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ON POINCARE SERIES OF HALF-INTEGRAL WEIGHT

SONJA ZUNAR
University of Zagreb, Croatia

ABSTRACT. We use Poincaré series of K-finite matrix coefficients of
genuine integrable representations of the metaplectic cover of SLa(R) to
construct a spanning set for the space of cusp forms Sy, (I, x), where I is a
discrete subgroup of finite covolume in the metaplectic cover of SL2(R), x
is a character of I of finite order, and m € ngZZO' We give a result on the
non-vanishing of the constructed cusp forms and compute their Petersson
inner product with any f € Sy, (T, x). Using this last result, we construct
a Poincaré series Ar  m.ex € Sm(T,x) that corresponds, in the sense
of the Riesz representation theorem, to the linear functional f — f (’“)(f)
on Sm (T, x), where § € Cg(;)»0 and k € Zyo. Under some additional
conditions on I' and x, we provide the Fourier expansion of cusp forms
Ar k,m,¢,x and their expansion in a series of classical Poincaré series.

1. INTRODUCTION

In this paper, we adapt representation-theoretic techniques developed for
the group SLy(R) in [5] and [9] to the case of the metaplectic cover of SLa(R).
Using this, we prove a few results on cusp forms of half-integral weight.

To give an overview of our results, we introduce the basic notation. The
metaplectic cover of SLy(R) can be realized as the group

SLy(R)™ := {g _ <ga _ <aa ZZ) ,na) € SLy(R) x Hol(H) :

Co

n2(2) = coz +d, for all z € H},
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where Hol(H) is the space of all holomorphic functions defined on the upper
half-plane H. The multiplication law and smooth structure of SLy(R)™ are
defined in Section 2. The group SL2(R)™ acts on CU {c0} by 0.2 := %.
Moreover, let us denote by C* the set of all functions H — C. For every m €
1+ Z>0, we have the following right action of SLy(R)™~ on C*: (f‘ma) (2) :=
f(o.2)ns(2)72™. Let P : SLa(R)™~ — SLa(R) be the projection onto the first
coordinate.

Next, let T' be a discrete subgroup of finite covolume in SLy(R)™, x :
I' — C* a character of finite order, and m € % + Z>o. The space S (T, x)
of cusp forms of weight m for I' with character y by definition consists of all
f € Hol(H) that satisfy f|mfy = x(7)f for all v € T and vanish at all cusps
of P(T"). The space Sy, (T, x) is a finite-dimensional Hilbert space under the
Petersson inner product

(fi, fop = TN Z (SLa(R)™)| o f1(2) f2(2)3(2)™ dv(2),

where dv(z + iy) = %. We write Sp, (') := S (T, 1). Let us denote by &
the classical lift S,,(T") — C3*2®)" that maps f € S,,,(T) to

Fy : SLy(R)~ — C, Fy(o) == (f],,0) (i),

where ¢ is the imaginary unit. The function ® is a unitary isomorphism
S (T) = (S (1)) = A(T\SLa2(R)™),,, € L? (I'\SL2(R)~) (Theorem 4.3).

The starting point of this paper are results of [12], where we applied the
techniques of [5] to compute certain K-finite matrix coefficients of genuine
integrable representations of SLa(R)™ and study their Poincaré series with
respect to I'. In Lemma 5.1.(5), we show that the Poincaré series PrFy, ., (k €
Z>o, m € 2 + Z>q) discussed in [12, Section 6] belong to A (I'\SLz(R)~),,..
The main result of this paper is Theorem 5.4, which we call The inner product
formula. It is the formula for the Petersson inner product of PrFj ., with
any ¢ € A(I'\SLy(R)™),,. We prove it using the representation theory of
SLo(R)™. Tt is the SLo(R)~-variant of [9, Theorem 2-11].

In the rest of the paper, we use the facts of the previous paragraph to
prove a few results about S,, (T, x) for m € g + Z>o. Most of these results
are half-integral weight variants of results of [5], [6], [7], and [9].

First, by considering the preimages of functions PrF} ,, under ®, in The-
orem 6.1 we construct the following spanning set for S, (T, x) (cf. [5, Lemma
4-2]):

Nk
(Pofiom) (2) == 20" X —2Z D (0)2m 2 e H, & € T,
=Gz

(see (2.1)). Moreover, we obtain results (Theorem 6.2 and Corollary 6.3) on
the non-vanishing of cusp forms Pr , frm in the case when P(I') C SLo(Z)
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by adapting our study of the non-vanishing of functions PrFj, ,,, conducted in
[12, Section 6].

Next, The inner product formula translates via the unitary isomorphism
®~! to Theorem 6.1.(3), which states that for every k € Z>o,

Fk . 4 .
<fa PF,xfk,m>F = Z <l> (QZ)ZHl f(l)(z)a f S Sm(FaX)'

1=0 r—o(m—147)

It is a short way from this relation to the proof of the following fact in the
case when & = i: for every k € Z>¢, the Poincaré series

2" ({r x(7) “om
AF,k,m,&x(Z) T 4 H(m 1 + T) Z — m+k 77’}’(2) , % S Ha
T r=0 yer (7~Z - g)

belongs to S, (T, x) and satisfies

<f7 AF,k,m,&,X)r = f(k) (5)7 f € Sm(F7 X)
We prove that this holds for all £ € H in Proposition 7.1 and Theorem 7.4
(cf. [9, Corollary 1-2]).
Incidentally, our proof of Theorem 7.4 proves the following integral for-
mula (Corollary 7.5):

wey— C2" (T 1 1G)  qpm s
1y e =2 (H( H))/H(z—g)m*’“ ()" do(2)

r=0
for all f € Sn(I',x), k € Z>o, and £ € H. We use this formula in Corollary
7.6 to give a short proof that

(12)  sup }f%) (g)s(g)%k‘ <00,  feSml,Y), k€ Zso,
EeEH

which enables us to prove, in Proposition 7.7, that

sup 3(6) 2 ()%
z,E€EH

for every k € Z>q (cf. [7, (1-5)]).

Next, assume that oo is a cusp of P(T') and that 7°"™ = x(v) for all
v €Ty :={y €T :7v.00 =00}, so that we have the classical Poincaré series
wF,n,m,X S SWL(F7X)a n e Z>07 defined by

Urnmx(2) = Y x(1)e ()72, zEN,
YEL\I

where h € Ry is such that the group {£1} P(I's) is generated by
{i (1 h)} Theorem 8.2 gives the Fourier expansion of cusp forms

Ar ,m.gx(2)] < 00

1
AT km.¢ and their expansion in a series of classical Poincaré series (cf.
[6, Theorem 3-5]). In Corollary 8.3, this Fourier expansion combined with
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(1.2) provides a quick proof of some bounds on the derivatives of classical
Poincaré series (cf. [7, Theorem 1-2]).

