ≤  ℎ𝑖(𝒙) (𝑖 = 1, … , 𝑓),

𝛼𝑟𝜖ℝ+(𝑟 = 1, … , 𝑙) 𝛽𝑖𝜖ℝ+ (𝑖 = 1, … , 𝑚)  

 

𝑀𝑖𝑛 𝑦(𝒙) =  ∑ 𝛽𝑖ℎ𝑖
𝑓
𝑖=1  (𝒙) −  ∑ 𝛼𝑟𝑓𝑟

𝑙
𝑟=1  (𝒙)

𝑠. 𝑡
𝒙𝜖𝑆



 

𝑥𝑖𝑗 𝑖𝑡ℎ (𝑖 = 1, … , 𝑓 ) 𝐷𝑀𝑈𝑗 𝑦𝑖𝑗

𝑟𝑡ℎ (𝑟 = 1, … , 𝑙 ) 

(𝒖, 𝒗)  𝐮t𝜖ℝl, 𝐯t𝜖ℝf

 𝐷𝑀𝑈𝑜 (𝑜𝜖{1, … , 𝑛}) (𝒖, 𝒗),

∑  𝑢𝑟
𝑙
𝑟=1 𝑦𝑟𝑜

∑ 𝑣𝑖𝑥𝑖𝑜
𝑓
𝑖=1

𝐷𝑀𝑈𝑜

𝜃0
∗ = 𝑀𝑎𝑥  𝒖𝒚𝒐

s. t. 

𝒗𝒙𝒐 = 1 

                   𝒖𝒚𝒋 −  𝒗𝒙𝒋 ≤ 𝟎    𝑗 = 1, … , 𝑛

                                                                    𝒖 ≥ 𝟎, 𝒗 ≥ 𝒐

𝒗𝜖ℝ𝑓 𝒖𝜖ℝ𝑙 

𝒙𝒋𝜖ℝ𝑓 𝒚𝒋𝜖ℝ𝑙 (𝑗 = 1, … , 𝑛)

𝐷𝑀𝑈𝑗

(5)

𝐷𝑀𝑈0

𝜃0
∗ = 𝑚𝑖𝑛  𝜃

s. t. 
∑ 𝜆𝑗𝒙𝒋 ≤ 𝜃𝑛

𝑗=1 𝒙𝒐

∑ 𝜆𝑗𝒚𝒋 ≥𝑛
𝑗=1 𝒚𝒐

𝜆𝑗 ≥ 0    𝑗 = 1, … , 𝑛

𝜃 𝑖𝑠 𝑓𝑟𝑒𝑒

𝜆𝑗  (𝑗 = 1, … , 𝑛) 𝜃 𝒙𝒋𝜖ℝ𝑓 𝒚𝒋𝜖ℝ𝑙 (𝑗 = 1, … , 𝑛)

𝐷𝑀𝑈𝑗 𝜃0
∗ ≤ 1

 𝜃0
∗ = 1 𝐷𝑀𝑈0



 

 𝐺 = (𝑉, 𝐴) 𝑉 𝐴

, (𝑖, 𝑗)𝜖𝐴

𝑁 = (𝐺, 𝒄, 𝒑, 𝑠, 𝑡)

 

  

  (𝑖, 𝑗)𝜖𝐴 𝑘𝑡ℎ( 𝑘 = 1, … , 𝑓)

𝑐𝑖𝑗
𝑘

  (𝑖, 𝑗)𝜖𝐴 𝑟𝑡ℎ( 𝑟 = 1, … , 𝑙)

𝑝𝑖𝑗
𝑟

 ∀(𝑖, 𝑗)𝜖𝐴  (∃𝑘𝜖{1, … 𝑓} ∶   𝑐𝑖𝑗
𝑘 > 0) 𝑎𝑛𝑑 (∃𝑟𝜖{1, … 𝑙} ∶   𝑝𝑖𝑗

𝑟 > 0

𝒫𝑠𝑡 𝑃𝜖𝒫𝑠𝑡

𝑃, 𝑐𝑘(𝑃) =

∑ 𝑐𝑖𝑗 
𝑘

(𝑖,𝑗)𝜖𝐴(𝑃)  (𝑘 = 1, … , 𝑓) 
𝑟
(𝑃) = ∑ 𝑝𝑖𝑗

𝑟
(𝑖,𝑗)𝜖𝐴(𝑃) (𝑟 = 1, … 𝑙) A(P) 

