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Abstract. In this paper we obtain a priori estimates for finite-energy sequences of Miiller’s
functional

= (2079 + W (5) + ale)e?(s)) s,

where v € H2(0, 1) and W is non-coercive two-well potential with symmetrically placed
zero-points. We also prove I'-convergence of corresponding relaxed functionals according
to the approach of G. Alberti and S. Miiller as e — 0 for W, which satisfies f?oo VW =

f0+°° VW = +oo0.
AMS subject classifications: 34E15, 49J45

Key words: asymptotic analysis, singular perturbation, Young measures, Modica-Mortola
functional, Gamma convergence

1. Introduction

We study asymptotic behavior of the functional I¢ : H(0,1) — R,

[E(v) = /O 1 (521;"2(5) LW (s) + a(s)vQ(s))ds, (1)

as a small parameter ¢ tends to zero, where a € L1(0,1) satisfies a(s) > ag > 0
(a.e. s € (0,1)). W is a non-negative continuous function with a suitable behavior
at infinity such that W(¢) = 0 if and only if ¢ € {—1,1} holds true (in short,
the two-well potential with symmetrically placed wells). In this paper we present
some asymptotic properties of finite-energy sequences for the rescaled functional (1)
(cf. [2], Section 3), derived from the corresponding properties of W (we recall that
we say that (v.) is a finite-energy sequence (or an FE sequence) for (e=31I¢) if
it holds that limsup, ,,e 3I¢(v.) < +00). A particular emphasis is placed on
the optimality of the assumptions on W. Our results should be primarily viewed
as a further development of considerations in [2]. The proofs are obtained by an
application of results in Leoni’s paper [15], which considers the well-known Modica-~
Mortola functional (i.e., the case when it holds that a = 0). Hence, on the one
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Figure 1: Two-scale structure of s — v.(s) fore =0

hand, this paper is a follow-up of Leoni’s paper [15], and on the other, it provides
technical refinements of results sketched in Section 6 of [2]. In [2], G. Alberti and
S. Miiller calculated the (rescaled) asymptotic energy associated with IS as e — 0
by means of I'-convergence on the space of Young measures on micro-patterns (cf. [2],
Section 3). Such a class of functionals appears in studying coherent solid-solid phase
transformations and can be understood as a simplified one-dimensional model for
a phase transition at a martensite-austenite interface (cf. [2], [20] and references
therein). From the mathematical viewpoint, the minimizers of (1) exhibit rather
interesting behavior as € — 0: the derivatives of minimizers v. develop a two-scale
structure (cf. Figure 1) due to an internally generated oscillatory scale of order 5%,
while the minimizers (v.) converge to zero strongly in L2(0,1). It is reasonable to
expect that FE sequences (v.) for (63 I%) are in a sense close to equi-Lipschitz FE
sequences, since any deviation from the slope +1 comes at the cost of increasing
the value of It (v.). Such behavior is a mathematical counterpart of the formation
of a microstructure in complex physical systems such as diblock copolymer melts
(cf. [9]). The approach of Alberti and Miiller introduced in [2] uses the theorem
of L. Modica and S. Mortola (cf. [18]) as a background I'-convergence result. The
main benefit of their approach is the fact that we are able to deal with the problem
of calculation of rescaled asymptotic energies &, per = lim, min{a_%lj(v) TV €
H2..(0,1)} and &, := lim, min{e"3I5(v) : v € H2(0,1)}, as well as to describe
the geometric behavior of minimizers for I as ¢ — 0. For further progress in this
respect, see [25]-[37]. Extensive literature is available on a wider subject, and our list
of references is by no means complete, nor does it attempt to cite the most important
contributions (a more complete list is available in, for instance, [2], [6], [21]). Most
authors impose a growth condition on W at infinity which, in our notation (cf. (2)),
corresponds to the case ¢ < 0 (cf. [2, 3, 10, 14, 24, 38]). In particular, the classical
Fonseca-Tartar assumption (cf. [13]), which corresponds to the case ¢ = —1 (in such
a case we say that W is a coercive two-well potential), should not play a decisive role
in minimizing I for small € (coercive two-well potentials are usually introduced to
simplify mathematical analysis of the model considered). In this paper, we show that
this is indeed the case. We always assume that W satisfies: (i) W(¢) = 0iff ¢ € {£1},
W > 0; (ii) Leoni’s non-integrability condition f0+oo min{\/W (), /W (=¢)}d¢ =
+o0o (cf. [15]), whereby we allow the case liminf._ .4 W(¢) = 0. This already
gives a substantially large class of non-coercive two-well potentials. We mostly have



A PRIORI ESTIMATES FOR FINITE-ENERGY SEQUENCES 41
in mind the following decay condition:
W(¢) > col¢|79 for every ¢ such that || > Ro, (2)

where Ry > 1 is large enough, ¢ > 0, ¢ € [0,2], and where the specific choice of
q depends on the particular section. Our objective is to show that, in accordance
with the procedure in [2], it is possible to recover the I'-limit of the rescaled func-
tionals (a_glj) for such, quite general, two-well potentials W, and to extract the
underlying geometric properties of FE sequences. The key contribution of the paper
is the proof of the fact that Ball’s condition in the statement of the fundamental
theorem of Young measures (cf. [21], Theorem 3.1, or [4]) relating to first derivative
of an FE sequence is still preserved under fairly weak assumption (3), which enables
a sawtooth pattern of FE sequences to emerge. Furthermore, we prove that the ex-
pression for the rescaled asymptotic energy is independent of boundary conditions.
Since we recover the results on the level of FE sequences (which are not necessarily
actual or approximate minimizers), in contrast to the analysis in [20], we use purely
variational arguments.

2. Notation

In what follows we use the notation € to denote strictly positive small real numbers.
To simplify the notation, we omit relabeling subsequences, and we set ”a sequence
(x:)” to mean a sequence in some metric space X defined only for (arbitrarily chosen)
countably many € = e, such that e, — 0 as n — +00. A subsequence of (z.) is
any sequence (ze, ), where &, is a subsequence of (e,,) (so that e,, — 0 as k —
+00), and we say that (z.) is pre-compact in X if every subsequence of (x.) admits a
further subsequence that converges in X. However, our results (with the exception of
the proof of (29)) hold if the parameter £ € (0, 1) is allowed to take uncountably many
values. If X is given metric space, we say that functionals f¢ : X — R are equi-
coercive on X if limsup,_ , f¢(x.) < +oo implies that there exists a subsequence
of (xz¢) which is convergent in X. We also mention that throughout the paper,
without further comment, we use well-known argument of ”the unique feature of
the cluster point” pertaining to such sequences (z.), which, in effect, establishes
the following: if an arbitrary subsequence allows further subsequence which has a
certain property defined beforehand, then the whole sequence has such property. In
this paper, measurability always means Borel measurability. We consider a compact
metric space (K, d) (the space of patterns), which is a set of all measurable mappings
x: R — [—00,400] (modulo equivalence A-almost everywhere, where X is a one-
dimensional Lebesgue measure), endowed with the metric d defined by

