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ABSTRACT. We consider a class of parabolic free boundary problems
with heterogeneous coefficients including, from a physical point of view,
the evolutionary dam problem. We establish existence of a solution for
this problem. We use a regularized problem for which we prove existence
of a solution by applying the Tychonoff fixed point theorem. Then we pass
to the limit to get a solution of our problem. We also give a regularity
result of the solutions.

1. INTRODUCTION AND STATEMENT OF THE PROBLEM

A dam problem is a study of a fluid flow through a porous medium £,
which is a bounded locally Lipschitz domain in R™(n > 2). We are interested
in the motion of compressible and incompressible fluids in ) and in a time
interval [0, T] when we shall interest us with the problem of finding the pres-
sure u of the fluid and the saturation x of the wet part W of @ := Q x (0,T)
which is unknown. The boundary I" of €2 is divided in two parts. The im-
pervious part I'y, and the part in contact with air or covered by fluid I'y (see
Figure 1), where we assume that I's is a nonempty relatively open subset of
I'. Let ¢ be a nonnegative Lipschitz continuous function defined in @, and
let us set ¥1 = I'y x (0,7), X2 = T2 x (0,T), X3 = 3N {¢ > 0} and
¥y = YN {¢ = 0}, where ¢ represents the assigned pressure on 5. The
velocity v and the pressure of the fluid in W are related to Darcy’s law by

(1.1) v=—a(z)V(u+z,),
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where x = (21,...,Zn—1,%,) = (', 2,) € R™ and a(z) is an n X n matrix of
regular functions, which represents the permeability of the porous medium.
Let us assume that the wet part W = {u > 0} is given by

W= (& 20rt) € Q) 2 < 9" 0).

where ® is a regular function on R”.

FIGURE 1. Dam

If we combine (1.1) with the mass conservation equation, we obtain
(1.2) auy — div(a(x)V(u 4+ x,)) =0 in W,

where « is a positive number, which refers to the state of the fluid, compress-
ible (o > 0) or incompressible (o = 0). If we denote by v the unit outward
normal to ¥; and using the fact that no fluid flow can go through ¥;, we
obtain

v-rv=0 on X,

which can be written using (1.1) as

3?/ (u+z,) =a(x)V(u+z,)-v=0 on ;.

The flow of fluid through ¥4 can be written as
v-v>0 onXy

or, by (1.1),
a(x)V(u+z,) - v<0 on X4
The pressure on s is represented by ¢, and thus

u=¢ on Xs.
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Let us assume that the free boundary is represented by the surface ¥ = {x,, =
O(2',t)} = ({u > 0})NQ and let us extend u outside Q\W and still denote
by w this function which is supposed to be regular . Then, the outward unit
normal to ¥ is given by

(Vg;’U/, Ut)

VIVaul2 + a2

Since v - (v,1) = 0 on X, we deduce from (1.1) that

v=Vgyh) = —

vy =a(x)V(u+z,) v, on .

Thus we have, in the sense of distributions, for all £ € D(Q)

(div(a(x)Vu), &) = — /Q a(z)Vu - VEdxdt

(1.3)
= 7/ a(x)Vu - VEdxdt.
{u>0}

Moreover, thanks to (1.2), we get
/ a(x)Vu - Védxdt = / a(z)Vu - vy€do
{u>0} b3}

- / a(x)e - VEdzdt + a/ wédxdt
{u>0} {u>0}

= / vi€do — / a(z)e - VEdxdt + a/ u &pdadt
hH) {u>0} {u>0}

= / &dxdt — / a(x)e - VEdxdt + a/ u &rdxdt,
{u>0} {u>0} {u>0}

where e = (0,...,0,1) € R". Using (1.3)-(1.4) and if we denote by X{u>0}
the characteristic function of the set {u > 0}, we obtain

(1.4)

(iv(a@) V0,6 = | xpsojal@leVedsdt [ (aut xgusoédadt,
Q Q
which leads to

div(a(z)(Vu + xqusoye)) — (Qu+ X{uso0})e =0 in D(Q).

Now, if we add the initial condition and we consider a more general frame-
work for the function a(x)e, which we denote by H(x), we obtain the following
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strong formulation of a class of parabolic free boundary problems with het-
erogeneous coefficients a(x) and H(z): find u, x : @ — R such that

u>0,0<x<L,u(l—x)=0 in Q
div(a(z)Vu + xH(z)) — (cu+x): =0 in @
uU=q¢ on Yo
(15) (au~+ x)(-,0) = uo + X0 inQ "’
(a(x)Vu+ xH(x)) - v =0 on ¥
(a(x)Vu+ xH(x)) v <0 on Xy

where, for a.e. € Q, a(x) = (a;;(2))i; is an n X n matrix satisfying for two
positive constants A, A

(1.6) VEER", ae z€Q: MNP <a(z)é-¢,
(1.7) VEER", ae xz€Q: |a(x).g <A

and H : Q — R is a vector function satisfying for a positive constant H

(1.8) |H(z)| < H aex€q,
(1.9) div(H (z)) € L*(Q).

Finally, ug and xo are functions of the variable x such that we have for a
positive constant U,

(1.10) 0<xo(z) <1 ae ze€Q,
(1.11) 0<wup(z) <Up ae xzell

To derive the weak formulation corresponding to (1.5), let us consider a regular
function €. Then,

/Q[(a(ac)Vu + xH(z)) - V& — (o + x)& | ddt —/ (a(x)Vu + xH(x)) - v&do

PP

+ /Q (o + ) (&, T)E(, T) e — /Q (o () + x0(2))€(x, 0)dz = 0

and if we assume that £(-,7) = 0in Q, £ = 0 on X3, and £ > 0 on X4, we
obtain

/ [(a(2)Vu+ XH () - V&~ (au+ x)&] ddt < / (oo () + xo (@))€ (x, 0) da
Q Q
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This leads us to the following weak formulation
Find (u,x) € L?(0,T; H*()) x L*>°(Q) such that :

(1) u>0,0<x<1l,u-(I1-x)=0 ae. inQ,
(i) u=¢ on X,

(1.12) ) /Q [(a(z)Vu+ xH(x)) - VE = (o + x)& | da di

< / (xo(e) + ao(2))E(x,0) da

VEe HY(Q), £ =0o0n %3, £>0on Xy,
&(z, T)=0 for a.e. x € Q.

From a physical point of view, this class contains the evolutionary dam prob-
lem. Thus, if H(z) = a(x)e, then (1.12) is the weak formulation of the
evolutionary dam problem (see [21,6,20] for the evolutionary dam problem
with homogeneous coefficients).