Finally, in Section 9 we apply our results to the standardly defined spaces
Sm(N,x), where N € 4Z~ and x is an even Dirichlet character modulo N
(e.g., see [11]). We show that S, (N, x) coincides with Sy, (T'o(N), x), where
T'o(N) is an appropriate discrete subgroup of SLo(R)™, and x is identified
with a suitable character of T'o(IN). Corollary 9.1 gives a formula for the
action of Hecke operators T}z ,, y, for prime numbers p { N, on cusp forms
Ary(N),k,m,e,x 0 terms of their expansion in a series of classical Poincaré
series (cf. [6, Lemma 5-8]).

Let us mention that a non-representation-theoretic proof of formulae for
cusp forms Arp yme (Proposition 7.1 and Theorem 7.4) in the case when
k = 0 can be obtained by adapting the proof of their integral weight version [4,
Theorem 6.3.3] to the case of half-integral weight. The case when k € Z~( can
be derived from the case when k = 0 essentially by taking the kth derivative
(the details can be gleaned from the first sentence of the proof of Proposition
7.1 and from Lemma 7.3). Similarly, the integral formula (1.1) can be deduced
from the half-integral weight variant of [4, Theorem 6.2.2]; the integral weight
variant of the formula (1.1) for & = 0 is actually used in the proof of the
above-mentioned [4, Theorem 6.3.3] (see the last equality on [4, pg. 230]).
On the other hand, our results on the non-vanishing of cusp forms Pr y fi,m
are based on applying Muié’s integral non-vanishing criterion [8, Lemma 2-1]
to the corresponding Poincaré series on SLy(R)™~. To do that, we used the
Cartan decomposition of SLa(R)™, which is not easily accessible when working
directly in Sy, (T, x).

2. PRELIMINARIES ON THE METAPLECTIC GROUP
Let /- : C — C be the branch of the complex square root with values in
{zeC:R(z) >0U{zeC:R(2) =0,3(z) > 0}. We write i :=+/—1 and
1
(2.1) = (V2)T", zeCX, me 5 TL

Next, we define H := {z € C: ¥(z) > 0} and denote by Hol(#) the space of
all holomorphic functions H — C.
The group SLa(R) acts on CU {oo} by

az+b _ <a b> € SLy(R), z € CU{co}.

g.z2 = —CZ n d, c d

We have

(2.2) 3(g.2) LI N <Z Z) € SLy(R), z € H.
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For every N € Z(, we denote

To(N) ;{(“ Z)ESLQ(Z):CO (modN)},

c

mm;{(“ Z)ESLQ(Z):CO,adl (modN)},

Cc

T(N) ::{(Z Z) €SLy(Z) :b=c=0,a=d=1 (modN)}.

The group

SLy(R)™ := {a = (gg = (“f’ Z") ,ng) € SLy(R) x Hol(H) :

CO' o
n2(2) = coz +d, for all z € H},

with multiplication law

(23)  0102:= (90190201 (9022705 (2)) 01,02 € SLa(R)7,
acts on C U {oo} by

0.2 := §o.2, o € SLa(R)™, z € CU {0},
and, for every m € % + Z>0, on the right on C* by
24)  (f|,0)(2) = flo2)ms(2)>",  z€H, feCH, oecSLy(R)™.

In the following, we use shorthand notation (g,,7, (7)) for elements o =
(9os M) of SLa(R)~. The group SL2(R)™ is a connected Lie group with a
smooth (Iwasawa) parametrization R X Ry x R — SLy(R)"™,

(2.5)

1 =z y% 0 1 cost —sint it
v (o 1)) (00,0 o) (R <)

The projection P : SLa(R)™ — SLy(R) onto the first coordinate is a smooth
covering homomorphism of degree 2. The center of SLy(R)™ is Z (SL2(R)™) :=
P~ ({£1}) = (2/4AZ,+).

We will denote the three factors on the right-hand side of (2.5), from left
to right, by ng, ay, and k.

The group K := {k; : t € R} is a maximal compact subgroup of SLa(R)™.
It is isomorphic to (R/47Z, +) via k; — t + 47Z. Its unitary dual consists of
the characters x,, n € %Z, defined by

Xn(kt) = e, teR.

We say that a function F': SLy(R)™~ — C transforms on the left (resp., on the
right) by K as x, if F(ko) = xn(k)F (o) (resp., F(ok) = F(0)xn(k)) for all
k € K and o € SLa(R)™.
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Let us define

w e (3 8)) rema).

The Cartan decomposition of SLy(R)™ is given by
SL:(R)~ = KATK.

ol

Next, we recall the SLa(R)-invariant Radon measure v on H defined by
dv(z + 1y) :== %, z € R, y € Ry, and fix the following Haar measure on
SLQ(R)N: for p e CC (SLQ(R)N),

1 47 '
/ @ dpsL, ()~ = / @ (ngpayk) dv(z +iy) dt
SLo(R)~ ™ Jo H

1 4 oo 4
(2.6) = / / @ (Ko, hikg, ) sinh(2t) dby dt dbs.
o Jo Jo

Furthermore, for a discrete subgroup I' of SLa(R)™, let ppr\sp,®)~ be the
unique Radon measure on I'\SL2(R)"™ such that, for all ¢ € C. (SL2(R)™),

/F\SLQ(]R)N Z

ver

Equivalently, for all ¢ € C, (I'\SL2(R)™),

o(yo) dpr\SL, (R)~ (0) = / © A, (R)~ -
SLa(R)~

1
47T€F

47
/ / ¢ (ngpayke) dv(z + iy) dt,
o Jr\n

where ep = |[I'NZ (SL2(R)™)|. For every p € R>y, we define the spaces
LP (SLa(R)~) and LP (I'\SL2(R)™) using psr,m)~ and pir\sp,m)~, respec-
tively.

We identify the Lie algebra g := Lie (SL2(R)™) with Lie (SL2(R)) = sl2(R)
via the differential of P at 1 and extend this identification to that of the
universal enveloping algebras of their complexifications: U (gc) = U (sl2(C)).