oo

1 2 2
d(zy1,z2) = Z o | /Ryk (; arctanx, — - arctanxg)d)\|,
k=1

where (yy) is a sequence of bounded functions which are dense in L!(R), such that
the support of yi is a subset of (—k, k), with oy := [|yk|l;1 + ||Yxll;,«. The Banach
space C(K) (Co(R), resp.) is the space of all continuous real functions on K (the
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space of all continuous real functions on R which vanish at infinity, resp.), endowed
with the uniform norm. The dual of C(K) (Co(R), resp.) is identified with the space
of all real finite Radon measures on K (on R, resp.), denoted by M(K) (My(R),
resp.), endowed with the corresponding weak-star topology. The weak-star topology
on M(K) is induced by the norm ¢ defined in [2], p. 799. By P(K) we denote the set
of all probability measures in M(K). If u € M(K), by ||| we denote total variation
of p. If Q C R is a bounded measurable set, by LS, (Q; M(K)) we denote the dual
of L1(; C(K)). The set of all K-valued Young measures (or Young measures on
micro-patterns) denoted by Y M (; K) is the set of all v € Lg%, (©2; M(K)) such that
vs € P(K) for almost every s € , where v(s) := vs, s € . We always endow it
with the weak-star topology of L2, (2; M(K)). The weak-star topology on bounded
sets in LY (Q; M(K)) is induced by the norm ® defined in [2], p. 769, and therefore
YM(Q; K) is metrized by ®. The elementary Young measure associated with a
measurable map u : @ — K (u: Q@ — R, resp.) is the map 4, : Q@ — M(K)
(8, : @ — My(R), resp.) given by J,,(s) := dy(s), 5 € 2. We say that a sequence of
measurable maps u* : Q — K generates the Young measure v, if the corresponding
elementary Young measures d,» converge to v in the topology of L3 (€; M(K)).
The basic result about R-valued Young measures (and its proof) can be found in [4]
(in accordance with the notation therein, for a given closed set A C R and a sequence
of measurable functions f, : (0,1) — R, we write fn%A if for every open
neighbourhood U of A it holds that lim,,_, . A{s € (0,1) : fu(s) ¢ U} =0). The
version which is instrumental in setting up the machinery of Alberti and Miiller can
be found in [2], p. 770, and [21]. We say that u € M(K) is invariant with respect to
translations if for every g € C(K) and every 7 € R it holds that (u, g) = (u,goTy),
where T, : K — K is defined by T,z(t) := z(t — 7), z € K, t € R. Z(K) denotes
the class of all invariant measures in P(K). If x € K is periodic, the notation e,
stands for the unique invariant probability measure supported on the orbit of x. If
a Young measure v € Y M (£2; K) at almost every point s is equal to an elementary
invariant measure (which is allowed to depend on s), we say that v is an elementary
invariant Young measure (in such a case we write v = &, where £,(s) 1= €5, 2° € K
is periodic (a.e. s € 2)). By S(w) we denote the set of all continuous piecewise affine
functions on a bounded open interval w C R with a slope equal to 1 or —1 at almost
every point in w. By Sper(w) we denote the set of all real functions on a bounded
open interval w C R extended to R by periodicity, which belong to S(J) for every
bounded open interval J C R. If 2 € S(w), by Sz’ Nw we denote the set of all
jump discontinuities of ' on w. cardA stands for cardinality of the set A. Finally,
if x € Sper(a,b) satisfies z(a) = z(b) = 0, we write z € Sper0(a,b).

3. Outline
Our goal is to develop estimates which show how far an arbitrary FE sequence

is from an equi-Lipschitz FE sequence in the case of W which satisfies a suitable
non-integrability condition

+oo
/0 V@t = +o0, 3)
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where V : [0,+00) — [0,400) is defined by V(§) := min{W(z) : |z| = &}. All
of our a priori estimates provide information regarding both the periodicity prop-
erties and the emergence of the transition layers (depicted in Figure 1) of arbi-
trary FE sequences. If a two-well potential W is coercive, these estimates are
much easier to prove (and can be further improved) since in such a case we im-
mediately deduce boundedness of (v.) in L!(0,1) (compare Corollary 8). We ex-
pect that results presented in this paper (with the exception of Section 4) do not
hold provided [g /W ({)d¢ < +o00. As a typical example of W which satisfies (3)
(Jg VW(C)d¢ < +o0, resp.), we consider W such that for 0 < ¢ < 2 (¢ > 2, resp.)
and Ry > 1 it holds that

W(Q) > o forevery [0]> Ro (1)
W(C)SET‘L for every |¢] > Ro, (5)

where 0 < ¢y < Cp < +oo. If W satisfies both (4) and (5) with ¢ € (0,2] (¢ > 2,
resp.), we say that W exhibits slow (fast, resp.) decay at infinity. If W satisfies
both (4) and (5) with ¢ = 0, we say that W exhibits steady behavior at infinity.
In that context, the standard approach to asymptotic problem associated with (1)
uses the so-called Zhang’s Lemma (cf. [22]) which provides direct approximation of
an arbitrary FE sequence by equi-Lipschitz FE sequence. However, if ¢ > 0, such
an approach is not easily applicable (or it is not applicable at all), and in this paper
we adopt a different strategy, which is based on the area formula (compare [15]).
Roughly speaking, by a convexity argument, we expect that FE sequences for the
functional (1) with a > 0 for sufficiently small ¢ > 0 behave as FE sequences
for the functional with @ = 0 (the so-called Cahn-Hilliard functional) on ”most”
subintervals I5 of order O(e3), where j = 1,...,0(¢~3). That is to say, we use the
truncation argument in the domain rather than in the co-domain. We make this
rigorous in Lemma 7. We also recover L™-estimates for (Jv.|) in the case a > 0,
which are the counterpart of Leoni’s L>-estimates in the case a = 0 (cf. [15]). For
a specific ¢ > 0 we recover growth rates of v. as ¢ — 0 explicitly in terms of g.
The issue which complicates the analysis in the case of W which satisfies (3) is the
fact that (v.) is not necessarily bounded in L!(0,1) (compare [5]). The paper is
organized as follows. First, we develop some a priori estimates for FE sequences. In
Section 4, we present some results relating to the choice of an arbitrary W, without
specifying any asymptotic behavior of W at infinity (we do not even assume (3)).
In Section 5 (Section 6, resp.), we consider the case of W which satisfies (2), where
0 < g <2(q =0, resp.) is specified (we are not aware of any corresponding
results in the case ¢ > 2). Second, in Section 7, we present some applications of the
a priori estimates obtained beforehand: more precisely, we prove I'-convergence of
relaxed functionals associated with (1) on the space of micro-patterns Y M ((0, 1); K)
as ¢ — 0 under assumption (3). In particular, results in this paper show that
the distinct sawtooth pattern of FE sequences (v.) emerges more explicitly as we
progressively introduce ever stronger assumptions on W. We point out that not
all of a priori estimates included in Section 4, Section 5 and Section 6 are used
in the proof of our main result (Theorem 1), but we believe that all estimates
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are of interest themselves. For instance, estimate (iv) ((iii), resp.) of Proposition 2
(Proposition 3, resp.) is complementary to estimate (10) of Proposition 1 in the case
0 < g<1(q=0,resp.). Throughout the paper we use the following notation. We