�̅�𝜖𝒫𝑠𝑡

∃! 𝑃𝜖𝒫𝑠𝑡 ∶  (𝑝𝒓(𝑃) ≥  𝑝𝑟(�̅�) (𝑟 = 1, … , 𝑙), 𝑐𝑖(𝑃) ≤  𝑐𝑖(�̅�) (𝑖 = 1, … , 𝑓),

max {∑ pij
1

(i,j)∈A , …, ∑ pij(i,j)ϵA }

min {∑ cij
1

(i,j)∈A , …, ∑ cij(i,j)ϵA }

                                    ∑ xijjϵ N+(𝑖) − ∑ 𝑥𝑗𝜖 𝑁−(𝑖) = {
1 i = s
0   i ≠ s, t

−1 i = t
𝜖{0,1}         (𝑖, 𝑗)𝜖𝐴



 

𝑖𝜖𝑉,  𝑁+(𝑖) = {𝑗|(𝑖, 𝑗)𝜖A  𝑁−(𝑖) = {𝑗|(𝑗, 𝑖)𝜖A} 𝜖𝐴

 (𝑖, 𝑗)𝜖𝐴, 𝑝𝑖𝑗
𝑟  (𝑟 = 1, … , 𝑙) cij

k (k = 1, … , f)

-

 

𝑁 = (𝐺, 𝑐, 𝑝, 𝑠, 𝑡)

(𝑖, 𝑗)𝜖 𝐴 DMU𝑖𝑗

[ 1, … ,
𝑓

] = [ 1, … , ] [ 1, … , 𝑙 ] = [ 1 , … , ] 𝑘  (𝑘 = 1, … , 𝑓) 𝑦𝑟  (𝑟 =

1, … , 𝑠) 𝑖th 𝑟th DMU𝑖𝑗 . 

 (𝑢, 𝑣)  𝑢𝑡𝜖ℝ≥0
𝑙 𝑣𝑡𝜖ℝ≥0

𝑓
 ∑ 𝑣𝑘𝑐𝑖𝑗

𝑘
𝑘=1

∑ 𝑢 𝑟

 

 

 

≠



 

𝜉𝑖𝑗 ≤
𝑤𝑒𝑖𝑔ℎ𝑡 𝑜𝑓 𝑖𝑡ℎ 𝑖𝑛𝑑𝑖𝑐𝑎𝑡𝑜𝑟

𝑤𝑒𝑖𝑔ℎ𝑡 𝑜𝑓 𝑗𝑡ℎ 𝑖𝑛𝑑𝑖𝑐𝑎𝑡𝑜𝑟
≤ 𝜉�̅�𝑗

 

 𝜉𝑖𝑗𝜖ℝ+ ∪ {0}, 𝜉�̅�𝑗𝜖ℝ+ ∪ {+ }

 𝜉𝑖𝑗 𝜉�̅�𝑗 +

  �̅�𝑖𝑗 𝜉𝑖𝑗 0

 𝜉𝑖𝑗 ≤ 𝜉�̅�𝑗

𝑖 𝑗

𝜉𝑖𝑗

 .

𝑀𝑎𝑥 ∑
∑ urpij

rl
r=1

∑ vkcij
kf

k=1
(𝑖,𝑗)𝜖𝐴

∑ urpij
rl

r=1

∑ vkcij
kf

k=1

≤1                    ∀(i,j)𝜖A     

                                                         𝛼 ≤ ≤ �̅� ∀ ϵ𝛤𝐼

                                                         𝛽 ≤ ≤ �̅�      ∀( ϵ 𝛤𝑂     

γ ≤ ≤ γ̅                     ∀( ϵ 𝛤𝐼𝑂

∆ ≥ ∀ ϵ

≥ 𝜀                                  
≥ 𝜀                                  

       𝑀𝑖𝑛 ∑ ∆

(𝑖,𝑗)𝜖𝐴

        ∑ urpij
rs

r=1 − ∑ vkcij
kf

k=1 + ∆ij= 0                ∀(i,j)ϵA
         −𝑣𝑘 + 𝛼 ≤ 0                             

     𝑣𝑘 − �̅� ≤ 0                              
}      ∀ ϵ 𝛤𝐼

         -ur+βrr'ur'≤0                          

       ur-β̅rr'ur'≤0                          
}    ∀( r,r')ϵ 𝛤𝑂    



 

         -ur+γrkvk≤0                          
        ur-γ̅rkvk≤0                          

}    ∀(r,k)ϵ𝛤𝑂𝐼  

∆ ≥ ∀ ϵ

ur ≥ 𝜀              r=1,…, l 
         𝑣k ≥ 𝜀                k=1,…, f       

}                                             

𝑣𝑘  (𝑘 = 1, … , 𝑓) 𝑢𝑟  (𝑟 = 1, … , 𝑙) Δ𝑖𝑗  (𝑖, 𝑗)𝜖𝐴

 (𝑖, 𝑗)𝜖𝐴,  (𝑘 = 1, … , 𝑓)  (𝑟 = 1, … , 𝑙)