This work studies an expanded form of a class of parabolic free boundary
problems including the evolutionary dam problem. Indeed, an existence result
for a weak formulation of the evolution dam problem (with homogeneous
coefficients) for an incompressible flow where a(x) = I, and H(z) = I,e,
and a domain with general geometry was established in [21], which was then
extended in [6] to the compressible case. In [20] existence of a solution was
given by a different method, both for compressible and incompressible fluids.
For the problem with Neumann boundary condition we refer to [9,18, 19, 26,
24]. For the problem with unified boundary condition and/or generalized
nonlinear Darcy’s law, we refer to [25] and [12] respectively for the stationary
and evolutionary cases.

In [7] and [32], uniqueness was obtained by using the method of doubling
variables respectively for a homogeneous porous medium with general geome-
try and for an incompressible fluid through a heterogeneous porous medium.
Moreover, uniqueness has been proved in [20] and [28] by a different method
for a rectangular dam wet at the bottom and dry near to the top, respectively,
in homogeneous and heterogeneous domains. It is also difficult to adapt these
methods to the general case.

In this paper, we establish an existence theorem of a solution for the class
of parabolic free boundary problems (1.12) with heterogeneous coefficients
a(z) and H(z), where a(z) = (a;;(x))i; is an n x n matrix with variable co-
efficients satisfying (1.6)-(1.7) and H(z) is a vector function satisfying (1.8)-
(1.9). The method adopted in this study combines techniques from [21] and
[6] by using the assumptions (1.6)-(1.9). Indeed, we start with a regularized
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problem (2.1) and we employ the uniform ellipticity of a(z) and the bound-
edness of a(z) and H(z) for which we prove the comparison Lemma 2.1, and
consequently, the uniqueness and that the solutions of (2.1) are uniformly
bounded independently of €. Thus, by applying the Tychonoff fixed point
theorem we get existence of a unique solution of (2.1), denoted ue. Also, the
hypotheses (1.6)-(1.9) leads to some a priori estimates as in Proposition 3.3,
Lemma 3.4 and Lemma 4.2. These a priori estimates and the boundedness
of ue will play important role in the proof of existence of a solution of our
problem (1.12) by passing to the limit in (2.1) (see Theorem 4.1), and for the
regularity result of the solutions (last section) including the regularity of v in
H} (Q) (see Proposition 5.1) where (u, x) is a solution of the problem (1.12)
obtained as the limit of the regularized problem (2.1).

2. A REGULARIZED PROBLEM

In order to establish the existence of a solution, we introduce the following
approximated problem

Find u. € H'(Q) such that : u. = ¢ on X

/Q [(a(x)VuE + Hg(ue)H(ac)) -VE+ eugéy — Ge(us)ft} dx dt

+ / G (e, T))E(z, T)dz = / (ao () + x0(2))€ (2, 0)de
Vé € HY(Q), £ =0 on %o,

where
1 ifr>e
H.(r) = % if0<r<e and Gr)=ar+H(r), reR.
0 ifr<o0

For first, we establish the following lemma

LEMMA 2.1. Let vi,vo € HY(Q) such that vi > vy on X3, § > 0,

fs(s) = (Sijﬁ X{s>0}, and & = fs(va —v1). Assume that we have for any
6 >0,

(a9 =)+ o) — o) - Vs
(2.2) + €(va — v1)ist — (Ge(v2) — Ge(”l))fét] dxdt

+ / (Ge(va(z,T)) — Ge(v1(x,T)))Es¢(x, T)dx < 0.
Q
Then we have

(2.3) v <v;  a.e. in Q.
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PROOF. Since fs is Lipschitz continuous, we have & € H'(Q) and we
have for z = x1,...,x,,t
% 8(1}2 - ’1)1) - 1) 8(1}2 - ’1)1)

—_ f/ _ — .
(2.4) 92 f5(va —v1) B (v2 — 01)? B X{v2—v1>6}

From (2.2) and (2.4), we have

CH (N H () Y2 = v
5 /{ o @9 =) ) = ) ) T
(25) +e % ?  (Ge(v) — Ge(vl))%}dmdwr

O ton (e Ty 2@ T) — (@, T) — 6)"
+/Q(G€(U2(I’T)) Gl (@ 1)) va(2,T) —v1 (2, T)

Since G, is nondecreasing, the last integral in the inequality (2.5) is nonneg-
ative. Hence by (1.6), (1.8) and the Lipschitz continuity of H,, we get from
(2.5)

dr < 0.

/ A‘L”rvl)fﬂ‘i(w GO LA
{va—v1>8} V2 — U1 U2 — U1
H - 1 -
S/ _.M“(M_)‘M‘M
{va—v1>6} € V2 — U1 € V2 — U1

which leads by Young’s inequality for some positive constant C' independent

of § to
— o) (2 - 2
/ ‘V(w Ul)‘ n ‘ (v Ul)t‘ dxdt < C,
{va—v1>6} v2 =0 2o

which in turn can be written as

/Q‘Vln (1+ M)f

(’UQ — V1 — (S)+
)

By the Poincaré inequality, we obtain from (2.6) for another constant C’
independent of 9,

(2.6)

n ‘%m (1+ )}2dmt <c.

o — &)t 2
(2.7) / ‘m (1 + M)‘ dwdt < C.
0 5
Letting 6 — 0 in (2.7), we obtain (2.3). O

A first consequence of Lemma 2.1 is the uniqueness of the solution of
(2.1).

PROPOSITION 2.2. There is at most one solution to problem (2.1).
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PROOF. Let us denote by ue; and uez two solutions of (2.1). If we use
fs(uea —ue1) as a test function for both solutions and subtract one equation
from another, we see that (2.2) is satisfied with equality. It follows from
Lemma 2.1 that ueo < ue1 a.e. in ). Similarly, we obtain u.; < ues a.e. in
Q. Therefore we have u¢; = ues a.e. in Q. O

A second consequence of Lemma 2.1 is that any solution of (2.1) is uni-
formly bounded independently of e.