(2.7) / @ dpr\sL, (r)~ =
T\SLz(R)~

Now,
o (0 —i 11 11
T T
form a standard basis of gc (we have [k°,nt] = 2n™, [k°,n"] = —2n~, and
[nt,n~] =k°), and
1 1oy +n= -t
C:=§(kz) +n"nT +n"n

generates the center of U(gc). We will need the formulae [12, (2.13)—(2.14)]
giving the action of C and n™ as left-invariant differential operators on
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C*> (SL2(R)™) in Iwasawa coordinates:

0? 0? 0?
2. =29 | =— + — 2y——
(28) =2 (8x2+8y2)+ Yoror

o (0 0 i 4 0
9. + 2t (Y Y Zem2it
(29) " e (893 Zay) + 2¢ ot
Clearly, n~ acts as the complex conjugate of n™:

g 0 0 i 94 0

— a2t [ -\ 2 26it

(2.10) n- = —iye <8x Jrzay) 5 B

3. PRELIMINARIES ON CUSP FORMS OF HALF-INTEGRAL WEIGHT

Let m € % + Z>p. Let I' be a discrete subgroup of finite covolume in
SL2(R)~. We denote by S, (T") the space of cusp forms for T' of weight m,
i.e., the space of all f € Hol(H) that satisfy

(3.1) fl.y=1f  7ver,

and vanish at every cusp of P(T'). Let us explain the last condition. For a
cusp z of P(T), let o € SLy(R)™ such that o.0o = . Then, it follows from
[4, Theorem 1.5.4.(2)] that
Z (SLa(R)™) o 'T,0 = Z (SLa(R)™) (np)
for some h € Ry, hence f ‘ma has a Fourier expansion of the form
(f‘ma) (2) = Z ane™ e, z e H.
neL

We say that f vanishes at z if a,, = 0 for all n € Z<q.
Next, we recall the half-integral weight variant of [4, Theorems 2.1.5 and
6.3.1].

LEMMA 3.1. Let f € Hol(H) such that (3.1) holds. Then, the following
claims are equivalent:

(1) fesSn). -
(2) sup,ey |f(z)%(z)?| < 00.
m |2
(3) fF\H |f(2)S(2) 7| dv(z) < 0.
More generally, let x : ' = C* be a character of finite order. The space
Sm(T, x) is defined as the space of all f € S, (ker x) that satisfy

(3.2) fly=xMf  vel.

Clearly, Sy, (T') = Sp (T, 1). The space Sy, (T, x) is a finite-dimensional Hilbert
space under the Petersson inner product

(33) (fi.fo)p ==er' /F\H F1(2) f2(2)3(2)™ do(z), f1, f2 € Sm (L, x).
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Let us record the following basic lemma.

LEMMA 3.2. Let 0 € SLo(R)™~. Then f — f‘ma defines a unitary iso-
morphism Sy, (L, x) = S (07'T0,x7), where x° (v') := x (07'0™) for all
v €o To.

The main results of this paper concern elements of S, (T, x) constructed
in the form of a Poincaré series

(3.4) Parod = Y x(Wf,0
yEA\T
where A is a subgroup of I', and f : H — C satisfies f|m)\ = x(A\)f for all
A€ A We write Pry f := Puyr,yf and Prf := Pr1f.
One checks easily that if f € Sy, (ker x), then Py \r,yf € Sm (T, X), and
we have

(35) <f17 Pkerx\F,xf>F = <f1; f>kerx ’ fl S Sm(F7X)

4. SOME REPRESENTATION-THEORETIC RESULTS

Throughout this section, let m € % + Z>o.

Let r be the right regular representation of SLy(R)™ on L? (SLa(R)™).
For a discrete subgroup I" of SLy(R)™, let rr be the unitary representation of
SLa(R)™ by right translations in L? (I'\SLz(R)™).

LEMMA 4.1. (1) There exists a unique (up to unitary equivalence) ir-
reducible unitary representation T, of SLa(R)™ that decomposes, as a
representation of K, into the orthogonal sum ®k€Z>O Xm+2k-

(2) Letw be a non-zero element of the X, -isotypic component of T. Then,
Tm (n7)v = 0, and for every k € Z>g W(n*)kv spans the Xmi2k-
isotypic component of T, .

PRrROOF. The claim (1) is [12, Lemma 3.5.(1)], and (2) is clear from the
proof of [12, Lemma 3.5]. O

The following lemma is central to our proof of The inner product formula.

LEMMA 4.2. Let T be a discrete subgroup of SLa(R)™. Suppose that ¢ €
C> (I\SL2(R)~) N L2 (T'\SL2(R)™), ¢ # 0, has the following properties:

(1) ¢ transforms on the right by K as Xm.

(2) Co=m (2 -1).
Then, the minimal closed subrepresentation H of rp containing p is unitarily
equivalent to T, and @ spans its X m-isotypic component.

PROOF. The lemma [1, Lemma 77] remains valid when the right regular
representation of G on L?(G) is replaced by the representation of G' by right
translations in L? (A\G), where A is a discrete subgroup of G. By this result,
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H is an orthogonal sum of finitely many closed irreducible SLa(R)™~-invariant
subspaces. Hence, its (g, K )-module of K-finite vectors, Hy, is a direct sum
of finitely many irreducible (g, K)-modules, and it is generated by ¢ (see
[2, Theorem 0.4]). From this it follows by an elementary computation in H,
using (1)—(2), that Hg is in fact an irreducible (g, K)-module and that it is
isomorphic, as a K-module, to € keZo g Xm+2k- Thus, H is unitarily equivalent
to 7 by Lemma 4.1.(1). Since ¢ # 0 belongs to its (one-dimensional) x,,-
isotypic component by (1), the second claim is clear. O

Next, we recall the classical lift of f : H — C to Fy : SLy(R)~ — C
defined by

(4.1) Fi(o) = (f] o) (i),  o€SLy(R)”,
i.e., in Iwasawa coordinates,
(4.2) Fr(ngayk:) = f(x + iy)y% e M, z,t € R, y € Rsyp.

The following result is well-known, but we could not find a convenient
reference, so we provide a short proof.

THEOREM 4.3. Let T' be a discrete subgroup of finite covolume in
SLa(R)™. Then, the lift f — Fy defines a unitary isomorphism Sy, (T') —
A(T\SL2(R)™),,,, where A(P\SLo(R)™), s the subspace of L? (I'\SL(R)™)
consisting of all ¢ € L* (P\SL2(R)~) N C> (T'\SLy(R)™) with the following
properties:

(1) ¢ transforms on the right by K as Xm.
(2) Co=m (2 —-1)¢.
Every ¢ € A(T\SLy(R)™), = is bounded.