set N, := 5:‘% eN, g, = ﬂs’% 73, I5 = (%, NLE), J=1,...,Ng, pey = (6*5*1)%,
sothat 0 < pex <1, >e, >0and p.x ' 1ase — 0. Also, by (ve) we always
denote an arbitrary FE sequence for (=3 I¢) in H2(0,1), while by M > 0 we denote
a chosen upper bound for =3 I (v.) provided that & > 0 is sufficiently small.

4. The case of arbitrary W

We begin with some observations for an arbitrary two-well potential W.

Lemma 1. For an arbitrary W we have:

N.
1
lim sup g —1nf15|v€| < 4o0.
E

e—0

. SR 1

Proof. We set a! := (j — 1)eZ, b := jsf 7 =1,..., N.. By the integral mean
1 , L

value theorem there exists 921; E (al,al + L) (9(2? € (al + 2¢3,b7), resp.) such

er e £,] €
(1 1 1 1
Ih|ded = 102, Ju-(60))]

. aj-',-la 1
that the following holds: [ 7"*™ e7s|v
1 1
e 5 [ve(s)|ds = 57‘%|Ua(9(2 )ges = %P?,*|Ua(957j)|, resp.). Since (v¢) is an

J

bl E
U

a5+4€

(s)lds = e 3]0 (0

1
3
1
FE sequence, by the Holder inequality we have ||€_%va||L1(0 < Mz, and it
1 j

results in o M3 > SN [7 e fuc(s)|ds > TN (%ws(e(? )|+ e (6% )|) On
the other hand, the Lagrange mean value theorem provides the existence of 0. ; €

1
(65).05%)) with the property [v=(6%)) ~ vaw“ =lecl® =) 10 — 0] 12t (0) e

_1
Thus, we get 8ag ? M3 > E (|v5( )]+ [ve (6 )|) > SN L Lol (6. )], giving

Zjv 1 lnfji [l < 16aq Ve (provided that € > 0 is sufficiently small). O

In the next lemma we show that for sufficiently wide intervals we, inf,,_|v.]| is
small.

Lemma 2. Consider an arbitrary W. Then the following holds:

(i) For every sequence of open intervals (we) in (0,1) lim, e~ 3 A(w.) = 400 implies
lim, inf,,_[v.| =0,

(i) limsup, o [|e3vL|[ 1,0 (g,1) < +00.

Proof. To establish (i), we consider an arbitrary subsequence of (v;) (not relabeled).
Since the sequence (5_%1}8) is bounded in L'(0,1), up to a subsequence, we have
p=lve(s) — 0 (ae. s € (O 1)), where p. := A(we). Then pZ'v-(s)xu0(s) — 0 for
every s € (0,1), where w? C w, is a conveniently chosen measurable set such that
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AMw:\wl) = 0. Consider s1,s2 € w? such that |s; — s1| > 3p.. By the Lagrange
mean value theorem we have v (s2) — ve(s1) = v.(0:)(s2 — s1), where 6. € (s1, s2).
It gives [v-(s2) — vo(51)] > e[l ()], so that p; Hfue(s2) — ve(s1)] > Lol(6.)],
ie., lim._,ov.(6:) = 0. The assertion for the whole sequence follows from the
argument of the unique feature of the cluster point as we let ¢ — 0. Next, we
apply the area formula for absolutely continuous functions (cf. [17], Theorem 3.65),

getting M2 > 3 fol [v!|ds > €3 (M. —m.), which gives £3 M. < M= +e3m,, where
me = ming 1y [vL], Mc := maxp 1y [v.|. By (i) we obtain that the sequence (e3m.)
is bounded, and so is (£3 M.). O

Lemma 3. Consider an arbitrary W and an arbitrary sequence of measurable sets
(Ae) in (0,1). Then the following conclusions hold:

(i) liminf._0e 3 \(A.) = 400 implies 1 < liminf.__,o [Vl o (a.y- In particu-
lar, it holds that 1 < liminf._ o [[vZ[l1. (0 1)

(i) 1 < liminf. 0 Zjv; NLE”’U;HL“’(I;)'
Proof. We first prove (i) by contradiction. If there exists 0 < ¢ << 1 such that
limsup, ¢ |Vl (4 < 1— 25, we have —1+6 < v (s) <1-0 (ae. s € A) for
every 0 < & < £0(8). Hence, e~ 3 fol W (v.(s))ds > e 3 A(A) min_yys5<c<1-5 W(C),
which provides the conclusion as we pass to the limit as € — 0. Second, to prove
(ii), we consider j§ € {1,..., Nc} such that [[vl]|= ;o) 2 ””éHLw(I?O) for every j €
{1,..., N}, and so liminf. Zjvjl Ni€||v;||Loo(I¢) > liminf._, ||U;||L°°(IEO) > 1.
J 39
O

The last lemma of this section establishes an estimate which is the reverse of
estimate (ii) of Lemma 3.

Lemma 4. Consider an arbitrary W. Then for every 0 < m <1 it holds that
) 1
lim sup » O (el r5)) < € < oo, (6)

where ¢ (t) := fot VVi(§)dE, t >0, Vi (§) := min{V(€),m}, and where C > 0 is
independent of m € (0,1]. If m > 1, we can recover (6) with C replaced by C - \/m.