PROPOSITION 2.3. Let u. be a solution of (2.1). Then we have for some
positive constant M independently of €

(2.8) 0<uc<M ae inQ.
PROOF. i) u. > 0 a.e. in @Q : We denote by (-)~ the negative part of a

function. Since & = (ue)~ is a test function for (2.1), we obtain

/Q [(a(2)Vue + He(ue)H(x)) - Ve + €ucéer — Ge(ue)éer] da dt

(2.9)
+ [ Geluele. 16 T)do = | (@uo(e) + xo(a))é o 01
Q Q
We have
(2.10) / a(x)Vue - Véedzdt = f/ a(x)Vue - Vucdz
Q {u.<0}
and
(2.11) / €Uueberdrdt = —/ eu?,dxdt.
Q {UGSO}
Next, since He(r) =0 if r <0,
(2.12) / H (uc)H(x) - Vdzdt = 0.
Q

Moreover, integrating on t and using the fact that H.(r) =0 if r < 0, we get

—/ Ge(ue)getdxdt—i—/Ge(ue(I,T))ge(x,T)dx
Q Q
= f/ auf(x,O)der/ aue€edrdt.
{ue(-,0)<0} Q
But

/austﬁedxdtz/aue(x,T)Eg(ac,T)dac
Q Q

(2.13)

f/ auc(x,O)fé(:c,O)d:cf/ aueepdrdt
Q Q

= —/ au?®(z, T)dx —|—/ au’(z,0)dx —/ aueucdrdt
{ue(-,T)<0} {ue(-,0)<0} {ue<0}
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from which we deduce
/ aueéedrdt = 7%{/ u?(x, T)dx — / u?(x, O)d:c}.
Q 2 U fuem<oy {ue(-,0)<0}
Then by (2.13), we get

—/ Gg(ue)gddmdt—i—/ Ge(ue(z,T))e(x, T)dx
Q Q

:,g{/ UQ(x,T)dﬂC+/ UQ(LL‘,O)dCL'}
2 U my<oy {ue(-,0)<0}

Using (2.10)-(2.12), (2.14) and the fact that aug + xo > 0, &(-,0) >0 ae.
in €2, we obtain from (2.9)

(2.14)

/ a(x)Vue - Ve + €lue|*dedt < 0.
{u.<0}
Hence (1.6) leads to
min(\, e)/ Ve |? + |ue|2dadt < 0.
{uGSO}

Then we deduce that u, > 0 a.e. in Q.
il) ue < M a.e. in @ : Let v be the unique solution of the following prob-
lem

v € H'(Q) such that:

v=1 on Iy,

/ (a(z)Vv + H(z)) - V&dz =0,
V?G HY (), £ =0 onT,.

Applying Theorem 3 of [15] to +v, we obtain for two constants M; and M,
depending on the data that

Setting w = v — My + max(|¢|re(q), |uo|L=(0), 1), We see that w > 1 a.e.
in ©, and consequently Ve € (0,1], H.(w) = 1 a.e. in . Moreover we have
w > |@|pe(@) = ue on I'y. It follows that for each 6 > 0, the function
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& = fs(ue — w) vanishes on Yo, We deduce that

/Q |(@(@)Vw + H, () H (2)) - V& + ewiéyi — Ge(w),e | dudt

G. T)d
+ [ Gelwisla T)da
= / [(a(m)Vw + H(z)) - V& — (oaw + 1)§6t}dxdt
(2.15) @
+ / (aw + 1)&5(x, T)dx
Q

:/ f(anr1)§5td:cdt+/(aw+1){5(:E,T)d:£
Q Q

_ / (aw + 1)és(x, 0)da.
Q

Moreover, since &5 is a test function for (2.1) we have

/Q {(a(x)vué + HC(UC)H('T)) : vf& + Euetgét - Ge(ue)gét} dxdt
(2.16)

+/QG€(u€(x,T))£5(x,T)dx: /Q(ozuo(x)—I—Xo(x))«f(;(x,O)dx.

Subtracting (2.15) from and (2.16), we get

({9 =)+ () = Bl H @) - s+ e — e

— (Ge(ue) — Ge(w))fzit} dxdt + /Q(Ge(ue(ma 1)) — Ge(w))és(z, T)dx

- /Q (a(up () — w) + (xo(x) — 1))Es(, 0)dzr < 0

since w > |ug|pe (), 0 < xo < 1 and &(-,0) > 0 a.e. in Q. Using Lemma 2.1,
we obtain ue < w a.e. in Q. In particular, we have u. < |w|p) = M a.e.
in Q. O

REMARK 2.4. Let us define a truncation function of G, as follows

G.(r) =S G(r) if 0<r<M,

G(M) if r>M,
0 if r<O0.
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It is easy to see that if u. is a solution of (2.1), then it also satisfies
/ [(a(:c)VuE + HC(’U,C)H(JJ)) -VE + eugés — ée(uc)gt}daz dt
Q

(2.17) -5LéxmuﬂwaaTMx=[fwdm+xamxmex

Ve € HY(Q), £ =0 on Xs.

Conversely, if there exists a function v, € H*(Q) such that v. = ¢ on ¥3 and
satisfies (2.17), then by arguing as in the proof of Proposition 2.2, we obtain
0 <wve < M, with the same positive constant M in Proposition 2.2. Hence v,
is a solution of (2.1), and by uniqueness we have v, = u..

Now, we shall deal with the question of existence of a solution to (P).
THEOREM 2.5. The problem (2.1) has a solution.

PROOF. We observe that if we take into account Remark 2.4, then it is
enough to prove the existence of a function u, € H'(Q) such that uc = ¢ on
Yo and satisfies (2.17). We will give the proof in three steps

Step 1: We define

W={veH(Q)/v=0 on %}, K={veH(Q)/v=¢ on Ty},
and the mapping
A HY(Q) x H'(Q) — R,
(u,v) — A(u,v) = / (a(x)Vu - Vv + eugvy)dadt.
Q
Note that K is a nonempty closed convex subset of H'(Q). It is obvious
from (1.7) that A is a bilinear continuous form on H'(Q). Thus, let us define
B: K — (HY(Q))' such that (Bu,v) = A(u,v) for all v € H*(Q). Using (1.6)
and the Poincaré inequality, we obtain for a positive constant C' > 0
(Bu—Bv,u—v)>Clu—v|;, >0 Vu,veK, u#v,
which implies that B is strictly monotone and coercive on K in the sense that
there exists vgp = ¢ € K such that
(Bu — Bo,u — ¢)
lu—¢l12
Now for v € H*(Q), we consider the mapping

fo: HY(Q) — R

£ /Q G.(0)6 — H.(0)H (x) - Vedudt

— 400 when u€ K, |u|i2— +oc.