PROOF. An elementary computation using (4.1), (4.2), (2.7), (2.8),
and Lemma 3.1 shows that f +— Fy is a well-defined isometry S,,(I') —
A (T\SLz(R)™),,. To prove its surjectivity, let ¢ € A(I'\SL2(R)™),,,, ¢ # 0,
and define f : H — C, f(z +iy) := ¢(nga,)y~ . Obviously, f € C*°(H) and
Fy = ¢. Next, by Lemma 4.2 ¢ spans the x,-isotypic component of a closed
subrepresentation of rp that is unitarily equivalent to 7,,. Thus, n=¢ = 0
by Lemma 4.1.(2), so (0, +i9y) f = 0 by (2.10), hence f is holomorphic.
Furthermore, the fact that ¢ € L? (I'\SLa(R)™) implies that f satisfies (3.1)
and, by (2.7), that fF\H |f(2)S(2) % 2 dv(z) < 00, s0 f € S(T") by Lemma

3.1. The same lemma implies that sup, <4 | f(2)3(2) 7 | < 00, so ¢ is bounded
by (4.2). O

Next, let T" be a discrete subgroup of finite covolume in SLy(R)™, and let
X be a character of I' of finite order. For ¢ : SL2(R)~ — C, we define the
Poincaré series

(4.3) (Praw) (0) == > x(Ne(yo), o€ SLy(R)™.
yell
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We write Pry := Pr.1¢. The following lemma provides an elementary con-
nection between these Poincaré series and Poincaré series on H.

LEMMA 4.4. Let f : H — C. Then the series Prf converges absolutely
(resp., absolutely and uniformly on compact sets) on H if and only if Pr, Fy
converges in the same way on SLa(R)™, and in that case

(4.4) Fp..r = PrxFy.
PrOOF. The claim follows by comparing (3.4) and the equality

(Pr Ff) (naayke) : ZX f| fy‘ nzaynt) (1)

Zx ) (z+iy)y®e ™,
vel

which holds for all z,y,t € R with y € Ryg. O

5. PROOF OF THE INNER PRODUCT FORMULA

In this section, we prove the main result of this paper—The inner product
formula (Theorem 5.4). We start by recalling a few results of [12] in the
following lemma.

LEMMA 5.1. Let m € 3 + Z>o and k € Zx,.
(1) We define fim:H — C,

o (2=
z) = (20)" —————.
fk7m( ) ( ) (Z+Z)m+k
Fem = Fy, . 15 a (unique up to a multiplicative constant) matric

coefficient of T, that transforms on the right by K as xm and on the
left as Xm+2k-

(2) CFkym =m (% - 1) Fk,m'

(3) We have

tanh® (¢
Fieom (Ko, htkoy) = Xm2k (Ko,) Wm((t))Xm (Ko,), 61,02 €R, t € Rxy.

(4) If m € 3 + Z>o, then Fy,, € L' (SLo(R)™).

(5) Suppose m € % + Z>o. Let T be a discrete subgroup of finite covolume
in SLo(R)~. Then, the series 3 . cp |Fkm(v-)| converges uniformly
on compact sets in SLy(R)™, and PpFy, ,, € A(I'\SL2(R)™),,,.

PRrROOF. The claim (1) is [12, Proposition 4.7], (2) follows from [12,

Lemma 4.4.(3)], (3) is [12, Lemma 4.9], (4) is [12, Lemma 4.10], and (5)
is clear from the proof of [12, Lemma 6.2]. 0

Next, we prepare a few technical results for the proof of The inner product
formula.
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LEMMA 5.2. Let m € 2+Z>¢ and k € Z>o. Then, we have the following:

2 _ 4nk!
(1) ||Fk7mHL2(SL2(]R)~) T IIP_(m—147)"

(2) Let f € Hol(H). Then, for all z,y,t € R with y > 0,
()87 (raagc)

k k
= Xm—+2k (ke y52< ) 2iy)’ ( H (m—l"'?")) FO(z +iy).

=0 r=Il+1

(5.1)

<

(3) ()" Fim ) (1) = K.

PRrROOF. (1) By Lemma 5.1.(3) and (2.6), we have

4m 4am 2k
tanh
HFk mHLQ(SLQ(]R) ) 47T / / / Costh nh(2t) d91 dt d92,

which, substituting 2 = tanh?(t) and using the identities

1
sinh(2t) = 2sinh(¢) cosh(t) and ——— = 1—tanh?(t),
cosh”(t)
equals
4rk!

1
47r/ (1 —2)" 2 de = 7z .
0 HT:O(m -1+ T)

The last equality is obtained by k-fold partial integration.

(2) This is proved by induction on k € Z>¢ using (2.9) and noting that
in the case when k = 0 the equality (5.1) is the same as (4.2).

(3) Since Fym = Fy, ., (3) is just (2) applied to f = fi ., withz =1 =0
and y = 1. O

Let ' be a discrete subgroup of SLy(R)~. For F € L' (SLy(R)™) and
¢ € L? (D\SL2(R)™), rr(F)p € L? (T'\SLg(R)™) is standardly defined by the
following condition:

(re(F)e, ¢>L2(F\SL2(]R)~) = /s EF(y) (rr(y)e, ¢>L2(F\SL2(]R)N) dpsy, )~ (Y)

Lz(R)N
for all ¢ € L? (I'\SL2(R)™). It is well-known that
(5.2) (re(F)p) (z) = /S oy FOE) dusa )

for almost all x € SLy(R)™. The following lemma is immediate.

LEMMA 5.3. Let T' be a discrete subgroup of SLa(R)~. Let F €
L' (SL2(R)™) and ¢ € L?(T'\SL2(R)™). If ¢ is continuous and bounded,
then the integral in (5.2) is finite for every x € SLa(R)™, and the right-hand
side of (5.2) is a continuous function of v € SLa(R)™.
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Now we are ready to prove the main result of this paper.

THEOREM 5.4 (The inner product formula). Let ' be a discrete sub-
group of finite covolume in SLz(R)~. Let m € 2 + Z>o, k € Z>o, and
¢ € A(T\SL2(R)™),,,. Then,

4 k
5.3 0, PrFom = ( n* cp) 1).
63 | Dt = o (7)) 0
PROOF. The case when ¢ = 0 is trivial, so suppose that ¢ # 0. We have
(e, PFFk,m>L2(r\SL2(R)~) = / ‘P(U)Z Fim(v0) dpir\SL, (R)~ (o)

I'\SLgy(R)~ Ser

(5.4) — [ 00 Fnho) dunsta- ()
T\SL(R)~ 2o

= / OFm disLy®)~ -
SLa2(R)~

Now, Fim € L'(SL2(R)~) by Lemma 5.1.(4), and ¢ is continu-
ous and bounded by Theorem 4.3. Thus, by Lemma 5.3, rr (ka) p €
L2 (T\SLg(R)™~) N C (I'\SLy(R)™) is given by

(5.5) (rr (Fi,m) @) (z) = /SL (]R)NFk,m(y)(p(xy) dpsr,®)~(y), © € SLa(R)™.