Proof. For a sufficiently small ¢g > 0 and for every ¢ € (0,0) we have M >
e 315 (0) > penes 515 (v). Since p., /1 as e —s 0, for a sufficiently small
e1 > 0 and for every ¢ € (0,e,) we get &, 3 I+ (v.) < 2M. On the other hand, by
the same argument as in Theorem 1.3 in [15], we can write

£,J

M
[ (e eetvagen) 2 [ @iz [ VT @
I3 I3

Me 5
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where me ; := inf{|v(s)| : s € I5}, M. ; := sup{|v.(s)| : s € [} and so
Ne Ne
jzzl E(bm(Ms,j) S 2M + J; Eﬁbm(ms,j)a (8)

where ¢, (t) = fot Vi (€)d¢, t > 0. Since for every m € (0,1] and every & €
[0, 4+00) it holds that v/V,,(€) < v/m < 1, we get ¢, (t) < /mt < t. By Lemma 1
the sum on the right-hand side in (8) is bounded by 16a8%M% as € — 0 and we
get (6) with C := 16ag * M¥ + 21 0

5. The case of slow decay of W at +o0

In this section, we address the case of W which satisfies (4). We recover precise
estimates in terms of the parameter ¢ € [0,1). In the results below we utilized only
estimate (4), but typical examples we have in mind are functions W which satisfy
both (4) and (5). In this more specific case we can obtain additional information
about the asymptotic behavior of FE sequences. In the case of ¢ € [1,2], Lemma 2,
(ii), provides more precise estimates in comparison to the following proposition.

Proposition 1. Consider W which satisfies (4). If 0 < q < 1, then it holds that
lim sup HE%%QUQHLOO(O 1) < +oo. 9)
e—0 ’

If (A;) are measurable sets in (0,1) such that liminf,_,gessinf4_|vl| = 400, then
for 0 < q < 1 the following holds:

: 12 /
limsupe3?=aessinfy_|v.| < 4o0. (10)
e—0

Proof. To prove (9), we note that without loss of generality we can assume that
lime 0 [|0f[|g, 9,1y = +00 (otherwise the assertion is obvious), so that for e € (0, o)
it holds that [|vl[|1 1) > Ro > 1. Similarly to Theorem 1.3 in [15] we get M >
3 fgs V'V (€)dE, where m, := minj ) [v]], M. := max ) [v.|. By Lemma 2, (i), it
follows that lim.__.g m. = 0. Then we have

H'U;”LOO(() 1) q
1 : 1 1—-2 1—
Mz | Ve > e a(tlindes, - Bo b,

Ro

whereby (9) (and, consequently, (10)) follows. O

In the case of 0 < ¢ < 1 we can derive further conclusions.
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Lemma 5. Consider arbitrary § > 0. Suppose that W satisfies (4) with 0 < ¢ < 1.
Then it holds that

limsup57%+%22*—qq)\{s €(0,1) : |vl(s)] > 1+ 0} < +oo, (11)
e—0

v |[—21 on (0,1) as e —» 0, (12)

1
limsup/ [vl(s)|?2ds < 400, (13)

e—0 0

limsup£7%+%gt_§/ [0l (s)|Pds < +o0, where p € (0,2 — 2q).
e—0 {loL>1+6)

(14)

If0<g< %, then for every p € [1,2 — 2q) we have

P(0,1)

o[, (15)
Ehi{lo ||Ua||L°°(0,1) =0. (16)
If q = %, then we have
lim sup [[ve[ g, (g,1) < +00. (17)
e—0

Proof. If Ry > 1 is chosen as in (4), it follows that there exists M > 0 such that

-3 / ,Ciods < M,
(o> Ro} [VE(8)]4

_2 _
e ALl > Ro}lvLllg o.yc0 < e

which, in turn, by (9), provides limsup,__,, s_%aéi_qqA{|vé| > Ro} < 400. On the
other hand, for arbitrary § > 0 such that Ry > 1 + ¢ we have

Mza_g/ W) >e iM14+6< | <R min  W(¢
i<} (v2) { A 0}1+6§\<\§Ro (©)

and so (11) holds true. To proceed, we note that the inequality

W

M> e / W) > e 3A{jul| <1-6} min W),  (18)
{lvz|<1-5} I¢l<1=9

coupled with (11), provides (12). Next, by (9) and (11), for 0 < ¢ < 1 we estimate
[ P < e A > 140} < o
{lvL|>1+6}

In effect, (13) holds. (14) also follows directly from (9) and (11). By (12), as we pass
to an appropriate subsequence (not relabeled), we get |v.(s)] — 1 (a.e. s € (0,1))
ase — 0. f0<¢g< % and p € [1,2 — 2q), we argue as follows. By the Holder
inequality we estimate

2—2g—p

1
/ ||vé|—1|p§/ Wl = 1P + [llve] = 1Pl 2=z Mlog| > 146} 22
0 {|v2|<14-6} L » (01)
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Finally, we obtain (15) by combining the dominated convergence theorem, (11) and
(13). Consequently, (16) ((17), resp.) follows from v.———0 in L?(0,1) and from
the Rellich compactness theorem (continuous embedding W1(0,1) < L>(0,1),
resp.). O

In the next proposition, provided that 0 < ¢ < 1, we estimate the sizes of sets
where v, exhibits singular behavior in terms of the small parameter e.

Proposition 2. Suppose that W satisfies (4) with 0 < ¢ < 1 and Ry > 1. Consider
an arbitrary sequence of measurable sets (A:) in (0,1). Then the following holds:

(i) liminf, 5_%%/\(145) = 400 implies limsup, essinf 4_|v.| < 400,

(i1) +oo > liminf. essinf 4, |vl| > Ry implies lim sup, 57%%)\(148) < 400,

(iii) Under assumption +00 > limsup, esssup4_[v| > liminf_ essinfa_|v]| > Rq it
Jollows that limsup, e~ 3 A(A.) < +00.

Also, if liminf.__,gessinf_|v.| = 400, then it holds that
(iv) limsup,__, o A(A:)(essinf4_|vl])3729 < +o0.

Proof. To prove (ii) ((iii), resp.), we note that, by assumption, for sufficiently small
e it holds that essinf4_|v.| > Ry, and so

/ /ciodszs_%/ /570(18,
Ac |1)8(S>|q Ac HUEHLOO(AE)

Hence, A\(A.) < Mcalsgﬂvgﬂiwms) (M > a_gco)\(Ag)HU;HEfo(Aa), resp.). On the
other hand, from (9) we have ||a%ﬁv;||mo(0)l) < 4 (by assumption in (iii) it holds
that 0 < Cy < HvéHEfO(AE) < (5 < 400, resp.), so that AM(A;) < Cye3172%)  which
gives (ii) ((iii), resp.). Assertion (i) follows from a contraposition of (ii). Finally,
to verify (iv), we note that from (13) it follows that C5 > IAE Wl (s)[2"2ds >
A(A:)(essinf 4_|vl])2 24, O

i

M > 5_%/ W (vi(s))ds > e~
A

Corollary 1. If W satisfies (4) with 0 < q < 2, then the following holds:

Ne

1 q
lim su —infre|vl|' 72 < +oo, 19
a—»Opj;lNa Ij| E| ( )

Ne
. 1-2

hmsupZFHv;Hmeﬁ) < 4-00. (20)

e—0 J=1 € J
Proof. We set Bfto .= {j = 1,...,N. : m.; > Ro}, GB = {j = 1,...,N. :
me; < Ro}, B == {j = 1,...,N. : M.; > Ro}, GFo .= {j = 1,...,N. :
M. ; < Ro}, where m.; and M, ; are defined as in Lemma 4. Then we have

q -4 . . .