+Ammw+m@mmmm74@meMaﬂm
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It is clear that f, is a linear form on H'(Q). Moreover, using (1.8), the
continuity of the trace operator H'(Q) — H'/?(Q), and the fact that H.,
G, up and xo are bounded, it is not difficult to see that f, is continuous on
H'(Q). We conclude from [16, Theorem 1.10] that for each v € H*(Q), there
exists a unique u. € K solution of the variational inequality

(Bue,w — ue) > (fo,w —u) Yw € K.
If we choose in the above inequality w = u. = £ with £ € W, then we get

(2.18) Aue, §) = (fo,§) VEEW.
Step 2:  We consider the mapping F. defined by

F.:HY Q) — K, v+ u..

If we denote by B(0, R) the closed ball in H*(Q) of center 0 and radius R,
then we have the following statement.

LEMMA 2.6. There exists R. > 0 such that

i) 3R. > 0: F.(B(0,R.)) C B(0,R.),
ii) F.:B(0,R.) — B(0, R.) is weakly continuous.

PROOF. i) Since u. — ¢ is a suitable test function for (2.1), we have
| e+ B0)HE) - T -
+ €t (ue — @)¢ — Ge(v)(ue — ¢)¢|dx dt + /Qag(v(x, 7)) (ue — ¢)(x, T)dx

=Afwdw+xmmm%—wuﬁma

which can be written as

/ a(x)Vue - Vue + eu?,drdt = / a(z)Vu, - Vodzdt
Q Q
/H )-Vu d:cdt+/ H (v)H(x).Vodzdt
(2.19) —|—/ eugtétd:vdt—i—/ G (v)uedzdt — /G Yordadt
/G (z,T))(ue — ¢)(x,T)dx
+/mwm+mmmW—@mmm
Q

Using (1.6)-(1.8), (1.10)-(1.11), Hélder’s inequality, the fact that ue, He(v)
and G.(v) are bounded, and that ¢ € C%1(Q), and the continuity of the trace
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operator, we obtain from (2.19) the following estimate
luel 2 < cr(€)lueli,2 + ea(e),
which implies that we have for some positive constant R, depending on €
[uel1,2 < Re or |Fe(v)l1,2 <Re.

Hence we have proved that F.(B(0, R(¢))) C B(0, R(¢)).

ii) Let (v;)icr be a generalized sequence in C = B(0, R(¢)) weakly con-
verging to v in C for the weak topology of H'(Q). Set ul = F.(v;) and
ue = Fe(v), and let us prove that (ul);er converges to u. weakly in C. Since C
is compact with respect to the weak topology, it is enough to show that (ul);e;
has u. as unique limit point for that topology. So let u be a weak limit point
for (ul);e; in C. Using the following compact imbeddings H'(Q) — L?*(Q)
and H'/2(Qx {T}) < L*(Qx {T}), one can construct two sequences (v;, )xen
and (u’*)gen such that

(2.20) v'* — v strongly in L*(Q),
(2.21) v (-, T) — v(-,T) strongly in L3(Q x {T}),
(2.22) u* =y weakly in HY(Q).

Writing (2.18) for u’* and u. with ¢ = u’* — u. and subtracting the two
inequalities from each other, we obtain

/ a(z)V(u —ue) - V(ulk —ue) + e(u — u.)idzdt
Q

= / (Ge(viy) — Ge(v)) (U — ue)pdadt
(2.23) @

- /Q(He(vik) — H.(v))H (2).V(ul* — uc)dzdt

*/Q(ée(vz‘k(ﬂ%T))*GE(U(Z,T)))(U? — uc)(z, T)dz.

Using the Lipschitz continuity of G. and H., (1.8), Hélder’s inequality, and
Lemma 2.6 i), and the imbeddings H'(Q) — L?(Q), we obtain

\/ (Celvs,) = Gelw)) (ul = u)edad
(2.24)
<

1 ) 1
< (o 7)o, = vlolut — s < 2R (a2 )l — vl

(2.25) ’ /Q(HE(U“) — He(v)H(x) - V(u — ue)dxdt’

_ ) 2R, —
< EH|’Uik —vlguk —uclr2 < T€H|vik — va.
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Similarly we get by the Lipschitz continuity of G, Holder’s inequality, and
the continuity of the trace operator

| (@elwn 0.7) = Clola, T (0 = w0, T

(2.26) < (O‘ * %) |(vi,, — v) (2, T)|2.0l(u? — u)(2, T)|2.0

§cR4a+%)@%7vKnTm@.
Using (2.24)-(2.26) and (1.6), we deduce from (2.23)
(227)  Jul* —ucis < co(jvi, — vlo + (05, — 0) (@, T)]20) %
Combining (2.20)-(2.21) and (2.27), we get
u — ue  strongly in H'(Q).

Taking into account (2.22), we obtain u. = u and therefore . is the unique
weak limit point of (u!);er in C. Thus we have

u' = F.(v') = u. = F.(v) weakly in C,
and the weak continuity of F, holds. O

Step 3: At this point, we can apply the Tychonoff fixed point theorem [30] to

conclude that F, has a fixed point, which thanks to Remark 2.4 is a solution

of problem (2.1). O
3. REGULARITY OF THE APPROXIMATED SOLUTION

PROPOSITION 3.1. Assume that Tz is of class C1', ¢ € H*(Q) and a;; €
CHY(QUTs). Then we have u. € HE .(Q U Xs).

PROOF. Let ¢ € D(Q). Using ££ as test functions for (2.1), we obtain
(3.1) div(a(z)Vue + He(ue) H(x)) 4 €terr — Ge(ue)e =0 in D'(Q).

We conclude from (3.1) and the fact that ue = ¢ on g [22, Lemma 9.16 p.
241]. 0

REMARK 3.2. If we use & = 1), where ¢ € D(Q), ¢ € C1(0,T], and
P(T) =1, as test functions for (2.1) and take into account (3.1), we obtain
(3.2) uet(x,T) =0 ae. z €.

PROPOSITION 3.3. Assume that a(z) is symmetric with a;; € CH1(Q). Let
Q' cC Q be a nonempty open subset of Q and § € (0,T). Then there exists
€0 > 0 small enough such that we have for some positive constant C (€, )

(3.3) Ve € (0,¢€) : / [uet|*dxdt < C(SY, ).
Q' x(8,T)
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We shall need the following lemma which will be useful for the existence proof
of the solution.

LEMMA 3.4. There exists ¢g > 0 small enough such that for any e € (0, ),
we have

(3.4) / (AN Vue|* + e|uee)?)dzdt < C,
Q

where C' is a constant independent of €.