In particular,
(rr (Fim) #) (1) = / OFkm dpsL, vy~
SLQ(R)N
so (5.4) implies that

(5.6) () PFFkvm>L2(F\SL2(]R)~) = (rr (Fim) ¢) (1).

To compute (rp (m) gp) (1), we note that by Lemma 4.2 ¢ generates
the xm-isotypic component of a closed subrepresentation H, of rr that is
unitarily equivalent to 7,,. Clearly, rp (m) ¢ € H,. In fact, rp (m) ©
belongs to the xiu421-isotypic component of H,: since Fj ., transforms on
the left by K as xm+2r by Lemma 5.1.(1), we have

(e ) o) ) 2 [ Pl dusor )

/ Fiem (67 1y)o(2y) dusy, @)~ (y)
SLa(R)~

= Xm+2k(’i) / Fk,m(y)sa(my) d:u‘SLz(R)N (y)
SL2(R)~

@2 Xm+2k(K) (10 (Fim) #) ()
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for all € SL2(R)™ and k € K. Hence, by Lemma 4.1.(2),
(5.7) 0 (Flm) ¢ = A (n+)k © for some A € C.

To calculate A, we apply Lemma 4.2, with I' = {1}, to Fg,,. (The
function Fj ., satisfies all conditions of Lemma 4.2 by Lemmas 5.1.(1)—(2)
and 5.2.(1).) We obtain that Fy ,, spans the x,,-isotypic component of a
closed subrepresentation Hp, , of r that is unitarily equivalent to 7,,. Let
®:H, - Hp,,, bea unitary equivalence. Since ¢ and Ey; o, span the xp,-
isotypic components of, respectively, H, and Hp, ,,, we have
(5.8) bp = sFy,, for some s € C*.

By applying @ to both sides of (5.7), we obtain
—_ k
r (ka) Py = A (n+) Do,
which by equality (5.8) implies the following equality of continuous functions
SLo(R)~ — C:
—_ k
r (Fk,m) Fk,m =\ (’nJr) Fk,m-
By evaluating these functions at 1 € SLy(R)™ and using that
- 2
(r (Fi,m) Frem) (1) = [ Frm I 72 51, ()~
by (5.2) and Lemma 5.3, we obtain

2
(5.9) A= 1 mll e sy _ Am

((n+)k Fk7m) 1)  Il_gm—1+r)

by Lemma 5.2. (1) and (3). Thus,

<(p, PFFkam>L2(F\SL2(]R)N) (5:6) (TI‘ (Fk,m) 90) (1)

6. THE MATRIX COEFFICIENTS SPANNING SET FOR THE SPACE Sy, (T, x)
Throughout this section, let m € 2 + Zxo.
THEOREM 6.1. Let T be a discrete subgroup of finite covolume in SLa(R)™,
X : ' = C* a character of finite order, and k € Z>y. Then:

(1) The series Pry fx,m converges absolutely and uniformly on compact
sets in H.

(2) Prxfem € Sm(L, X)-
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(3) For every f € Sy (T, x),

"k ) 47 .
¢ Pt =3 (1) 0 700).

=0 r—o(m—1+r7)

(4) {Prxfnm:n € Z>o} spans Sm(T', x).

PRrOOF. (1) By Lemma 4.4, it suffices to prove that the series Pr  Fy, ,, =
Pr  Fim converges absolutely and uniformly on compact sets in SLa(R)™,
which is clear from Lemma 5.1.(5).

Next, we prove (2)—(4) in the case when x = 1:

(2) Since Fp.y,,. = PrFgm belongs to A(I'\SLz(R)~),, by Lemma
5.1.(5), it follows by Theorem 4.3 that Pr fi ., belongs to Sy, (T).

(3) Let f € S, (I"). We have, by Theorem 4.3,

<f7 Pka,m>F = <Ff7 FPka,mr>L2(F\SL2(]R)’”)

4.4
W (Fy, PrF)

(5.3) 4
[T _o(m—1+7)

(5.1) SR o am W) (s
B §<l>(22) Hizo(m—l—i—r)f (@)

L2(T\SL2(R)™~)

()" ) )

(4) It suffices to show that every f € S,,(I") satisfying (f, Pr fnm)p = 0
for all n € Z> is identically zero. Indeed, from (3) it follows by induction on
n € Zso that such an f satisfies (") (i) = 0 for all n € Zxo, so f is identically
zero since f € Hol(H).

Now, since

PF,xfk,m = Pker X\F,kaerxfk,ma

the claims (2)—(4) in the case when x # 1 follow by (3.5) from the proven
ones about Pier y fr,m- O

Next, we give a result on the non-vanishing of cusp forms Pr , fx,m in the
case when P(I") C SLy(Z). Let us denote by M(a,b) the median of the beta
distribution with parameters a,b € Rsq, i.e., the unique M(a,b) € 0, 1] such

that
M(a,b) 1
/ 2711 —2)lde = / i € R Lo /)
0 M(a,b)

THEOREM 6.2. Let N € Z~o and k € Z>o. Let I' be a subgroup of finite
index in P~Y(T'(N)), and let x : T — C* be a character of finite order. Then,
we have the following:
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(61) X‘FHK #Xm"’_Qk‘FﬁK’
then Pr y fr,m = 0.
(2) Suppose that
(6.2) X‘rm{ = Xm+2k‘FmK-

If

[SIE

AM (5 +1,2-1)>
1-M((E+1,2-1)

then Pr y fr,m 1s not identically zero.

(6.3) N >

k,m;

PROOF. (1) Since the function F}, ,,, transforms on the left by K as xm+2k,
we have

(PraFrm)@) = Y > X000 Fem(d70)

yELNK\T §eTNK

64) = > (Z x(é)xm+2k<6>> XV Frem(70), o € SLao(R)™

~ETNE\T \6€INK
=5
By (6.1), S is the sum of values of a non-trivial character of a finite abelian
group, hence equals 0. Thus, the function Fp. . .. = PrFkm vanishes

identically, hence Pr y fi,m = 0.

(2) It suffices to prove the non-vanishing of Fp._ y, .. = Pr Fim. We do
this by applying to Pr , Fk,m the non-vanishing criterion [8, Lemma 2-1] with
I't = {1} and I'y, = I' N K: The function F} ., satisfies the condition (1) of
[8, Lemma 2-1] since it transforms on the left by K as xm,42r and (6.2) holds.
A compact set C satisfying the conditions (2)—(3) of [8, Lemma 2-1] can be
found using (6.3) exactly as in the proof of [12, Proposition 6.7]. 0

The Table 1 shows the minimal levels N for which Theorem 6.2.(2)
proves the non-vanishing of the series Pr  F) m, for m € {g, , 2, .. 8} and
k €{0,1,2,...,18}. The table was generated using R 3.3.2 [10]. To further
illustrate the strength of Theorem 6.2.(2), we can use some well-known prop-
erties of the median M(a, b) ([12, Lemma 6.12]) to obtain the following variant
of [12, Corollary 6.18].