E]EGRO Niinfjjg [vl]172 < Ré 2. Since it holds that Ry > 1, by Lemma 1, it follows
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that 3. pro - lnf]€|'U =% < ZJ oA 1nfls|v5| < 16a, M3, Hence, we get (19).
To prove (20), we note that, similarly to the proof of Lemma 4, by (4) we have

1 Moy 1 Moy
D S e V- R
jeBROmGR“ ° me jeBlonplo " F TMe
1 1-4 1 1,_
sy Lmiits ¥ LAt ¥ Lt
jeBlo jeBRongRo = ¢ jeBRoqpRo ~ ¢

By Lemma 1 we deduce )
other hand, we have ).

€B,RONM 2<2002M—i—160402M2—i—R . On the
et N M s Ro _, getting (20). O
We immediately get an improvement of Proposition 1:

Corollary 2. IfW satisﬁes (4) with 0 < g < 2 (¢ = 2, Tesp) then the following
holds: lim sup, ZJ 1N L|e3755yp ||Lm(15) < 400 (11msup€|zj T Lo A e 1) | <
+00, resp.).

1—-4
Proof. By rewriting (20), we get limsup, Zjvil ||a%23q v;||Lmiﬁ) < +o00, and the
J
4
2

< Z?:1 |ai|17§

assertion follows from the elementary inequality (Z?:l |ai|)

The assertion in the case ¢ = 2 follows as in Corollary 1.

6. The case of steady behavior of W at +o0o

In this section we gather the corresponding results in the case ¢ = 0. The proofs are
left to the interested reader. We note that condition (4) with ¢ = 0 reads

C(L) :=inf{\/V(§) : &> L} >0 for every L > 1. (21)
We begin with a counterpart of Lemma 5.

Lemma 6. Consider an arbitrary § > 0. Suppose that W satisfies (21). Then the
following holds:

limsupe 3A{s € (0,1) : [L(s)] > 1+ 6} < +oo, (22)
e—0
limsupe~3(1-%) / [0l (s)|Pds < +oo for every p € (0,2), (23)
e—0 {lvL|>1+46}

limsup [[v.[|yz( 1) < +00, (24)

L7(0.1 e—0
|’U:_.|M1 for every pel,2) ase — 0, (25)
EH_I?O HUEHLoo(o,l) =0. (26)

Next, we recover the analogue of Proposition 2 in the case ¢ = 0.
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Proposition 3. Consider W which satisfies (21) and an arbitrary sequence of mea-
surable sets (Ae) in (0,1). Then the following conclusions hold:

(i) liminf._e 3 A(A.) = +oo implies limsup,__,gessinfa_|vl] <1,

(#) limsup,_ Zjvjl Nisinf1;|v;| <L

Moreover, liminf.__,gessinf 4_|v.| = 400 implies
(iii) limsup,__,o A(Ac)(essinf 4_|vl|)? < +o0.

Now we state the analogue of Lemma 4 in the case ¢ = 0. Also, the result below
1
sharpens the estimate [|€3v,[[j ) < C, which is obtained in Proposition 1 for
q=0.

Corollary 3. If W satisfies (21), then it holds that
Ne
lig%p; Ellvél\mo(z;) < +oo. (27)

7. Main results

In this section we provide some applications of the a priori estimates from the pre-
vious sections. More precisely, in the proofs below we essentially use Lemma 1 and
Lemma 3. We begin with a priori L°°-bounds for FE sequences under the assump-
tion (3). Such result is a kind of biting property for FE sequences (v.) such that the

sequence (v) is not necessarily bounded in L1(0, 1).

Lemma 7. Consider W which satisfies (3), a strictly increasing sequence of strictly
positive real numbers (a) such that limg_, 4o ap = +00, and an arbitrary FE se-
quence (vz) for (e7315) in H2(0,1). Then every subsequence of (vz) allows a further
subsequence (not relabeled), which satisfies the following: there exists a subsequence
(ak, ) such that lim, o ar, = 400 and a sequence of non-decreasing open sets
(wE)nen in (0,1) with the following properties:

s lim limsup A((0,1)\w?) = 0;. (28)

n—>r+00 o0

el oo iy < ak

limsup ||v
e—0
Proof. Consider an arbitrary FE sequence (v.) in H2(0, 1) for (=3 I¢) such that for
sufficiently small ¢ it holds that M > ¢~ 31, €(ve). For arbitrarily chosen subsequence
(ve) (not relabeled) we estimate M > e~ 3I5(v.) > pere, 315 (v2). By (7) we
. —+oo N .
get limsup. o ["° 3005 7oV V() Xm. ;.. ;) (€)dE < M, where m, j := inf 7 [vZ],
M, ; :=supy:|v.]. On the other hand, by the elementary inequality
J

Ak+1

V@) Xpe)(€)dE > / M Ve min{xea(@r). o (@151}

ag

we get limsup, 3, xe (k) f;:“ VV(6)dE < M, where xe(k) := Zjvjl Nisxw-(k)
and xc (k) = min{x{m. ;a0 ;1(@%);, Xjm. ;.. ;)(@x+1)}. Next, by Fatou’s Lemma,
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we recover the estimate Zz(xi liminf. 0 x.(k) [ ak“ V'V (€)dé < M. We note that

+°O ak“ V'V (€)debk, 0o < +00 and (3) imply hmk,ﬁJroo bi,co = 0, where by o :=
hm 1nf8_>0 Xe (k) Therefore, for a given n € N there exists a kg = ko(n) € N such
that for every k > ko(n) it holds that |by oo| < % Then, up to a subsequence, for
every such k: there exists an g9 = £9(k,n) such that for every 0 < € < g¢ it holds
that ZJ s Xw(k) < 2. Weset BF := {j : xcj(k) =1}, GF :={j : x;(k) = 0},
whereby {1,...,N.} = BEUGE, BENGE = 0, and 3, pe moxe (k) < 7, Le,

1
cardBFe} < 2 As we pass to the limit (first as € — 0, then as k —) 400, and fi-

nally as n — 400), we get lim,, 4 o0 limg_— 4 oo limsup,__,, cardBk =0, and so

(by Fatou’s Lemma) lim,,— 40 limg_— 4o limsup,__,, carde e = 1. We decom-

pose G¥ into a pairwise disjoint union of sets as follows GF = Gk U Bk U DEF, where