ProOOF. Using u. — ¢ as a test function for (2.1), we get

/Q [(a(2) Ve, + Ho(u) H(2)) - V(ue — 6)
+ euet(ue - ¢)t - Ge(ue)(ue - (b)t} dl‘ dt
+ / G (e (2, T))(ue — 6)(z, T)da
Q

- / (a0 (2) + xo(@)) (ue — §)(,0)dz
Q
from which we deduce that

/ a(x)Vue - Vue + elue|*dedt = / a(x)Vu, - Vodadt
Q Q
eUerPrdxdt — H. (u)H (x).Vucdxdt

[ ettt — [ H.(u)HE)

3.5 Ge(ue)uerdzdt H.(u)H (z).Vodxdt

(3.5) Ry R ATSLIEA
+/QGE(UE)¢tdl‘dt/QGC(UC(IL',T))(UEgf))(l‘,T)dl‘
+ [ ao(a) + xo(e)(e — 0)(z. ).

Using (1.7), (1.8), and the fact that H is bounded, we obtain

(3.6) ‘/ 2) Vi, - wdzdt‘ < A( /|Vu6| dudt) /2(/Q|V¢|2dmdt>l/2,

1/2 1/2
(3.7) ‘/ eud(z)tdzdt‘ §e(1)/2</ e|u6t|2d:cdt) (/ |¢)t|2d:cdt) ,

1/2
(3.8) ’/ H.(u)H Vuﬁdxdt‘ <H|Q|1/2 /|vu | dxdt)
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r

Setting F(r) = / F(s)ds for any real function F' of the real variable, inte-
0
grating by parts, and using the fact that u. is bounded, we get

0 ~
/QGé(ué)uEtd:cdt/QaGe(ue)d:cdt
(3.9) :/Qéﬁ(uﬁ(ac,T))dac—/Qée(ue(ac,O))dx

< / ue(z, T)(aue(x, T) + 1)dz < |QM(aM + 1) =: c.
Q

Using (3.5)-(3.9), (1.10)-(1.11), the fact that H and u. are bounded, and
¢ € C%1(Q), we obtain for some positive constant ¢y,

/Q)\|Vu6|2 + €|uee)?dadt < 01{1 + (/QMVUEF)I/Q N (/Qe|u6t|2)1/2},

which leads to 0 < U, < C(1 + U?), where U, = / A Ve |? + €|uee| >dadt.
Q
Hence (3.4) holds. O

PROOF OF PROPOSITION 3.3. Let ' be as in the proposition. Let § > 0
and & = ¢y where ¢ € D() and ¢ € C}(0,T] such that ¢ = 11in ', ¢ =1
in (6, 7). Multiplying (3.1) by u£2? and integrating over Q, we get

oz/@uft§2dxdtz/Qdiv(a(ac)Vue)uEt€2dacdt
(3.10) + / H!(ue)Vue. H(x)u&2dxdt + / H(ue) div(H (z))ue 2 dadt
Q Q

— / H! (uo)u?,E2dxdt + / EUerrUer&2dadL.
Q Q
Using the symmetry of a(z) and integrating by parts, we get
/ div(a(z)Vue).ue & dedt = f/ a(x)Vue - V(uqf?)dedt
Q Q
1
=-3 / (a(x)Vue - Vue ) £2dxdt — 2/ a(x)Vue - VE uegp&dadt
(3.11) @ @
= / a(x)Vue - Vu E&dadt — 2/ a(x)Vue - V€ ueldxdt
Q Q

1 2
- §/Qa(ac)Vu€(x,T) Vue(x, T) (x, T)dx.

Moreover we have by taking into account (3.2),

1
(3.12) / UertterE2dadt = = / e(u2)&drdt = — / eu2E&dadt.
Q 2 Jq Q
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Using (3.11)-(3.12) and (1.6), we deduce from (3.10) that
a / u?, 2 dxdt < / a(x)Vue - Vue E&dadt

Q Q

- 2/ a(z)Vu, - V& ugldrdt — / eule dudt
(3.13) @ @
+/ H! (u )€ (Vue. H(x)ue — u?,)dadt

Q
+ / H(ue) div(H (z))ue £2dadt.

Q
Next we will prove that
(3.14) / H! ()€ (Vue. H(z)ue — u2)dadt < c(€).

Q
Multiplying (3.1) by v.£2 with v, = min(u,, €) and integrating over @, we get
/ €%a(z)Vu, - Vocdrdt = —2/ ve€a(x)Vue - VEdxdt
Q
/ EH (u)H(x) - Vvedzdt — 2 / Ev H (u)H(z) - Védadt
(3.15) —/ €Ut Vet dxdt—Z/ €U EE dxdt
Q Q
+ / Ge(ue)ver&2dadt + 2 / G (ue)vel€pdadt
Q Q

_ /Q G (e, 7))o (2, T)E2 (2, T

We have
(3.16) - / €UV E2dadt = — / eu?,&2dadt <0,
Q {uc<e}
/ G (ue)ver€dudt
Q
= / (V)2 dxdt = / =G (ve)dadt
(3.17) @

- /Q 6 Clvdadt + | (. T)G(un(w. T))da

<2 / 1664 v Ge(ve)dadt + / € (2, T)v(, T)Ge(ve(, T))do.
Q Q
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Moreover
- /Q €2 H, (u)H () - Vodadt

=— /Q 2 H (ve)H(x) - Voedadt

(3.18) =— /Q EH(z) - V(H.(v.))dzdt

= /Q H.(v.) div(€2H (z))dzdt
< /Q veH. (v.)| div(e2 H () |dadt.

Using (1.7)-(1.9), (3.4), (3.16)-(3.18) and the fact that H., G are bounded,
we deduce from (3.15) for a constant ¢;(§) independent of € and for any
e € (0,¢0)

(3.19) /Q§2a(ac)Vu€ - Voedzdt < ecq(§).

