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INVERSE COMPONENT CROPPING SEQUENCES AND
CONNECTED INVERSE LIMITS OVER INTERVALS
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ABSTRACT. We give a characterization of inverse sequences with upper
semicontinuous bonding functions f; : [0,1] —o [0, 1] for which the inverse
limit of the inverse sequence with f;l as bonding functions is connected.

As a byproduct, we obtain another characterization of connected in-
verse limits of inverse sequences with a single bonding function.

1. INTRODUCTION

Connectedness of inverse limits of inverse sequences with upper semi-
continuous (set-valued) bonding functions has been one of the most popular
subjects of investigation in the theory of such inverse limits. Many papers
were published, giving different sufficient or necessary conditions for the in-
verse limit to be connected (many references may be found in [5]). S. Green-
wood and J. Kennedy gave, using so-called component cropping sequences, a
characterization of connected inverse limits of inverse sequences of intervals
with upper semicontinuous bonding functions whose graphs are connected and
surjective ([2]). Also, V. Nall proved the following theorem, giving a charac-
terization of connected inverse limits of inverse sequences of intervals with a
single upper semicontinuous bonding function whose graph is surjective ([7]).

THEOREM 1.1 ([7, Theorem 3.3, p. 171]). Let f: [0,1] — 20 be an up-

per semicontinuous function with a surjective graph. The following statements
are equivalent.

L. @{[Oa 1], £}52, is connected.
2. @{[0, 1], 71152, is connected.
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Then, W. T. Ingram stated the following problem about connections of
inverse sequences {[0,1], f;}52, and {[0,1], f; '}22, concerning a possible gen-
eralization of Theorem 1.1.

PrOBLEM 1.1 ([5, Problem 6.7, p. 78]). Suppose (f;) is a sequence of
upper semicontinuous functions on [0,1] with surjective graphs and that
L{ [0,1], f;}52, is connected. Let (g;) be the sequence such that g; = f;
for each positive integer i. Is hm{[O 1],9i}32, connected?

This problem has already been solved. The question was answered in
the negative (see [1,4]). Motivated by the above problem, we give a char-
acterization of inverse sequences {[0,1], f;}72, for which the inverse limit
L{ [0,1], f;7'}2, is connected. Moreover, we give a new characterization of

onnected inverse limits of inverse sequences of intervals with a single bonding
function.

2. DEFINITIONS AND NOTATION

2001 denotes the set of all nonempty closed subsets of [0,1]. A function
f:00,1] — 20011 i upper semicontinuous at a point x € [0, 1] provided that
if V' is any open set in [0,1] containing f(z) then there is an open set U
in [0,1] containing z such that f(¢t) C V for any t € U; f is called upper
semicontinuous if it is upper semicontinuous at each point of [0, 1].

The graph T(f) of a function f : [0,1] — 2191 is the set of all points
(z,y) € ]0,1] x [0, 1] such that y € f(z). The following is a well known result;
the proof can be found in [5, Theorem 1.2, p. 3].

THEOREM 2.1. Let f : [0,1] — 209U be a function. Then f is upper
semicontinuous if and only if its graph T'(f) is closed in [0,1] x [0, 1].

We use f : [0,1] — [0,1] to denote upper semicontinuous functions f :
[0,1] — 2[01,

We say that the graph of a function f : [0,1] — 20010 is surjective if for
each y € [0,1] there is a point x € [0,1] such that y € f(z).

Let f : [0,1] — 2[% be a function with a surjective graph. Then we
define f=':[0,1] — 200U by f~1(2) = {y € [0,1] | z € f(y)}. Note that
f is upper semicontinuous if and only if f~! is upper semicontinuous since
T(F1) = {(z,y) € [0,1] x [0,1] | (y,2) € T(f)}.

In this paper we deal with inverse sequences {I;, fi}2,, where I; are
closed intervals [0,1] and f; : I, 11 —o I; are upper semicontinuous functions.

The inverse limit of an inverse sequence {I;, f;}32, is the subspace of the
product space Hf; I; consisting of all x = (z1,x9,23,...) € Hf; I;, such
that x; € fi(ziy1) for each ¢. The inverse limit is denoted by lim {I;, f;}52,.

For more information see [3,6].
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S. Greenwood and J. Kennedy introduced the concept of so-called compo-
nent cropping sequences (or CC-sequences) to characterize connected inverse
limits over intervals, see [2] for more details. Since the concept of the com-
ponent cropping sequences is new, we describe it in every detail through the
following definitions.