D = {J € GEiap <mej < Mej < apn}, GE = {j € GL - ME,J < ak-l-l}\Dau

BF .= {j € G* : ax < m.;}\DF. At this point we use the estimate of Lemma 1,

whereby for sufficiently small e it follows that E = N me ; < C. Hence, for a

suitable choice of the subsequence (a, ) (for 1nstance we can choose ky, := ko(n))
1

(&
ak’!l

)

1 1 : Rkn -3
we have > prn §-k, < D icprn §oMey < O, limsup,_,,cardBinel <
_1
and lim,,_, 4 limsup, OcardBk“E* 0. Quite in the similar way it results

that lim,,—, 4 limsup,_ carde"s* 0, whereby we conclude that it holds

hmnHJroo limsup,__, carde"a = 1. Finally, since lim,,_, o ag, = +o0, if we

set whn = =U,cghnptn L5, we obtain (28). O

Corollary 4. Under the assumptions of Lemma 7, every subsequence of (ve) allows a
further subsequence (not relabeled), which satisfies the following: there exists eg > 0
such that it holds

lim  supg <., A(By) =0, where Bg := Ms € (0,1): [vl(s)| > R}.  (29)
R—+c0 =

Proof. We consider the sequence u; := v , where (v;) is chosen in such a way that
the conclusions of Lemma 7 hold true, i.e., limp— yoo lim; o sup;> ;A(B7 ) =0
We infer that there exists a sequence (jo(Rm))men such that lim,, 1 jo(Rm) =
+oo and lim,,— 4o suijjD(Rm)/\(Bf{m) =0, where (R,,) is an increasing sequence
which satisfies lim,;, 4 o Ry, = +00. To prove (29), it is enough to show that there
holds lim,— 4+ 0o supjeN)\(B;jm) = 0. For any given m € N there are only two pos-
sibilities: either supj>jO(Rm)/\(B;fm) = supjeN/\(B;{m) or maxlgjgjo(Rm)/\(Bf{m) =
supjeN)\(B ). If the first case occurs for all but finitely many indices m, we im-
mediately get (29). Otherwise, the second case occurs for infinitely many indices
(M )neN, whereby lim, o m, = +o0o. Then it suffices to recover a sequence
(0n)neN, lim, 4 0, = +00, with the property

i max{sup;s i, MBS masis <, AB)E =0 (30)

To this end, we argue as follows. Since it holds that u; € L(0,1), we conclude
that for every j € {1,...,50(Rm,)} we have limj,_, ;. A(B}’) = 0. Moreover, by
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induction it follows that max{|uil, ..., [wj,(r,. )|} € L'(0,1), and so we get
lim  A(s € (0,1) : max{[ui(s)], ..., |[ujo(r,, )(5)|} = L) =0.
L—4oc0

Hence, for every § > 0 there exists Ly = Lo(Rp,,d) > 0 such that for every
L > Lo(Rm,,0) it holds that maxlgjgjo(Rmn))\(Bij) < 6. If we choose § := 1,
we get max;<j<jo(R,,,) /\(Bijn) < 1, where Ly, := L(Rp,,, <). Finally, if we define
0, := max{Ly, R, }, it results that there holds lim,,_, ; - StuZjo(Rmn))‘(BZi) =0
and limy, —, oo MaxXi < j<jy (R, ) M By’ ) = 0, which yields (30). O

For a € L} .(R), which satisfies a(s) > ap > 0 (a.e. s € R), we introduce

loc

£ fs: K — [0, 400] as follows:

fe(z) = jifr (Eéx//Z(t) + 57%W(;p/(t>) + ai(t)fﬂz(t)) dt, if oz € HQ(—T, ")
S oo otherwise,

Ao card(Sz' N (=1, 7 a(s) £ x if —r,r
fs(x) :={2r d(Sa' N (=r,7)) +a(s) £, @? ()t if @ € S(=r,7)

400, otherwise,
where Ay := 2f_11 VW(E)dE, as(t) = a(s + e3t), t € (—r,7) and s € R. We
recall that, by the approach in [2], the corresponding relaxed functionals FZ, F, :
YM((0,1); K) — [0, 4+00] are defined by

re3

1
Fi(v) = fl_lTaa (vs, fE)ds, if v = §p.,, for some v € H?(0, 1)
400, otherwise,

Fu(v) = fol (vs, fs)ds, if vy € Z(K) for a.e. s € (0,1)
R +00, otherwise,

ol

where REv(t) 1= e 5v(s + 37), s € (res,1 —re
v € H%(0,1) we have

), 7 € (—r,7). Indeed, for

e RIS (v2) < FE(8pey) < € 3IE(0), (31)

where IS is defined as IS, but with the domain of integration, (0,1), replaced
by (2re3,1 — 2res). In particular, if v. € H]%ET(O7 1), in the definition of F£ we
can replace the domain of integration (re,1 — r=3) by (0,1), getting F£(dp.,) =
e=315(v) (cf. [2], p. 781). Thus, every FE sequence (v.) for (e~3I¢) satisfies
limsup, o F5(dg-,.) < +00. To extract relevant geometric information regard-
ing asymptotic behavior of e-blowups of FE sequences (v.) for (¢~3I¢), we aim to
prove I'-convergence of relaxed functionals (F£) as e — 0. As the first step, we
obtain I'-convergence of the integrands (f¢) for almost every s € (0, 1). The follow-
ing proposition is a consequence of Theorem 1.3 in [15]. This result is most likely
known (compare Proposition 3.3 in [2], [18], [19]). We present the proof of the re-
lated compactness property in full for the convenience of the reader. We only sketch
the argument which gives the lower bound since, once compactness is ensured, the
proof is classical (cf. [16]).
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Proposition 4. If W satisfies (3), then it holds that f;‘%fs on K ase — 0
(a.e. s € (0,1)). Moreover, all FE sequences (x.) for (f¢) are equi-Lipschitz and
satisfy liminfe o |||}, >1 (a.e. s€(0,1)).