Now, using (1.6) and (1.8), the fact that H.(u.) > 0 and Young’s inequality,
we obtain

/Hé(ug)Vue.H(x)udedacdt—/ H! (u)u?,E2dxdt
Q Q

< 1 / Hé(ue)§2|Vu€~H(:c)|2dxdt+1 / H! (u.)e*u?,dxdt

2Jq 2 Jq
—/ H! (ue)&u? dxdt
Q

— l / 2 2 _ 1/ / 2,2

(3.20) = 2/QHE(uE)§ |Vue. H(z)|“dxdt 5 QHE(uE)f uzdxdt

g/ Hé(u€)§2|VuE.H(x)|2dxdt§F2/ H! (u)€2|Vue|*dadt
Q Q

IN

F2
—/ H!(uc)&%a(z)Vue - Vuedrdt
A g
FQ
< 5 / €2a(z)Vue - Vodzdt.
)\6 Q

Combining (3.19) and (3.20), we get (3.14).
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Now, using (1.7), (3.4) and (3.14), we get from (3.13)

o [ wgdndt < Alelléil [ [V Pdode
Q Q
+2A|V§|Oo/ |Vue|.|ue|Edxdt
Q
(3.21) 1ot / eu,dudt + c(€) + / €| div(H (2))].|ucr[€dadt
Q Q
< 2A|V£|OO/ |Vu6|.|u6t|§dacdt+/ &l div(H (z))|.|uet|Edxdt
Q Q

A
+ lElooleloeC (5 +1) + el€).

Applying Young’s inequality and taking into account (1.9) and (3.4), we obtain
from (3.21)

A2
a / w2 €dzdt < < / u?, &2 dxdt + 2—|VEIA / |Vue 2.2 dzdt
Q 4Jq a Q

«

1 A
/ui«?dwdw—/ €2|div(H(x))|2dxdt+|€|oo|§t|ooc(—+1) +e(€)
1 g @ JQ A
which leads to

/ u?,Edxdt < 4
Q

+

A2C
a2

VR + el [ i (H )P

2C /A 2
Heleleel 2 (R 1) + 20 o)

Since £ =1 in ' x (4,7, the estimate (3.3) holds from the last inequality.
0

4. EXISTENCE OF A SOLUTION

THEOREM 4.1. Assume that ¢ is a nonnegative Lipschitz continuous func-
tion, that (1.6)-(1.11) hold. Then there exists a solution (u,X) to problem
(1.12).

The proof will consist in passing to the limit, when e goes to 0, in (2.1).
To do that we shall need a few preliminary lemmas.

LEMMA 4.2. Let u. be the solution of (2.1). Then we have
/ [(a(:c)VuE + HC(UC)H(IL')) - VE+ eug&y — Ge(ue)ft} dx dt
Q

(4.1) SA@%@+M@M@MW

Vée HY(Q), E=00n¥3, £€>00n%y, &(2,T)=0ae x €.
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PROOF. Let £ € HY(Q), € =0 on X3, £ > 0on Xy, &(x,T) = 0 ae.

x € Q. Using for § > 0, min (%, E) as a test function for (2.1) and taking into

account the fact that aug(z) + xo(z) > 0 a.e. € Q, and (1.6), we obtain
(4.2)

a(x)Vue - V€ + cugédadt

+/Q [HC(UC)H(:C%V(min(%,E)) fGE(uE)<min(%,§))Jd:cdt

< [ (aun(o) + xo(e)(z. 01
Q
Arguing as in [26], we can verify that

lim a(x)Vue - V€ + eu&pdadt
020 Jfu. >56}

(4.3)
— / a(x)Vue - V€ + eueédadt,
Q

(4.4) lim [ Hc(uc)H(x) -V min (%,f)dmdt = / H (uc)H (x) - VE&dxdt,
Q 0 Q

6—0
. . Ue
(4.5) %1_{% ; G(ue) min (?,E)tdxdt = /QGe(ug)gtdacdt.
Letting 6 — 0 in (4.2) and using (4.3)-(4.5), we obtain (4.1). O

LEMMA 4.3. There exists a subsequence €, and u € L*(0,T; HY(Q)), x €
L?(Q) such that

(4.6) ue, — u  weakly in L*(0,T; H(Q)),
(4.7) H., (uc,) —x weakly in L*(Q).
Moreover, we have

(4.8) u=¢ onXy, u>0 a.e inQ,
(4.9) 0<x<1 ae inQ,

(4.10) u-(1=x)=0 ae inQ.

PROOF. First, (4.6)-(4.7) hold since H(u.) is uniformly bounded in Q
and u, is bounded independently of € in L?(0,7; H'(2)) by (2.8) and (3.4).
Next, the set

K, ={vel?0,T;H(Q)/v>0 ae inQ, v=¢ on Xy}
is weakly closed in L?(0,T; H(£)), since it is closed and convex. Since u,, €
K1, u is also in this set. So (4.8) holds. In the same way, the set

Ko={vel*Q)/0<v<1 ae inQ}
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being closed and convex, it is weakly closed in L?(Q). Thus, since H,, (u.,) €
K>, x is in this set and (4.9) holds.
To prove (4.10), we need the following lemma.

LEMMA 4.4.
(4.11) G, (uc,) — au+x  strongly in L*(0,T; V"),
where V. ={v e H(Q) ; v=0 on Iy}.

PROOF. Define

(4.12) We,, = —€ple,t + Gep, (Ue, ).
Next, from (3.4), we have

(4.13) €rtie,t — 0 strongly in L?(Q)
since

/ lentie, ¢ |2 dadt = ek/ ex|te, | drdt < e;,C.
Q Q

Then from (4.6)-(4.7) and (4.12)-(4.13) we deduce that

(4.14) we, — au+x  weakly in L*(0,T; L*(Q)).
We are going to prove that
(4.15) we, — au+x  weakly in L?(0,T;V").

If we choose £ € D(0,T;V) as a test function for (P, ), we have
/Q (a(z)Vue, + He, (e, )H(x)) - VE + €ue & — Ge, (e, )Eedadt =0,
which can be written as
/chkgtd:cdt = /Q (a(z)Vue, + He, (ue,)H(x)) - VEdadt

and which leads by (1.7)-(1.8), (3.4) and Cauchy-Schwarz inequality to

‘ / kagtdxdt‘
Q
(4.16) gA((/QIWEJQd“””dt)”Q +FIQ|1/2> : (/Q|V€|2dxdt)1/2

< Cllrz0,1:v)-
Since (4.16) holds for any & € D(0,T;V), we have proved that
(4.17) |Weyt|L20,7v7) < C,

i.e. that we,; is bounded in L?(0,T;V’). At this point, we introduce the
Banach vector space

