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Abstract:
In order to determine the internal relationships among
seismic wave velocity, axial pressure, and rock
porosity, the rock samples taken from NRS170143
borehole of the Nickel Rim South mine are tested using
a Hoek type triaxial cell equipped with axial linear
variable differential transducers (LVDTs) and a data
acquisition module. The empirical expression between
seismic wave velocity and rock pressure is fitted based
on the laboratory test data of rock samples. Then, P-V
model P-φ model and φ-ε model are created to analyze
the laboratory test data. The results show that: (1) the
relationship between axial pressure and rock porosity
can be represented by a new empirical equation
φ=a*e-b*P-c. With an increase of axial pressure, the
value of rock porosity gradually decreases below the
straight line φ=1% and close to 0. The P-φ model can
be a good judge if the pressure has reached the
maximum compression pressure in the process of rock
compression experiment; (2) The P wave velocity and
S wave velocity exponentially increase with increasing
axial pressure; Rock porosity and crack density
parameter exponentially decrease with increasing
axial pressure; (3) there is a linear positive correlation
between the ratio of rock porosity to crack density
parameter and the ratio of crack thickness to crack
length. (4) the relationship between Vp and Vs in each
compression test can be fitted to the linear equation
Vp=a*Vs+b; for all different samples of NR170143, the
ratios (M) of Vp to Vs ranges from 1.35 to 1.85. In
summary, the P-V model, P-φ model, φ-ε model and
Vp-Vs-φ model can intuitively reflect the relationship
among seismic wave velocity, axial pressure and rock
porosity.
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1

Introduction

Rock mechanics parameters, seismic rock physics
parameters, and rock porosity are very important rock
properties in the field of geotechnical, mining and
petroleum engineering. The bulk modulus (K), and
shear modulus (μ), can be calculated from wave
velocities [1-2]. The rock specific results have been
obtained through related geophysical research [3-7].
There are many cracks distributed in natural rock
because of forming conditions and changing
environment. A multi-interrogation ultrasonic
technique and correlation of several parameters such
as attenuation, acoustic velocity and grain size with
material features are covered in [8]. The properties of
these cracked rocks are critically affected by the
pressure (P) of the surrounding rocks. The constituent
minerals and micro-cracks dictate the rock sample’s
response to stress. This behavior is reflected in the
compressional and shear velocities measured in the
laboratory as a function of confining pressure.
Therefore, laboratory velocities have been employed
to solve important geologic problems [8]. The
nonlinear relationship of confining pressure (P) and
seismic wave velocity (V) was first noticed by [9].
Rock porosity (φ) also significantly impacts on the
elastic properties and seismic velocities of a material
[11]. An in-depth analysis of void evolution and
coalescence in simple shear was performed and
revealed the complex relationship between the void
shape and spacing on coalescence [12]. The
correlations between uniaxial compressive strength
and porosity using hornfelsic rocks collected from
western Iran were analyzed in 1965 [13]. The
expressions of modulus (bulk modulus and shear
modulus) and porosity derived in 1950 using spherical
pores in solids [14]. To overcome the limitations
above, many researchers have developed two main
kinds of methods: the Effective Matrix and the
Effective Field [1,15]. Differential Effective Medium
methods [16-17] and Self-Consistent methods [18]
are two groups of Effective Matrix approaches. The
Differential Effective Medium methods consider that
pores are iteratively added to a matrix of solids.
However, Self-Consistent methods consider the pores
and solids as a whole. The Effective Field methods
[19] create a stress field by injecting pores in the
nonporous solid.
The change of rock porosity is often due to rock
cracks. A lot of competing models are created to
analyze the relationship between rock porosity and
cracks [11]. The Self-Consistent method is extended
to verify the importance of loading history [20]. The

Mean Field method is used to explain the dynamic
influences of both randomly oriented and aligned
cracks, [21]. The Dislocation theory [22] is developed
to solve the deformations connected with a closer to
the real crack geometry with tapered edges.
The Self-Consistent method [18, 23] is widely used to
explain the effect of porosity on rock properties
through fitting the general form (flat circle form) of
rock cracks using the quantified relationship between
the micro-fracture source parameters.
Confining pressure has a great effect on rock elastic
moduli in rocks with porosity φ<1% [9]. After
theoretically testing a number of possible hypotheses,
it was inferred that this nonlinear behavior must be
due to the existence of crack-like pores of small aspect
ratio.
However, the above methods are mainly used in the
field of composite materials but are rarely applied in
the fields of rock physics or geophysics [15]. In this
paper the above-mentioned methods were applied to
analyze the internal relationships among seismic
wave velocity, axial pressure, and rock porosity.

2

Theory and methodology

In order to describe the relationship between pressure
and seismic wave velocity in rocks, the following
empirical expression has been summarized using a
large number of experiments [10].