—r,r)

Proof. The only non-trivial part of the proof is the lower-bound inequality (the
upper-bound inequality can be obtained by repeating the proof of Theorem 1.13
in [16]). To prove the lower bound, we argue as follows. First, we prove equi-
coercivity of (f¢) on Wh(—r,r) for a fixed s € (0,1). As in Theorem 1.3 in [15],
we estimate v

M > fi(z.) = VV(§)ds, (32)
where m. := minp_, , |zL|, M. := max|_,,|z.|. We claim that there exists R > 0
such that for sufficiently small € it holds that M. < R. Let us assume the opposite,
ie., limsup,_ oM. = +oo. We show that there exists L > 0 and ¢. € (—r,7)
such that |27(cc)| < L. Indeed, since [|zc|l1(_, .y < Co (by (32) and by the Holder

1
inequality, we can choose any Cy such that Co > 2ra, > M %), by the integral mean

value theorem there exists a ct") € 0,%) (af’ € (2 ,r), resp.) such that |:C€(c§1))| <

Cot (|x5(c§2))| < Co2, resp.). By the Lagrange mean value theorem we get
8 :
Co® 2 flaelel)] = el 2 essintye . o 2L 6)] - |el — ]

and so Co2 > ess infae(cgl)7c§))|x’5(9)|§. Thus, provided L > Cpi > 0, there
exists a ¢. € (cgl),cg)) such that |z.(c.)| < L, and from (32) it follows that M >
[ ° V/V(€)dE. As we pass to the limit as e — 0, it follows that M > [° \/V(€)d¢,
which contradicts assumption (3). Therefore, sup.¢ (g cy) 2Ll (- < R, and, if
Wgr € Co(R) is chosen such that Wg(¢) := W(() for ¢ € [-R, R] and Wg(¢) :==0
for [(| > R+ 1, we get lim._,o [ Wg(zL(t))dt = 0. By the fundamental theorem
of Young measures (cf. [4]) it follows that there exist a subsequence (not relabeled)
such that d,, — v in L, ((=r,7); P(R)) as ¢ — 0, where suppy; C {—1,1} (a.e.
t € (—=r,7)). Hence, 2L ——{-1,1} on (—r,r) as ¢ — 0. By compactness of the
Sobolev imbedding (cf. [8]) it follows that there exists a further subsequence (not
relabeled) such that x. ——— strongly in LP(—r, ) for every p € [1,+o0c] ase — 0.
Moreover, ' € BV(—r,r) (where BV(—r,r) stands for the set of all functions of
bounded variation on (—r,7)), 2.———a’ strongly in L!(—r,r) (cf. [11], Theorem
4, Subsection 5.2.3), and so x € S(—r,r). Since (arguing by contradiction, as in the
proof of Lemma 3, (i)), we have R > 1, we eventually get liminf._,o f(x.) > fs(x)
(cf. Theorem 1.12 in [16]). Quite in the same way as in the proof of Lemma 3, (i),
we obtain the reverse estimate liminfe o [|2 [l () = 1. O

The proof of our main result relies on two key ingredients. The first one is a
remark subsequent to the statement (iv) of Theorem 2.12 in [2], which, in essence,
says that, for the proof of the lower bound corresponding to I'-convergence of re-
laxed functionals (FF), it is enough to obtain the lower bound corresponding to
I'-convergence of the integrands (f¢) on K for almost every s € (0,1). The second
one is an improvement of Theorem 1.3 in [15] (cf. Proposition 4). As such, the
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following result is a technical extension of Theorem 3.4 in [2] to the case of non-
coercive W and a generalization to the case of absent boundary conditions on (v)
(cf. [2], Section 6, Subsection 6.1).

Theorem 1. If W satisfies (3), then it holds that
FF—t S F, in YM((0,1); K) as e — 0. (33)

For any FE sequence (v.) for (e~ 31I¢) in H2(0,1) we have évéééé,l + 361 in
L. ((0,1); P(R)) as e — 0 and v;%{—l, 1} on (0,1) as e — 0. In particu-
lar, (12) holds true.

Proof. First, we note that the proof of the upper bound associated with (33) can
be carried out exactly as in Theorem 3.4 in [2]. The proof of the lower bound as-
sociated with (33) is more involved, and relies on Lemma 7. We claim that for
every sequence (v°) such that v*———wv in YM((0,1); K) as ¢ — 0 it holds
that liminf. o F¢(v®) > F,(v). Without loss of generality, we can assume that
+oo > liminf,_,o F(v®) holds (otherwise there is nothing to prove). Thus (up
to a subsequence which we do not relabel) we can assume that the limit inferior
is actually a limit). Then for a sufficiently small € it holds that v = dgr-,. (a.e.
s € (re¥,1 — re3)), where v, € H2(0,1). Hence, by (31), it follows that (v) is
an FE sequence for s_%lj’T(Ua). We consider an arbitrary subsequence of (v:) (not
relabeled). Then for every ¢ € (0,1) there exists an g9 = £¢(d) > 0 such that for
every 0 < € < gg it holds that

1—ra% 1-6
) = [, fiRgds> [ pi(Re)ds.
T 6

1
3

Next, we invoke a remark subsequent to Theorem 2.12 in [2], which states that, for
the proof of the lower-bound inequality of relaxed functionals, it is enough to have a
lower-bound inequality for integrands. Now, by Proposition 4, we pass to the limit
(first as € — 0, then as 6 — 0), and it results liminf.__,o FS(v°) > F,(v). Since
the argument above can be carried out for any subsequence of (v.), we proved (33).
In the second part of our consideration, we note that by (33) it holds that F,,(v) <
+oo, and we get (vs, fo,) < +00 (a.e. s € (0,1)). Starting from the linear operator
D : Wi (R) — K defined by D(z)(t) := a/(t), we construct the corresponding

push-forward operator (cf. [2], p. 795) D# : P(K) — P(K) (as usual, in the first
step we set D#§, = dp(x) for z € Wlloi (R); in the second step we extend D# onto
the convex hull conv{d, : = € W;5(R)} by linearity; in the final step we recover
the unique continuous extension of D# (not relabeled) defined on P(K) (since the
convex hull is ¢-dense in P(K)), and then extend it to Y M ((0,1); K) via relation
(D#v)(s) := D¥vg (ae. s € (0,1)). We deduce that D# : P(K) — P(K) (D¥* :
YM((0,1); K) — YM((0,1); K), resp.) is uniformly continuous. By Corollary
5.11 in [2], for every v € Z(K) such that F,,(r) < 400 and every nn > 0 there
exists 2 € Sper,0(0, hy(s)) such that ®(v,Em) < n and |Fo, (V) — Fo,(Exn)] < 1,
where E;n(s) 1= €, (a.e. s € (0,1)). We define 6 gey, (s) 1= éRgva(s)x(m% 17%%)(5),
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s € (0,1). Then we have
limsup ®(D¥ 3 pes., D¥ E4n) <lim supw(q)(SRst , Ezn)) <limsupw (77 + 65) =w(n),
g € g

where we chose w to be a strictly increasing and continuous modulus of continuity
of D¥ such that w(0) = 0, and where, by construction, we have ®(Jp,_,v) < e.
with lim.__,ge. = 0. Taking into account D#&,, = %(5_1 + %61, as we pass to the
limit as 7 — 0, it follows that lim._,q @(D#SREUE, %5,1 + %51) = 0. This means
that the sequence (S( REUE)/> generates a homogeneous Young measure %5_1 + %51
in YM((0,1); K) as e —» 0. Since for s € (re3,1 —re3) and 7 € (—r,7) it holds
that (Riv.) (1) = T v'(s), where e37 —» 0, by Lemma 2.1 in [2] we deduce
that Qv/#%d,l + 301 in YM((0,1); K) as ¢ — 0. To proceed, we consider
¢ €(0,3), and we recall that, by (31), (vc) is also an FE sequence for (5‘§I§’(§))
(where 159 is defined as IZ but with the domain of integration, (0,1), replaced by