Z ={v e L*0,T;L*(Q))/v; € L*(0,T;V")}



470 M. BOUSSELSAL, A. LYAGHFOURI AND E. ZAOUCHE

under the norm
[v|L20,1522(0)) + |Vl L2 0,107

As explained in [26] the imbedding Z — L?(0,7;V’) is compact. Since by
(2.8), (3.4) and (4.17), the sequence we, is bounded in Z, there exists a
subsequence still denoted by e, such that by (4.15),

we, — au+x  strongly in L*(0,7;V").
which leads by (4.12)-(4.13) to (4.11). O

We now return to the proof of (4.10). We first observe that

0< / te, (1 — He, (ue, ))dzdt = / Ue, (1= He, (ue,))dxdt < e;]Q|
Q

QQ{OSUGk <ex}

which leads to

(4.18) lim te, (1 — He, (ue,))dxdt = 0.
k——+o0 Q

We distinguish two cases
* o =0 : Using (4.6) and (4.11), we get

lim e, (1 — He, (ue,))dxdt

k——+o0 Q
= lim (ue, — @) (1 — He, (ue,))dxdt
(4.19) + kgr-ir-loo /Q o(1 — He, (ue,))dxdt

= / (u— @) (1 — x)dzdt +/ (1 — x)dxdt
Q Q

:/ u(1 — x)dzdt.
Q
It follows from (4.18)-(4.19) that we have

/ u- (1 — x)dzdt = 0.
Q

Since u - (1 — x) >0 a.e. in Q, we obtain u- (1 — x) =0 a.e. in Q.
* o> 0: Since He, (ue,) = Ge, (ue,) — aue,, we deduce from (4.18) that

lim Ue, (1 — Gep (e, ) + e, )dadt = 0,
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which can be written, using (4.6) and (4.11), as

1
lim u? dxdt = — lim Ue, (Gep (e, ) — 1)dxdt

1 1
— odrdt + — i o — 0)Ge, (ue, )dzdt
o i o Uen ot G B f e = )G (e
1
(4.20) + o Jim /Q ¢ Ge, (e, )dxdt

«

1
:——/ u(l—x)dacdt—i—/ u?dxdt.
>JQ Q

Given that u., converges weakly to u in L?(Q), we have

1 1 1
=—= /Q udxdt + o /Q(u — ¢)(au + x)dzdt + > /Q ¢(au + x)dxdt

(4.21) / w’drdt < lim | u? dadt.
Q k——+o0 Q

It follows from (4.20)-(4.21) that we have

1
/quxdtg——/ u(lfx)d:ndtJr/ u2d:cdt§/u2d:cdt,
Q >JQ Q Q

which leads to / u(l — x)dxdt = 0. Since u - (1 —x) > 0 a.e. in @, we obtain
Q
u-(1—x)=0a.e. in Q. O

REMARK 4.5. We deduce from (4.20)-(4.21) that we have

lim u?kdxdt = / u?dzdt,
which leads to
ue, — u  strongly in L?(Q).
PROOF OF THEOREM 4.1. It is clear that (1.12)(i) and (1.12) (ii) follow

from Lemma 4.3. Let us establish (1.12)(iii). Let & € H'(Q), £ = 0 on
Y3, £>0o0n X4 and &(x,T) = 0 a.e. in . Then we have by (4.1)

/Q [(G(Z)V’uﬁk + Hék (Uck)H(l‘)) -VE+ €kuekt§t - Gek (Uek )ft} dx dt
(4.22)

< [ (@uole) + xo(w))€(a,0)d
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Letting k go to oo in (4.22) and using (4.6)-(4.7), (4.11) and (4.13), we get
/Q [(a(z)Vu + xH(x)) - VE — (o + x)& | d di

< /Q(auo(:c) + xo(z))&(z,0)dz,

which achieves the proof of Theorem 4.1 O

5. REGULARITY OF THE SOLUTION

In this section, we give two regularity results of the solutions of the prob-
lem (1.12). First, we have a restricted result.

PROPOSITION 5.1. Assume that o > 0 and a(x) is symmetric with a;; €
C%Y(Q). Then there exists a solution (u,x) of the problem (1.12) such that for
any open set ' CC Q of Q and any T > § > 0, we have u € H (Y x (5,T)).

PROOF. Let (u,x) be a solution of the problem (1.12) obtained as a
limit of the sequence (u.,, He, (e, )), where u., is the solution of the problem
(2.1) introduced in Sect. 2. Using the estimates (3.3)-(3.4), we see that u,, is
bounded in H!(Q' x (6,T)). Therefore there exists a subsequence still denoted
by (ue, )k such that

ue, —u weakly in H' () x (6,T)).

Now we have a second regularity result of the solutions.

PROPOSITION 5.2. Let (u,x) be a solution of problem (1.12). Then we
have

au+x € CU[0,T]; V).
We need a lemma.
LEMMA 5.3. We have (au + x); € L*(0,T; V).

PROOF. Let v € D(0,T;V). Since v are test functions for (1.12), we
have

/ (o + x)vedadt = / (a(z)Vu + xH(z)) - Vodzdt,
Q Q
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which leads to

’/Q(au—i—x)vtdacdt’ = ‘/Q(a(x)Vu—f—XH(x)) -Vvdxdt’
S/Q(AIVuI+F)~|W|dxdt

(5.1) SmaX(A,F)‘/Q(|Vu|+1).|Vv|dxdt‘

_ 1/2 1/2
< \/Emax(A,H)(/ (|Vu|2+1)dac) (/ |Vv|2dmdt)
Q Q
< Klvlr2(0,13v)

— 1/2
where K = /2 max(A, H)(/ (|Vul® + 1)dm) . We deduce from (5.1) that
Q
the linear form

v — / (cu + x)vedxdt
Q

is continuous on the dense subspace D(0,T; V) of the vector space L2(0,T;V)
under its natural norm. It follows that it can be extended to a continuous
linear form F up to L%(0,7; V). Since the distribution (au+x): coincides with
F onD(0,T;V), they coincide on L?(0,T; V). Hence (au+x); € L2(0,T;V").

O

PROOF OF PROPOSITION 5.2. As a consequence of Lemma 5.3, we have
au +x € HY(0,T;V’), which leads to the result by the Sobolev imbedding
HY0,T; V') c C([0, T); V). O

REMARK 5.4. If & > 0 and a(z) is symmetric and a;; € C%1(9Q),
then there exists a solution (u,x) of the problem (1.12) such that x €
C°((0,T]; H~*(Q")) for any nonempty open set Q' CC . Indeed, from Propo-
sition 5.1, there exists a solution (u,x) of the problem (1.12) such that for
eachT >4 >0, cCcQ,ue HY(Q x (4,T)). We deduce from Lemma 5.3
that

xt = (X +au); — auy € L*(5,T; H-H(QY)).
Hence x € C°((6, T]; H=H(Y)).