COROLLARY 6.3. Let N € Zso and k € Z>o. Let I be a subgroup of
finite index in P~Y(T'(N)). Let x : T' — C* be a character of finite order such
that (6.2) holds. Then, Pr . fi,m is not identically zero if one of the following
holds:

(1) k=0 and N >4-2m2\/4m=s — 1,
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TABLE 1. The minimal level N = | N, | + 1 for which The-
orem 6.2.(2) proves the non-vanishing of the series Pr y Fj; m,

forme {3,3,%,...,8} and k € {0,1,2,...,18}.

m
I 5 3 I 4 %5 5 U4 ¢ 1 7 1 3
0 62 14 8 6 5 4 4 4 3 3 3 3
1 107 23 13 9 7 6 5 5 4 4 4 4
2 151 32 17 12 9 8 7 6 6 5 5 5
3 197 40 21 15 12 10 8 7 7 6 6 5
4 242 49 26 18 14 11 10 9 8 7 7 6
5 288 58 30 21 16 13 11 10 9 8 7 7
6 334 67 35 24 18 15 13 11 10 9 8 8
7 379 75 39 26 20 16 14 12 11 10 9 8
8 425 84 43 29 22 18 15 13 12 11 10 9
9 471 93 48 32 24 20 17 15 13 12 11 10
10 516 102 52 35 27 22 18 16 14 13 12 11
11 562 111 57 38 29 23 20 17 15 14 13 12
12 608 119 61 41 31 25 21 18 16 15 13 12
13 654 128 65 44 33 27 22 19 17 16 14 13
14 1699 137 70 47 35 28 24 21 18 16 15 14
15 745 146 74 50 37 30 25 22 19 17 16 15
16 791 154 79 52 39 32 27 23 20 18 17 15
17 | 837 163 83 55 42 33 28 24 21 19 18 16
18 882 172 87 58 44 35 29 25 22 20 18 17
4
(2) m=4and N > —/———,

2k+2 — 27 k+2

k+2 k+2
(8) 0<k<m—4and N >4/ 52 (14 522,

(4) 0<m-4<kand N >4/ (14 555).

7. THE SPANNING SET FOR THE SPACE S,,(I', ) REPRESENTING
DERIVATIVES

Throughout this section, let I' be a discrete subgroup of finite covolume
in SLy(R)™, x : I' = C* a character of finite order, and m € % + Z>op.
For every k € Z>¢ and £ € H, we define pm ¢ : H = C,

- (2i)™ k 1
(7.1) 6MM@_4W<HW—Hﬂ>§??ﬁ.

r=0
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k
Note that 0g m,e(2) = (%) 00,m,e(2).
PROPOSITION 7.1. Let k € Z>o and §& € H. Then, the Poincaré series
Ar kmgx(2) = (PrxOkm.e) (2)

@iy [ ) () o
= E (MIm-1+0) S —2X2 )
i <H 2 (e

converges absolutely and uniformly on compact sets in H and belongs to
Sm (L, X)-

ProOF. This can be proved by applying the obvious half-integral weight
variant of [4, Theorems 2.6.6.(1) and 2.6.7]. We give an alternative proof.
Note that

k
k . 4
(7'2) fk,m = Z (l) (_QZ)lHl T 5l,m,i7 ke ZEO;

=0 7'=O(m -1+ T)

hence by the binomial inversion formula

[y —o(m —1+7) Zk AV
m,i — = . -1 ms Z )
6k7 s 47T(2Z)k —~ l ( ) fl7 k € >0

so the claim in the case when { = ¢ follows from Theorem 6.1.(1) and (2).
Now the claim for general £ = = + iy € H (with z,y € R) is clear, using
Lemma 3.2, from the identity

m

-2k
(73) Arikim7§7x =y >z A(nway)*lf‘nway,k,m,i,x"zay

-1

m (nray) ’

which is easily checked by definitions. O
The following technical lemmas will be used in our analytic proof of

the fact that cusp forms Ar jme represent kth derivative functionals
Sm(T, x) = C (Theorem 7.4).

LEMMA 7.2. Let (X,dz) be a measure space. Let D be a domain in C.
Suppose that f : D x X — C is a measurable function with the following
properties.

(1) For every x € X, f(-,x) is holomorphic on D.
(2) For every circle C C D, [, |f(z,2)] d(z,z) < co.
Then, F : D — C,

(7.4) F(z):= /X f(z,z)dz,

is well-defined and holomorphic on D, and we have

d\*
(7.5) F®(z) = / (d_C) f(C,ac)‘C dzx, z2€D, k€ Zso.
X =z
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PRrROOF. Without (7.5), this is [4, Lemma 6.1.5]. To prove (7.5), let z € D
and fix 6 € Ry such that {( € C: | — 2| <6} C D. Let k € Z~o. We have

F®(z) = 2k_7r!i/|<_z|=5 T F(zi)k“ d¢
7.4 k! f(¢ )
(774) /X <2_7TZ /|Cz|—6 (C - Z)k+1 d<>
k
B /X (d%) f(c’x)‘cm o

by applying the Cauchy integral formula for derivatives in the first and the
last, and Fubini’s theorem in the second equality. o

LEMMA 7.3. Let f € Sp(I',x). Then, the function Iy : H — C,
15 (&) = (f, Ar,0m.ex)r -
is holomorphic, and Ij(ck) (&) = (fy Ar,kymex)p for all § € H and k € Zo.

PROOF. For every k € Z>( and £ € H,

(fy AL kg ) (3—3’—1/ £ S XO0) Grome], 1) (2)3(z)™ doz)

yerl
@2 - /\ ST (F],7) ) Bkme],, ) (2)3(2)™ do(z)
(22) 71 .z z 2) ™ du(z
(7.6) A\H;fv Voeme (1) (7.2)"™ dvz)

- / (e S(2)™ du(2)
H

) (220" (1 fE)  qym
= T(H(mlJrr))/Hm\s(z) dv(z).

r=0

The claim of the lemma follows from (7.6) by Lemma 7.2. The condition (2)
of Lemma 7.2 is satisfied since
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(applying the substitution z — Ng(¢)as(e)-2 for the last equality), and the

right-hand side is obviously bounded for £ in any circle C C H. O
THEOREM 7.4. We have

(78) <fa AF,k,m,ﬁ,x>r = f(k) (g)a f S Sm(ra X)7 ke ZZOa § € H.
For every £ € H, {Ar kmey : k € Z>o} spans Sy (T, x).