(£,1—=¢)). By Corollary 4, arbitrary subsequence of such FE sequence (v.) allows a
further subsequence (which depends on & and which is not relabeled) which satisfies
Ball’s condition limg— o0 SUPg <., )\(B;’(g)) = 0, where B;’(g) =(§,1-¢)NBg,
i.e., we deduce that the latter subsequence of (v.) ”does not escape” to infinity on
(&,1—¢). Hence, by the fundamental theorem of Young measures (cf. [21], Theorem
3.1) there exists a further subsequence of (4,,) (not relabeled) which generates a
Young measure p(&) = (M@)S ase — 0in LY, ((€,1-&); P(R)) such that ||u§5) |=1
(a.e. s € (&1 —¢&)). Moreover, since for every m > 0 it holds that [—-m,m] — K,
we have C(K) < C[—m,m] < Co(R). Therefore, it results L*((¢,1 — £); C(K)) <
L'((€,1 - €);Co(R)), so that L3, ((§,1 — £); P(R)) = L3 ((&, 1 — &); P(K)), which
gives u§5> = %(5_1 + %51 (a.e. s € (§,1—¢)). Consequently, the arbitrariness of
& > 0 yields u§5> = 30_1+ 301 (a.e. s € (0,1)), whereby 1% is independent of
&. In particular, by the fundamental theorem of Young measures (cf. [21]) we get
v;%{—l, 1} on (0,1) as e — 0. Finally, we furnish the proof by an application
of the argument of the unique feature of the cluster point. O

Corollary 5. For a € L*(0,1) such that a(s) > ag > 0 (a.e. s € (0,1)) and W
2
which satisfies (3), we have &, = Eqper = Eo fol a3 (s)ds, where Ey := (%)%Ag,
1
Ag:=2 ' /W (E)de.

Proof. We combine Theorem 1 and Theorem 3.12 in [2]. O
A posteriori we deduce the following improvement of Lemma 7.

Corollary 6. Consider W which satisfies (3) and an arbitrary FE sequence (v.) for
(e731I¢) in H2(0,1). Then there exists a sequence of measurable sets (w.) in (0,1)
such that lime o [|VZ]| 1, o,y = 1, lime—0 A((0,1)\w:) = 0.

Proof. By Theorem 1 it follows that |v;|#>1 on (0,1). By Egoroff’s theorem
there exists a subsequence (not relabeled) such that |[v.(s)| — 1 uniformly over s €
Qp, where Qi C (0,1) are measurable sets which satisfy limg_—, 1 oo A((0,1)\Q) = 0.
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Hence, lime 0 [|vZ/[;(q,) = 1. By the usual diagonal argument we pass to the

limit as & — +oo, proving the assertion for a suitable subsequence of (v.), and,
ultimately, for the whole sequence (ve). O

Also, the following improvement of Lemma 2, (i), is available:

Corollary 7. If W satisfies (3), then for an arbitrary FE sequence (v:) in H2(0,1)
and for an arbitrary open interval w C (0,1), the following holds: for a sufficiently
small g > 0 we have min,, [v.| =0 for every € € (0, ).

Proof. We set AT := {s € w : v.(s) > 0} (A7 := {s € w : v.(s) < 0}, resp.).
Since it holds that &,, ——24_; + 16, in L, (w; P(R)) as € — 0, we recover
[VeX 4+ — XA;|#>OE(|UQXA; + Xa- |#>O, resp.) on w as ¢ — 0. Hence, there
exist 1 >> 0" > 0 and s € AY (1 >> 6~ > 0and s; € AZ, resp.) such that
vl (s57) > 1 — 6% (vl(sy7) < =148, resp.). By the intermediate value property
of continuous functions, there exists a 6. € w such that v.(f.) = 0. g

If W satisfies condition (3), then all FE sequences (v.) for (¢~ 31I¢) share the
properties |v;|#>1 and Q‘U“#él inLg ((0,1); P(R)) ase — 0. If we impose
a g-rate of decay at infinity on W with non-negative ¢, we can obtain further a priori
estimates for the ratio of the ”minus”’-phase and the ”plus”-phase of v for small
but strictly positive €. To this end, we introduce the following terminology. We say
that an FE sequence (v.) is an m.-FE sequence if it holds that m. = fol vl(s)ds.
Note that the quantity m. indeed can be interpreted as a measure of the ratio of the
two aforementioned phases. In the last proposition we provide necessary conditions
for the existence of m.-FE sequences for (¢~ 31¢) in H2(0,1). A typical constraint
found in the literature is m. := m for some m € R (cf. [15]).

Proposition 5. Consider W which satisfies (4) with q € [0,2], and suppose that
(ve) is an me-FE sequence for (e=31%) in H2(0,1). Then the following holds:

(i) If0<qg< %, then lim.__,ogm. = 0,

(it) If ¢ = 3, then (m.) is bounded,

q

(iii) If + < q < 3%, then (a%ﬁms) is bounded,
(iv) If < q <2, then (e3me) is bounded.

Proof. First, we prove (i). If 0 < ¢ < 3 (¢ = 0, resp.), by (13) ((24), resp.)
we have ||v;||wl,p(0)l) < (C for every p € [1,2 — 2¢g]. Since 0 < ¢ < % im-
plies 2 — 2¢ > 1, the Rellich compactness theorem gives (16), so that Helly’s se-
lection theorem (cf. [8], p. 130) yields v.(s) — 0 for every s € [0,1]. Hence,
me = fol vl(s)ds = ve(1) — v-(0) tends to zero as e — 0. Second, we note
that (i) is an immediate consequence of (13). Next, we compute |a%2qums| <

Zj.vél e3777 flj [vl] < Z;v:al NLEHE%ﬁU;HLW(I;), whereby Corollary 2 gives (iii). Fi-

nally, (iv) follows from Lemma 2, (ii). O
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Corollary 8. Consider W which satisfies (4) with 0 < g < % and an arbitrary FE
sequence (v) for (e7312) in H2(0,1). Then for every p € [1,2 — 2] it holds that
vl——0 in LP(0,1) as e — 0.

Proof. We recall that (13) and (24) provide boundedness of (v.) in LP(0,1) for
arbitrary p € [1,2 — 2¢]. On the other hand, by Proposition 5, (i), it follows that for
every open interval w C (0,1) we have lim._,q [ v.(s)ds = 0. Then the assertion
follows from Proposition 2.81 in [12], p. 198. O
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