REFERENCES

(1] H. W. Alt, Stréomungen durch inhomogene porése Medien mit freiem Rand, J. Reine
Angew. Math. 305 (1979), 89-115.

[2] C. Baiocchi, Su un problema di frontiera libera connesso a questioni di idraulica,
Ann. Mat. Pura Appl. (4) 92 (1972), 107-127.

[3] C. Baiocchi, Free boundary problems in fluid flows through porous media and varia-
tional inequalities, in: Free boundary problems, Ist. Naz. Alta Mat. Francesco Severi,
Rome 1980, 175-191.



474

[4]

[5]

[10]
[11]
[12]
[13]

(14]

(15]

[16]
(17]

(18]
(19]

20]

21]
(22]
(23]
[24]
25]

[26]

M. BOUSSELSAL, A. LYAGHFOURI AND E. ZAOUCHE

G. Bayada and M. Chambat, Ezistence and uniqueness for a lubrication problem
with nonregular conditions on the free boundary, Boll. Un. Mat. Ital. B (6) 3 (1984),
543-557.

A. Bermidez, M. C. Muiiz and P. Quintela, Ezistence and uniqueness for a free
boundary problem in aluminum electrolysis, J. Math. Anal. Appl. 191 (1995), 497—
527.

J. Carrillo, An evolution free boundary problem: filtrations of a compressible fluid in a
porous medium, in: Contributions to nonlinear partial differential equations, Pitman,
London, 1983, 97-110.

J. Carrillo, On the uniqueness of the solution of the evolution dam problem, Nonlinear
Anal. 22 (1994), 573-607.

J. Carrillo and M. Chipot, On the dam problem, J. Differential Equations 45 (1982),
234-271.

J. Carrillo and M. Chipot, The dam problem with leaky boundary conditions, Appl.
Math. Optim. 28 (1993), 57-85.

J. Carrillo and G. Gilardi, La vitesse de propagation dans le probléme de la digue,
Ann. Fac. Sc. de Toulouse Math. (5) 11 (1990), 7-28.

J. Carrillo and A. Lyaghfouri, The dam problem for nonlinear Darcy’s law and Dirich-
let boundary conditions, Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4) 26 (1998), 453-505.
J. Carrillo and A. Lyaghfouri, A filtration problem with nonlinear Darcy’s law and
generalized boundary conditions, Adv. Differential Equations 5 (2000), 515-555.

S. Challal and A. Lyaghfouri, A filtration problem through a heterogeneous porous
medium, Interfaces and Free Bound. 6 (2004), 55-79.

S. Challal and A. Lyaghfouri, On a class of free boundary problems of type
div(a(X)Vu) = — div(H(X)x(u)), Differential and Integral Equations 19 (2006), 481—
516.

M. Chicco and M. Venturino, A priori inequalities for solutions of mized boundary-
value problems in unbounded domains, Ann. Mat. Pura Appl. (4) 183 (2004), 241-259.
M. Chipot, Variational inequalities and flow in porous media, Springer, Berlin, 1984.
M. Chipot and M. C. Muniz, A free boundary problem modelling the electrolysis of
aluminium, Appl. Math. Optim. 47 (2003), 231-252.

M. Chipot and A. Lyaghfouri, The dam problem for non-linear Darcy’s laws and non-
linear leaky boundary conditions, Math. Methods Appl. Sci. 20 (1997), 1045-1068.
M. Chipot and A. Lyaghfouri, The dam problem with linear Darcy’s law and nonlinear
leaky boundary conditions, Adv. Differential Equations 3 (1998), 1-50.

E. DiBenedetto, A. Friedman, Periodic behaviour for the evolutionary dam problem
and related free boundary problems, Comm. Partial Differential Equations 11 (1986),
1297-1377.

G. Gilardi, A new approach to evolution free boundary problems, Comm. Partial Dif-
ferential Equations 4 (1979), 1099-1122; 5 (1980), 983-984.

D. Gilbarg and N. S. Trudinger, Elliptic partial differential equations of second order,
Springer, New York, 1983.

A. Lyaghfouri, The inhomogeneous dam problem with linear Darcy’s law and Dirichlet
boundary conditions, Math. Models Methods Appl. Sci. 6 (1996), 1051-1077.

A. Lyaghfouri, The evolution dam problem for nonlinear Darcy’s law and nonlinear
leaky boundary conditions, Ricerche di Matematica (2) XLVII (1998), 297-357.

A. Lyaghfouri, A unified formulation for the dam problem, Riv. Mat. Univ. Parma
(6) 1 (1998), 113-1483.

A. Lyaghfouri, The evolution dam problem for nonlinear Darcy’s law and Dirichlet
boundary conditions, Portugal. Math. 56 (1999), 1-37.



(27]

(28]

(29]

(30]
(31]

(32]

FREE BOUNDARY PROBLEMS 475

A. Lyaghfouri, A regularity result for a heterogeneous evolution dam problem, Z. Anal.
Anwendungen 24 (2005), 149-166.

A. Lyaghfouri and E. Zaouche, Uniqueness of solution of the unsteady filtration prob-
lem in heterogeneous porous media, Rev. R. Acad. Cienc. Exactas Fs. Nat. Ser. A
Math. RACSAM 112 (2018), 89-102.

J. F. Rodrigues, On the dam problem with leaky boundary condition, Portugal. Math.
39 (1980), 399-411.

D. R. Smart, Fized point theorems, Cambridge University Press, Cambridge, 1974.
A. Torelli, Ezistence and uniqueness of the solution of a non steady free boundary
problem, Boll. Un. Mat. Ital. B (5) 14 (1977), 423-466.

E. Zaouche, Uniqueness of solution in a rectangular domain of an evolution dam
problem with heterogeneous coefficients, Electron. J. Differ. Equations (169) 2018
(2018), 1-17.

M. Bousselsal

Department of Mathematics

Labo. Part. Diff. Eq. & Hist. Maths
Ecole Normale Supérieure

16050 Vieux-Kouba Algiers

Algeria

E-mail: bousselsalbb@gmail.com

A. Lyaghfouri

Department of Mathematics and Natural Sciences
American University of Ras Al Khaimah

Ras Al Khaimah

UAE

E-mail: abdeslem.lyaghfouriQaurak.ac.ae

E. Zaouche

Department of Mathematics

Labo. Oper. Theo. & Part. Diff. Eq.: Foundations and Applications
University of EL Oued

B. P. 789 EIl Oued 39000

Algeria

E-mail: elmehdi-zaouche@univ-eloued.dz

Received: 17.1.2018.

Revised: 14.10.2018.