DEFINITION 2.2. For each positive integer i, let I; = [0,1], and let
iy Qit1, 05,0541 € [0, 1]
such that a; < b;, a;41 < biy1, [a;,bi] #[0,1], and [a;41,bir1] # [0,1]. Then

1. Tz(az 41, bz, bz+1) (Iz+1 X (bla 1]) U ([az+17 z+1] [azabz]);

2. Bi(ai, ait1,bi,biv1) = (Lig1 % [0,0:)) U ([@it1, biy1] X [as, bi]),

3. Li(ai,aip1,bi,biv1) = ([0,ai41) X I)U ([@iv1,biv1] < [ai, bi]),

4. Rz(auaerl»bzaszrl) - (( i+1 ] )U ([a'iJrl» l+1] X [(1, ])

5. TLZ(‘IZ»aerl»buszrl) ( i+1 X (bu 1])U([Ova1+1) IZ) ([al+1vbi+1] X
[ai, bi]),

6. TRi(ai,aiy1,0i,bi01) = (Liy1 ¥ (bi, 1)) U ((big1, 1] X L) U ([@iy1, biga] X
[aiabi])7

7. BLi(ai,@iv1,bi,biv1) = (Liv1 ¥ [0,0:)) U ([0, aip1) X i) U([@ig1, big1] X
[ai, bi]),

8. BRi(ai, aiy1,bi,biv1) = (Lig1 x [0,a;))U((big1,1] X Li) U([aig1, biy1] X
las, bi]).

b; =1 then (b;, 1] = 0. Similarly, if
0.

T ak
F b

FIGURE 1. The sets defined in Definition 2.2, where for each j €
{i,i+ 1}, a; # 0 and bj # 1.

REMARK 2.3. If for a j € {i,i + 1},
fora j € {i,i+1}, a;j =0 then [0,a;) =
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DEFINITION 2.4. Suppose that € > 0, i is a positive integer, I; and I; 1
are both equal to [0,1], f; : Iiy1 —o I; is an upper semicontinuous function,
ai, aiy1,bi,bi1 € [0,1] are such elements that

1. a; < b;,

2 a1 < b1+1,

3. |as, bs] # L,

4. [aiv1, biva] # Lita,
and that X; denotes one of the following notation T;, B;, L;, R;, TL;,
TR;, BL;, BR; (for example, if X; = TL;, then X;(a;,ai+1,b;,biy1) denotes
TLi(ai, ai+1, bi, bi+1)).

Let C} be any connected component (or shortly component) of

L(fi) 0 ((@iy1 — € biy1 +€) x (a; — &, b; +¢))
such that C! is a subset of X;(ai, aiv1,bi,bix1). If CIN([ait1, bit1] X [as, b)) #

0, then each component C; of C{ N ([ait1,bi+1] X [ai, bs]) is called an X;-set,
framed by [ait1,bit1] X [as, b]. We denote this by

L(fi) Ce; Xi(ai, aivr,bi,big1).

DEFINITION 2.5. Let {I;, f;}32, be an inverse sequence of intervals I; =
[0,1] and upper semicontinuous functions f; : I;+1 —o I; with surjective and
connected graphs. Also, let (p1,p2,p3,...) € im{l;, fi}52,, let m and n be
positive integers, m+1 <mn, and for eachi € {m,m+1,m+2,...,n,n+1},
let a;,b; € [0,1] = I; such that a; < b; and [a;, b;] # [0, 1].

The sequence

1
(lai, b)),
is called a component cropping sequence over [m,n] for {f; | i =1,2,3,...}
with respect to (p1,pa2,ps,...), if
m—1 n+1 0o
1. (p17p2ap37 .- ) € (Hizl Iz) X (Hl:m[a’mbz]) X (Hi=n+2 Iz);
2. for each i € {m,m+1,m+2,m+3,...,n}, there is a component C;
of
L(fi) 0 ([@it1, biga] x [as, b))
such that (pi+1,pi) € C; and
(a) T'(fm) Co,, Rnl(@m, ami1,bm, bmy1) or
F(fm) Lcn, Lm(amv g1, bm, bm-i-l)'
(b) e ifn=m+1, then

L(fim+1) Cepmir Tmt1(@mt1s @met2s b1, bt2)
if D(fm) T, Lin(

L(fm+1) Copmin Bmt1(@mtt1; Gmt2, b1, bmy2)
if D(fm) Cc,, B

Ay Q1 Omy Dmg1), and

am,a’erla berl)z'
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e ifn>m+1, then