PROOF. Using (7.2), Theorem 6.1.(3) can be written in the following way:
for all f € S, (T, x) and k € Z>,

i (?) (2i) T - {fs Ar.mindr

1=0 reo(m—1+r7)
k
k . 4 .
=3 (})ers; FO).
1=0 IL—o(m—=1+r)
This implies, by induction on k € Zxg, that for all f € S,,,(T, x) and k € Z>,
(7.9) (s Arkmindr = fO0).

From here, one can obtain (7.8) for general £ € H in two ways. The first
is algebraic (cf. the proof of [9, Lemma 3-8]): Let f € S, (T, x). Let us write
x = R(€) and y := I(§). By taking the kth derivative at z = i of the both

m

sides of the equality f(z4+yz) =y =2 (f|mnl.ay) (z), we obtain, using Lemma
3.2,

O = yE R (f] nea))® ()

(7.9) _m_p
=y ? f‘ Nz Gy, A -1ir i v Ay
m Y (nzay) ngay,k,m,i,x (nway)—lrnzay

_m_p 1
- <f7 y 2 A(nxay)*lf‘nway,k,m,i,x"":ay |m (nray) >F

(7.3)
=" {f, AT km,ex)r -

A second way to obtain (7.8) from (7.9) is analytic: Let f € S, (T, x).
By Lemma 7.3, (7.9) shows that

I3 = fP3), ke Zso,

i.e., f and Iy have the same Taylor expansion at 7. Since both are holomorphic
on H, it follows by the uniqueness of analytic continuation that

M) = f®P©), et kes,

and this is (7.8) by Lemma 7.3.
The second claim of the theorem follows from (7.8) as in the proof of
Theorem 6.1.(4). O

The equalities (7.8) and (7.6) prove the following integral formula:
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COROLLARY 7.5. Let f € S,,(I', x). Then, for all k € Z>o and { € H,

wer— C20" (T 11 FG) qym gl
70 = (H( 1+>>/H( ()" do(2).

— k
r=0 z— €)m+

More generally, Corollary 7.5 holds for every f € Hol(H) such that
sup,cy | f(2)8(2) 2| < oco. This follows from the half-integral weight ver-
sion of [4, Theorem 6.2.2]. As a simple application of Corollary 7.5, we prove
the following.

COROLLARY 7.6. Let f € S, (T, x). Then, for every k € Z>o,

sup [ F(€)3(6) # | < ox.
EEH

PRrOOF. By Corollary 7.5 and (7.7),

sup |1 (€)3(6) 5+

EEH
k
2m m %(z)?
< — m—1+r (supfz%z2>/7dvz,
i <£[O( )) ZGH\ (2)3(2) e (2)
and the right-hand side is finite by Lemma 3.1. o

Now we can easily prove the following result (cf. [7, (1-5)]).
PROPOSITION 7.7. Let k € Z>o. Then,

sup $(€)2HMS(2) %
z,E€EH

Ar k,m.gx(2)] < o0

PROOF. Let us fix an orthonormal basis {f1,..., fa} of S (T, x). We
have

d d
Armen(?) = 3 (Brsmenc fidr filz2) = 3 1B (2),

=1 =1

TS(2) % A kmaex (2)]

<> (sup \ff’“)(«f)%(«f)’“’“\) (ggg |fi(2)3(2) % ) :

and the right-hand side is finite by Corollary 7.6. O
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8. TWO EXPANSIONS OF CUSP FORMS REPRESENTING DERIVATIVES

Throughout this section, let I" be a discrete subgroup of finite covolume in
SLo(R)™, x : ' = C* a character of finite order, and m € g+ZZO. Moreover,
suppose that co is a cusp of P(I") and that

n,(2) 72" =x(7),  v€Tlw, z€H.
Let h € Ry such that

Z (SLa(R)™) Toe = Z (SLa(R)™) (1)

By the half-integral weight version of [4, Theorem 2.6.9], for every n € Z~g
the classical Poincaré series
wF,n,m,X = -PFOC\F,XGQW’MLi
converges absolutely and uniformly on compact sets in H, and ¥r pm,, €
Sm (T, x). Moreover, by the half-integral weight version of [4, Theorem 2.6.10],
every f € S, (T, x) has the following Fourier expansion:

(81) f(Z) _ EF(47T)m_1 an—l <f7 wl—‘,nm’L,X>1"62ﬂin%7 e H.
n=1

L(m —1)hm &

Here we use the standard notation for the gamma function: I'(z) :=
J e dt, @ € Ry

Theorem 8.2 provides the Fourier expansion of cusp forms Ar k m ¢ and
their expansion in a series of classical Poincaré series. It is a half-integral
weight variant of [6, Theorem 3-5]. Lemma 8.1 resolves the convergence issues
of its proof.

We define a norm || - || ; on S, (', x) by

|ﬂhpﬁwuwmw?wwa F e Snly).

LEMMA 8.1. Let k € Z>o and £ € H. Then, the series

o0 -
(8.2) DR S T
n=1
converges:
(1) absolutely in the norm || - ||r,1’

(2) absolutely and uniformly on compact sets in H,
(3) in the topology of Spm (T, X).

PROOF. The claim (1) implies the absolute convergence of (8.2) at every
z € H by [4, Corollary 2.6.2]. The claim (1) also implies the rest of the claims
(2) and (3) since S, (T, x) is finite-dimensional.



260 S. ZUNAR

To prove (1), observe that

/ E 27rzn I

Hoyera. \F

(2~2)/ ‘ 2min L2 o =z
= e n3(y.2) 2
P>

YET\T

(2)

W) (2)3() 8

@)= s

m_q

h )
Y m h/ 2 m
—2mn4, B—2
/0 /0 ‘ e vaer (27m) (2 )’

L) m LS
m+k—1 727rin§ hg m m oy g _omn3®)
S e 2 R g || < e T (5 = 1) D nE R
ri1= (2m)z 2
n=1 n=1

and the right-hand side is finite by d’Alembert’s ratio test. O

7n,

dv(z)

THEOREM 8.2. Let k € Z>o and £ € H. Then:
(1) Ar km.ey has the following Fourier expansion:

er (4m) ad N N
(8:3) Argmex(z) = ﬁ Z " Wr nm i (£)ETTE z€H.
(2) We have
(8.4)
er (4m)" 2mi)k = —omin
AkaEX( z) = FI(w( )—1hm+k Z mhlem2 ’“‘bf‘nmx(z) z€H.

The right-hand side converges in Sy, (T, x) and absolutely and uni-
formly on compact sets in H.