ΓI

(𝑖, 𝑘)𝜖ΓI (𝑘, 𝑖) ∉ ΓI 𝑖𝜖𝑉 (𝑖, 𝑖) ∉ ΓI

ΓO ΓIO

α α̅ (∀ ϵΓI  

 𝛽𝑟𝑟′ �̅�𝑟𝑟′ (∀ ϵΓO  

γ γ̅ ∀ ϵ

ε

( ∆ ) ( )

                               𝑀𝑖𝑛  𝟏𝑚.∆

− + ∆ = 𝟎                  

≤ 𝟎                  

≤ 𝟎   
                                          [ ≤ 𝟎               

∆≥

≥ε 𝑙

≥ε 𝑓

∆𝜖ℝ𝑚, 𝒖𝑡𝜖ℝ𝑙(𝑜𝑢𝑡𝑝𝑢𝑡 𝑣𝑎𝑟𝑖𝑎𝑏𝑙𝑒𝑠), 𝒗𝑡𝜖ℝ𝑓(𝑖𝑛𝑝𝑢𝑡 𝑣𝑎𝑟𝑖𝑎𝑏𝑙𝑒𝑠)

𝑐ij]f×m 𝑝ij]l×m

ϵℝ𝑓×𝑎 ϵℝ𝑙×𝑏 ϵℝ(𝑙+𝑓)×ℎ

|𝛤𝐼| ≤ 𝑎 ≤ 2|𝛤𝐼|, |𝛤𝑂| ≤ 𝑏 ≤ 2|𝛤𝑂| |𝛤𝑂𝐼| ≤ ℎ ≤ 2|𝛤𝑂𝐼|



 

( )

 ( )ϵ

              λij= ∑ vk
*cij

k
f

k=1
- ∑ ur

*pij 
r

l

r=1

( )

λ

λ ≥ ∀( )ϵ )

𝑃𝜖𝒫𝑠𝑡

                    λ(P)= ∑ λ(i,j)
(i,j)ϵA(P)

λ( )

λ( )

λ( )

                                                             𝑚𝑖𝑛 ∑ 𝜆𝑖𝑗𝑥𝑖𝑗(𝑖,𝑗)𝜖𝐴

                                                             ∑ xij
jϵN+(i)

- ∑ xji
jϵN-(i)

= {
1 i=s
0   i≠s,t
-1 i=t

                          𝑥𝑖𝑗𝜖{0,1}       (𝑖, 𝑗)𝜖𝐴

𝑥𝑖𝑗  (𝑖, 𝑗)𝜖𝐴 𝜆𝑖𝑗 (𝑖, 𝑗)𝜖𝐴

 



 

λ( )

 

𝑁 = (𝐺, 𝒄, 𝒑, 𝑠, 𝑡)

= {1,2, . . ,13} | | = 19)

2

λ

(𝑖, 𝑗 ) 𝜆(𝑃)

λ λ

λ

λ λ

λ

λ   



 

-  

1𝑡ℎ, 2𝑡ℎ 3𝑡ℎ

1𝑡ℎ, 2𝑡ℎ 3𝑡ℎ 

𝑃∗(𝑖)

𝑃∗(2)

 

𝑃∗(1)
𝑃∗(2)

𝑃∗(2)

𝑃∗(1)



 

Table 1: s-t paths (s=1,t=13) and their characteristics 

≥

≥

≥ ≤ ≤

Table 2: The weight restrictions and generated CSWs 

Table 3: λ(P) for s-t paths 

Table 4: The favorable s-t paths in each case 



 

Table 5: The ranking scores of s-t paths based on 𝜆(𝑃) 

Table 6: The weight restrictions  and generated CSWs 

𝑝2( ) 𝜆 ( )

𝑃∗(1)

𝑃∗(2)

𝑃∗(3)

Table 7: The favorable s-t paths in each case (s=1,t=23) 

𝑃∗(1)
𝑃∗(3)

𝑃∗(2)

Table 8: Virtual costs for the favorable s-t paths in each case 

 

Figure 1: A network with 13 nodes and 19 arcs 

≥ ≥ ≥

≥ ≥

≥ ≥ ≥ ≤



 

 

Figure 2: λ(𝑃) for each s-t path, P, in each case. (in 10−4 scale( 

 

Figure 3: The ranking scores of all s-t paths with 6 different cases of weight restrictions 
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