L(fm+1) CCpnis BRm+1(@m+1, Gmt2, b1, bny2)
or

L(fimn+1) Cepmis BLnt1(@m+1, @mt2, bmt1, o)
if T(fm) Ce,, Rm(@m,y @Gmt1,0m, bmi1), and

L(fmt1) Cmir TRms1(amt1, Gmg2; b1, bng2)
or

L(fm+1) Comis TLint1(@m+1; Gms2, b1, bmy2)

if T(fm) Co,, Lm(@m, @mi1, bm, bmi1);
(¢) if m+1<i<n-—1, then

I'(fi+1) Cciny BLit1(aig1, Giga, big1, biyo)
or
I'(fi+1) Cowpy BRiv1(aiv1, @iz, big1, biga)
if U(f;) Ce, BRi(ai, aiq1,bi,bi41) or
'(fi) Ce; TRi(ai, aiv1,bi, bit1),
and
I'(fi+1) Ccioy TLig1(aiq1, Giga, big1, bivo)
or
I'(fiv1) Ty TRiv1(@ig1, aig2, big1, biga)
if U(f;) Ce, BLi(ai, aip1,bi,biv1) or
L(fi) Ce; TLi(ai, aiy1,bi, big);
(d) if n>m+1, then
I(fn) Ce, Bu(an, ang1,bn, bnt1)
if T(fn-1) Ceo,_, BRy—1(an—1,an,bn_1,by) or
I(fn-1) Ce,_, TRu-1(Gn-1,0n,bn-1,b,), and
T'(fn) Ce, Tu(an, @nt1,bn,bnyr)

ZfF(fn—l) Cc,y BLn—l(an—laanabn—labn) or
F(fn—l) Ceo,a TLn—l(an—la G, bn—l; bn)
We say that {f; | i = 1,2,3,...} admits a component cropping sequence, if
there are
1. (p17p27p37 <. ) € C}E{Iw fi}fil;

2. positive integers m and n, m+ 1 <n, and
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3. a component cropping sequence over [m,n|] for {f; | i = 1,2,3,...}
with respect to (p1,p2,P3,--.)-
The following theorem is a characterization of connected inverse limits.

THEOREM 2.6 ([2, Theorem 1.6.]). Let {I;, f;}32, be an inverse sequence
of intervals I; = [0, 1] and upper semicontinuous functions f; : I;11 —o I; with
surjective and connected graphs. The following statements are equivalent.

1. The inverse limit Um {I;, f;}s2, is not connected.
o

2. {fi|i=1,2,3,...} admits a component cropping sequence.

3. MAIN RESULTS

In this section we give a characterization of inverse sequences {I;, f;}32,
for which the inverse limit lim {I;, f; *}5°, is connected.
o

We start with two examples (also demonstrating how component cropping
sequences can be used), where we construct inverse sequences {[0,1], f;}52,
and {[0, 1], g; }$2, such that

1. lim{[0,1], f;}52, is connected, and
2. lim{[0, 1], g;};2; is not connected,
giving an alternative solution of Problem 1.1.

EXAMPLE 3.1. Let {[0, 1], f;}52, be the inverse sequence with upper semi-
continuous functions on [0, 1] defined by: f; : [0,1] — [0, 1],

[0, 1], z =0,
file)=q{z,1}, 0<az <y,
{1}, 1<z <1,
f2 : [051] - [Oal]a
[Oa]-]a T =V,
fa(x) = < {1}, 0<z<1,

{z2+2),1}, 3<z<l,
and f; : [0,1] — [0, 1], fi(x) = {x}, for all i > 3.

Each point x = (z1, 22, x3,...) € Um{[0, 1], f;}32, has one of the follow-
ing forms.

(1) If z1 € [0, 1], then the following two cases are possible:
e x =(21,0,0,0,...),
e x = (x1,21,0,0,...).

(2) If 21 € (1,1), then x = (21,0,0,0,...).