ProoF. This can be proved analogously to the proof of [6, Theorem 3-
5], all convergence issues being settled by Lemma 8.1. We provide a shorter

proof.
(1) The equality (8.3) follows from (8.1) since (Ar k,m.¢,x> YT n,m,x )1 NE

—
w%‘ﬂ)’hm,x(f)'

(2) We have
() NG B
<AF kym,E,x Ar ,0,m,z X>F = A% % m,z,x(g)

(8.3) er (4m)™ S omin\ * orink
= WZ” Uranm(2)| == ) e

= (47T) _ ( 27” +k—1 —271'1
 T(m—1)hmtk Z " ""wrnmx(z), z € H.

Ar em,g x (%)

The convergence claim follows from Lemma 8.1. O
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Now we can easily prove some bounds on the derivatives of classical
Poincaré series (cf. [7, Theorem 1-2]).

COROLLARY 8.3. Let k € Z>o. Then,
m k
sup n’z 1g(€) T H ‘w(r 317“’%)((5)‘ < 0.
EEH,
n€lso

PROOF. Let us fix an orthonormal basis { f1, fa, ..., fa} of S (T, x), and
for each | € {1,2,...,d} let fi(z) =Yo7, an(fi)e* ™% be the Fourier expan-
sion of f;. We have

[e'S) d
AI‘km&X ZAkaﬁxvfl Z(Z an fl) ming,
=1 -1

for all z,£ € H, hence by Theorem 8.2.(1)

m—1 d
er (4m) MO (¢
R Sl A Z .
T Venma©) Z n€Zs, EEH
Thus,
m_ m k
sup n'z +k‘w1("31mxf)‘
e,
n€lso

F(m— )m d m |an(fl)|

and the right-hand side is finite by Corollary 7.6 and by the half-integral
weight version of [4, Corollary 2.1.6]. O

9. APPLICATION TO CUSP FORMS FOR I'g(IV)
We define the automorphic factor J : T'g(4) x H — C,
O(v.2)
O(z) ’
where © € Hol(H) is given by ©(z) := >, 4 2™’z An explicit formula for
J is given by [3, I11.(4.2)]. It easily implies that for every N € 4Z~¢
Lo(N) :={(7,J(7,-)) : v € Lo(N) NT1(4)}

is a discrete subgroup of finite covolume in SLy(R)™.
Let m € g + Z>o and N € 4Z~. Let x be an even Dirichlet character
modulo N. We identify x with the character of I'o(N) given by

<“ Z) — x(d) for all (‘CL Z) € To(N),

c

J(,2) =
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and with the character of T'g(N) given by (v,J (v, -)) — x(v) for all v €
To(N) NT(4). Finally, we define

Sm(Na X) = Sm(I‘O(N)aX)'

This definition of Sy, (N, x) is equivalent to the one given in [11]. (In [11],
Sm(N, x) is defined regardless of the parity of x, but turns out to be trivial
if x is odd.) The Petersson inner product on S, (N, x) is

(fdeg = [ AERERE™ ), i f2 € SulNo0),

Lo (N)\H

and we have, for all k£ € Z>p and &,z € H,

_ (Q’Ll : o W —2m
AFO(N)7k7ma§aX(Z) - S H(m 1+ T) Z )m—i-k J(’% Z) :

r=0 YELo(N) (’Y-Z —Z

The group T'g(NN) and the character y satisfy the assumptions of the first
paragraph of Section 8, hence we have the classical Poincaré series

wl"g(N),n,m,X(Z) = Z X(’Y)eQﬂ-in’y.zJ(’yv Z)_2ma zZ € H7 nec Z>07
YET0(N) oo \To (V)

and the cusp forms Ap,(n),x,m,¢,x have the expansion (8.4) in a series of clas-
sical Poincaré series. As a final application of our results, in Corollary 9.1 we
express the action of Hecke operators of half-integral weight on Ap(n) x,m.¢,x
in terms of (8.4) (cf. [6, Lemma 5-8]).

For every prime number p, the action of the Hecke operator Tpz p,  :
Sm (N, x) = Sm (N, x) is given by the formula

%) o
Z a(n)627mnz Tp2,m,x — Z b(n)e%mnz’
n=1 n=1

where the Fourier coefficients b(n) are given by
(9.1)

b(n) := a (p*n) + <71>m_é x(p) (E) P 2a(n) + x () p*™%a (n/p?)

p

([11, Theorem 1.7]). Here we understand that a (n/p*) = 0 if p? { n, while

(5) is the usual Legendre symbol if p is odd and is identically zero if p = 2.
If pt N, then

92) {F| Ty Dpy vy = X (0) 91Tz py oy f29 € Sm (N,X) -

This enables us to prove the following corollary.
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COROLLARY 9.1. Let N € 4Z~q, m € % + Z>0, k € Z>o, and § € H. Let
x be an even Dirichlet character modulo N. Then, for every prime number p
such that p{ N, Tp2 , , maps the cusp form

(9.3)
(4m)" " (—2mi)*

AFO(N),k,Tm&X(Z) = L(m —1) Z nm+kilei2mn§wI‘o(N),n,m,x(z)
n=1

to

(Aro () kom.ex | Tp2m.x) (2)

(9.4) Um)" 7 (=2m)E X et
= mTETLE n,m )
Tm—1) n§:1” pokeyn,m,x (Vg (v),n,m,x (2)
where
2 _
X \p —2mily
Ep k.nm.x (§) :=charp2z(n) p(% ) e migEs

_1
+ (_1)m 2 X(p) <ﬁ> pm7%6727ring +p2m+2k726727rip2ng.
p

Here charyeg is the characteristic function of p’Z C Z, and (5) 18 the usual
Legendre symbol.

PROOF. The equality (9.3) is a special case of (8.4). The proof of (9.4)
is analogous to that of [6, Lemma 5-8]. For every z € H, we have

(7.8)
(Aro () kx| Tpzma) (2) = (ATo(w) km x| Tp2im.x: ATo(3),0,m,2.0) To ()

(9.2)
= X (P?) (Aro(w) k.m0 Aro().0,m.z0x| Tp2amon) r ()

X 0%) (Ara,0men| Tpzama) ™ (6):

By (8.3) and (9.1), the right-hand side equals

I(’t;)ril) Z(—Qwin)k (X (pQ) (an)m_l Yro(N),p2n,m,x (%)

n=1
1
1\ 2 n s
+ <_> X(p) <_) pm 2n 11/}I‘0(N),n,m,x(z)

p b

— m—1 —omi —
+p*2 (n/p?) wro(zv>,n/p2,m,x(2)>e 2 n§‘|.

By rearranging this sum to be over the index n in ¥r(ny,n,m, (%), Wwe obtain
(9.4). The rearrangement is valid by Lemma 8.1. O
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