(3) If &1 = 1, then there are the following possible cases.
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o If z5 € [0, %), then x = (1, 22,0,0,...).
o If zy € [%, 1), then the following cases are possible:
— x=(1,29,0,0,...),
— X = (1,$2,3I2 — 2,3.%2 — 2,.. )
o If 5 =1, then x = (1,1, 3, x3,...), where z3 € [0,1].
Therefore, the inverse limit lim {[0, 1], f;}72; is the union of the following five
arcs: -
e the arc A; = {(¢,¢,0,0,...) | t € [0, i]} with endpoints (i, i,O,O7 o)
and (0,0,0,0,...),
e the arc Ay = {(¢,0,0,0,...) | t € [0,1]} with endpoints (0,0,0,0,...)
and (1,0,0,0,...),
e the arc A3 = {(1,¢,0,0,...) | t € [0,1]} with endpoints (1,0,0,0,...)
and (1,1,0,0,...),
e the arc Ay = {(1,1,¢,¢,...) | t € [0,1]} with endpoints (1,1,0,0,...)
and (1,1,1,1,...),
e the arc A5 = {(1,¢,3t — 2,3t —2,...) | t € [2,1]} with endpoints
(1,1,1,1,...) and (1,3, 1, 2,..)).
Since A; N A; # 0 if and only if |i — j| = 1 for all 7 # j, and since A; N A4
contains only the common endpoint for each i, it follows that the inverse limit
lim {[0, 1], fi}32, is an arc. Therefore, lim{[0, 1], f;};2; is connected.

EXAMPLE 3.2. Let {[0, 1], g;}52, be the inverse sequence with upper semi-
continuous functions on [0, 1] defined by: g; : [0,1] — [0, 1],

{0,2}, 0<az<i,

g1(z) = ¢ {0}, i<r<l,
[0, 1], =1,
g2 [07 1] —° [07 1]7
{0}, 0< 3,
g2(z) = < {0, 3z — 2}, % < 1,
[Oal]a T = ]-a

and g; : [0,1] — [0,1], g;(x) = {x}, for all ¢ > 3.
We use Theorem 2.6 to prove that lim {[0, 1], g;}i2; is not connected.
(%7 ia %a %a .. ) € C}E{[Oﬂ 1];.91};21 Let Al = [%7 %]a AQ =

[, %], and A3 = [3,Z]. Obviously, p € A1 x Ay x Az x []:2,[0,1] and
(A;)?_, is a component cropping sequence over [1,2] for {g; | i = 1,2,3,...}
with respect to p. Therefore, lim {[0, 1], ¢;}$2; is not connected by Theorem

2.6 (see Figure 2).

Let p
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1 3 3 5 3 5 5 7
FIGURE 2. The sets Ll(g, 16° 8" 1_6) and T2(1_67 8716 g)

One can easily see that the above examples prove that there is an inverse
sequence {I;, f;}32, of closed intervals I; = [0,1] and upper semicontinuous
functions f; : I; 11 —o I; with surjective and connected graphs such that

1. lim{[0,1], f;}52, is connected, and

2. lim{[0,1], f;'}52; is not connected.

Our next goal is to give a characterization of inverse sequences {[0, 1], fi}2,
for which the inverse limit lim {[0, 1], f; *}52, is connected. Obviously, the in-
o

verse limit lim {[0, 1], f; 1152, is connected if and only if {f;* | i =1,2,3,...}

does not admit a component cropping sequence (by Theorem 2.6). This is a
characterization of connected inverse limits lim {[0,1], f; '}2; using the in-
o

verses fl._1 of the bonding functions f;. In Theorem 3.5, we give a charac-
terization of connected inverse limits lim {[0, 1], f; *}52, using the bonding
o

functions f; instead of their inverses f;l, i.e. we give necessary and sufficient
conditions on {f; | i = 1,2,3,...} for the inverse limit lim {[0, 1], f; '}22; to
o

be connected. First we define inverse component cropping sequences.

DEFINITION 3.3. Let {I;, fi}5°, be an inverse sequence of intervals I; =
[0,1] and upper semicontinuous functions f; : I;11 —o I; with surjective and
connected graphs. Also, let (p1,p2,ps, --.) € [1;2,[0,1], let m and n be positive
integers, m+1 <mn, for eachi € {m,m+1,m+2,...,n}, leta;,b; € [0,1] C I;
such that a; < b; and [a;, b;] # [0,1], and let a},b; € [0,1] = I;11 such that
&, < ¥, and [al,bl] £ [0,1].

The double sequence

([as, bil, [a;, i)

) vl /1=m
is called an inverse component cropping sequence over [m,n] for {f; | i =
1,2,3,...} with respect to (p1,p2,p3,--.), if

1. for each positive integer i, pa;—1 = pait2 and (P2, p2i—1) € T(fi),
2. for each i€ {m,m+1,m+2,...,n—1}, [aj ,b; 1] = [a;, bi],
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3. for each i € {m,m+1,m+2,m+ 3,...,n}, there is a component C;
of
L(fi) 0 ([ag, 7] % [as, bs])

such that (pai,pa2i—1) € C; and
(a) F(fm) Ecm Tm(a'rH7a;n7bm;b;n) or
L(fm) Ten Bm(am, gy, b, byy,)-
(b) e ifn=m+1, then

C(fmt1) Comis Bt (@mats Gy bmt, U y1)
Zfr(fm) Con Bm(amaagﬁmbmabgn)’ and
L(fm+1) CCmqtt Lm+1(am+1’a:71+1’bm+17b;n+1)

Zfr(fm) Lo Tm(amva;nvbMab;n)f
e ifn>m+1, then

L(fmt1) Comer TLmg1(@ma1, @y b1, b))
or

F(ferl) Ecm+1 BLerl(aerlv a;nJrlv berlv b;nJrl)
Zfr(fm) Lom Tm(amva;mbmab;n); and

C(fm+1) Compr TRmt1(@m15 apiqs b, Uir)
or

L(fm+1) CCmatt BRm+1(am+17a;n+1abm+1abfm-‘,—l)

Zfr(fm) Con Bm(amaa;nabmab;n)z’
(c) if m+1<i<n-—1, then

C(fir1) Covpy TLiva(air1, a5 biv, by y)
or
F(fiJrl) CCia BLiJrl(aiJrlv a;-i-lv biJrla b;;-i-l)

if F(fl) Cc TLi(aiva'/iabiab;;) or F(fl) Co, TRi(aiva'/ivbivb'/i);
and

D(fir1) Corpy TRiva(airn, ajyq, biva, bigy)
or
F(fiJrl) CCi BRiJrl(aiJrla a;;-i-lv bi+17 b;-i-l)

Zf F(fz) ECi BLi(aia aga bia b;) or F(fz) ECi BRi(ai; afia bia b;)z
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(d) if n>m+1, then
F(fn) Cc, Ln(am a;m by, b;l)
Zf]-—‘(fnfl) Cco, TLnfl(anflaa;zflabnflvb;zfl) or
F(fn—l) CcCnoy TRn—l(an—h a%,l, bn—1, b;lfl); and
F(fn) Cc, Rn(am a’{n) bn, b{n)
Zf F(fn—l) Ce,s BLn_l(an_l, a%_l, bn—l; b{n—l) or
F(f’ﬂfl) Ccona BRnfl(anflv a%—lv bnfla b{n—l)'
We say that {f; | i = 1,2,3,...} admits an inverse component cropping
sequence, if there are
L. (p17p27p37 e ) € Hfil[ov 1];
2. positive integers m and n, m+ 1 <n, and
3. an inverse component cropping sequence over [m,n] for {fi; | i =
1,2,3,...} with respect to (p1,p2,ps,...), see Figure 3.

We use the following lemma in the proof of Theorem 3.5.

LEMMA 3.4. Let {I;, f;}32, be an inverse sequence of intervals I; = [0, 1]
and upper semicontinuous functions f; : I;11 —o I; with surjective and con-
nected graphs. The following statements are equivalent.

1. {fi_1 |i=1,2,3,...} admits a component cropping sequence.

2. {fi|i=1,2,3,...} admits an inverse component cropping sequence.

PROOF. Suppose {fi_1 | i = 1,2,3,...} admits a component cropping
sequence. Let
1. (p17p27p37 .. ) € lim {Ila fz’_l}’ioih
o

2. m and n be positive integers, m + 1 < n, and
3. ([ai, b3])2) be a component cropping sequence over [m, n] for {f;']i =

1,2,3,. .z.}mwith respect to (p1,p2,P3, .- .)-
Next, let
1. for each positive integer i, go; = p; and q2;—1 = pi+1,
2. (Cm7 Cm+41,Cm+2y -+ Cn) = (am+1, Am+2, Am4-3, - - - ,an+1),
3. (dmydmt1,dm+2, -« dn) = (bmt1, Dmt2, bmt3s -« oy bng1),
4. (Crus Coni1s Congas -+ -5 Cn) = (@my Gy 1, g2, - - -, Gy ), and
5. (A digts dppioy -5 dy) = (b b1, by, - - -5 bn).
It follows that ([c;,d;], [c}, di])™,,, satisfies all of the conditions of Definition

3.3 for (¢1,42,4q3,...) and {f; | i = 1,2,3,...}, and it is therefore an inverse
component cropping sequence over [m, n] for {f; | i = 1,2,3,...} with respect
to (QIa q2,93; - - )

Conversely, suppose that {f; | ¢ = 1,2, 3,...} admits an inverse component
cropping sequence. Let

1. (p17p27p37 .- ) € Hfil[oa 1]7
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2. m and n be positive integers, m + 1 < n, and
3. ([as, bi], [a}, bi])™,, be an inverse component cropping sequence over

27 71

[m,n] for {f; | i =1,2,3,...} with respect to (p1,p2,ps,-..)-
Next, let

1. q; = po; for each positive integer i,

L, R,

FIGURE 3. Inverse component cropping sequences.
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2. for each ¢ € {m,m + 1,m + 2,...,n}, [¢;,d;] = [a},b}], and
[cn+17 dn+1] = [anabn]-
It follows that ([c;,d;])!Z} satisfies all of the conditions of Definition 2.4

for (q1,¢2,43,...) and {f{1 | i = 1,2,3,...}, and it is therefore a compo-
nent cropping sequence over [m,n| for {f{1 | i=1,2,3,...} with respect to
(qlan»QL’n"')' O

THEOREM 3.5. Let {I;, f;}32, be an inverse sequence of intervals I, =

[0,1] and upper semicontinuous functions f; : ;11 — I; with surjective and
connected graphs. The following statements are equivalent.

L lm{L;, f; 1352, is connected.

2. {fi | i=1,2,3,...} does not admit an inverse component cropping
sequence.

PrOOF. The inverse limit lim {;, f; '}32, is connected if and only if
o

{ fl._1 | ¢ = 1,2,3,...} does not admit a component cropping sequence by
Theorem 2.6.

{f7*1i=1,2,3,...} does not admit a component cropping sequence if
and only if {f; | ¢ = 1,2,3,...} does not admit an inverse component cropping
sequence by Lemma 3.4. O

In the following example we demonstrate how to recognize an inverse
component cropping sequence.

P, b b 2

FIGURE 4. The graphs I'(f1), I'(f2), T'(f3) and T'(f4).

EXAMPLE 3.6. Let {I;, fi}2; be an inverse sequence of intervals I; =
[0,1] and upper semicontinuous functions f; : I;;1 —o I; with surjective and
connected graphs. The graphs of f1, fo, f3 and f; are pictured in Figure 4.
For each positive integer ¢ > 4, let f;(z) = {z} for each x € I;;1.

As seen in the figure, there is an inverse component cropping sequence
over [17 4] for {fl | L= 1? 27 3? . } with respect to (plap27p37p17p57p37p77p5»p7»
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p17,...). Therefore the inverse limit lim {I;, f; '}5°; is not connected by The-
o

orem 3.5.

In the following theorem we prove that for the inverse limits of inverse
sequences with a single bonding function, the existence of a component crop-
ping sequence is equivalent to existence of an inverse component cropping
sequence.

THEOREM 3.7. Let {I;, f}$2, be an inverse sequence of intervals I; = [0, 1]
and a single upper semicontinuous bonding function f : I;11 — I; with a
surjective and connected graph. The following statements are equivalent.

1. {fi=1,2,3,...} admits a component cropping sequence.
2. {f1i1=1,2,3,...} admits an inverse component cropping sequence.
Proor. {f | i = 1,2,3,...} admits a component cropping sequence if
and only if lim {I;, f}72; is not connected by Theorem 2.6. lim {I;, f}2; is
o— o—
not connected if and only if lim {I;, f~*}$2, is not connected by Theorem 1.1.
i
lim {I;, f~1}5°, is not connected if and only if {f | i = 1,2,3,...} admits an
o

inverse component cropping sequence by Theorem 3.5. o

The following corollary gives another characterization of connected inverse
limits of inverse sequences of intervals with a single bonding function.

COROLLARY 3.8. Let {I;, f}52, be an inverse sequence of intervals I; =
[0,1] and a single upper semicontinuous bonding function f : I;41 —o I; with
a surjective and connected graph. The following statements are equivalent.

1. im{l;, f}72, is connected.
o

2. {f |i=1,23,...} does not admit an inverse component cropping
sequence.

PRrOOF. lim{I;, f}32; is connected if and only if {f | ¢ = 1,2,3,...}

does not admit a component cropping sequence by Theorem 2.6. {f | i =
1,2,3,...} does not admit a component cropping sequence if and only if
{f1i=1,2,3,...} does not admit an inverse component cropping sequence
by Theorem 3.7. O
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