V = V0 + D ⋅ P − B ⋅ e− k ⋅P

(1)

where V is the wave velocity with some cracks: P
wave velocity (VP) or S wave velocity (VS); P is the
effective pressure applied to rock; V0 is the wave
velocity without crack: P wave velocity (VP0) or S
wave velocity (VS0); and B, D, and k are fitting
parameters. D is often left as zero as it can result in
unreasonable values at elevated pressures [17].
The bulk modulus (K), and the shear modulus (μ), can
be calculated from P and S wave velocities [2].


4V 2 
K ρ  VP2 − S 
=

3 


µ = ρVS2

(2)
(3)

According to Mackenzie’s expressions [4] for the case
of cracked rock, the relationship between bulk
modulus (Kd) and porosity (φ) takes the form
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Kd =

Km
3ϕ (1 − σ m )
1+
2 (1 − ϕ ) (1 − 2σ m )

(4)

According to article [18] and [23], the crack porosity
can be described as by equation (11).

ϕ=

And the relationship between shear modulus μd and
porosity (φ) takes the form

µm (1 − ϕ )

µd =
1+

ϕ (12 + 6 K m µm )
( 8 + 9 K m µm )

(5)

1+

2 ( Km

1
3 (1 − σ m )
K d − 1)(1 − 2σ m )

=
ε

(6)

1  VP2 − 2VS2 

2  VP2 − VS2 

σd = 


(7)

If the crack length (a) is equal to the crack width (b),
the crack density parameter equation is given by
article [23].

ε = N a3

(8)

The relationship of bulk modulus Kd and crack density
parameter ε is given by [23].

(

)

 16 1 − σ 2 
d
K d K m 1 −
=
ε
 9 (1 − 2σ d ) 



(9)

So, the crack density parameter can be calculated by

K 
9 1 − d  (1 − 2σ d )
Km 
ε= 
16 1 − σ d2

(

)

(10)

3a
3
=
ϕ
ϕ
4π c
4πα

(12)

Where α=c/a.

3

According to Self-Consistent forms [23], the effective
Poisson’s ratio of the cracked solid σd can first be
found from

(11)

where: c is the thickness of the crack.
Incorporating equation (8) and equation (11), the
relationship between the crack parameter and porosity
is given by equation (12).

So, the rock porosity can be calculated from

ϕ=

4 Nπ 2
a c
3

Geology and laboratory test

Approximately 2 billion years ago, a meteorite
crashed into earth at what is now Sudbury, Ontario,
Canada. The collision was so violent that it liquefied
the metals in the earth’s surface. These metals settled
on the rim of the crater and on the crater’s outside wall
creating the Sudbury Basin, a 100 km (62 mile) wide,
15 km (9 mile) deep, oval shaped deposit that is one
of the richest nickel deposits in the world. Discovered
in 2001 and under construction since March 2004,
Nickel Rim South boasts an 18.2 million tons resource
distributed almost equally between two adjacent ore
bodies: a copper and precious metal-rich footwall
zone with copper grades averaging 7% and a contact
zone grading 2% nickel [24].
A 3D schematic of the ore distribution and
exploitation works for the Copper/ Nickel Deposit at
Nickel Rim South mine is shown in Fig. 1.
115 rock samples from different depths along
borehole NR170143 (Table 1), were tested. Sample
dimensions were reduced to Height=170mm,
Radius=50.8mm and tested in the laboratory to
analyze the relationship between hard rock porosity
and other parameters (as shown in Table 1). The test
facilities at the Lassonde Institute of Mining,
University of Toronto were used and a Hoek type
triaxial cell with axial linear variable differential
transformers (LVDTs) and data acquisition module
(as shown in Fig. 2) was employed for this testing.
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Table 1. Geophysical properties of drill core from NRS170143
Lithology

Norite

Breccia

Sample Number

Depth along Borehole (m)

Geology

Density (g/cm3)

16

59.54

FNOR

2.780

34

129.98

FNOR

2.820

40

154.00

DNOR

3.080

43

165.58

LGBX

2.890

69

259.92

SDBX

2.820

108

374.04

SDBX

3.030

77

276.00

FGN

2.640

85

291.80

FGN

2.640

95

321.98

TON

2.780

50

194.11

GRDR

2.890

Gneiss

Tonalite or
Granodiorite

Figure 1. Copper / Nickel Deposit.

Figure 2. Hoek type triaxial cell.

Photos of
Samples
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4

The results and discussion

This paper analyzed the laboratory test data of the
Sample No.16 No.34 No.85 No.95, No.108 for
example from 115 samples of NRS170143.
According to the fitted relationships of loading test
and unloading test data between axial pressure and
seismic wave velocity, the B values of the fitted
relationship, equation (1), in unloading compression
test is generally larger than the B values in loading
compression test using the same sample. This
phenomenon is due to closed pores because of
loading compression failed to reopen to the original
stress state.
Under the original stress state, the rule of loading
compression test data is not obvious due to the cracks
in the rock samples being very complex, such as
uneven distribution or irregular form of crack; but the
rules of unloading recovery test data are more
obvious. Therefore, this paper uses the unloading
recovery test data to analyze the correlation between
each parameter.
The relationship between axial pressure and seismic
wave velocity (V) has been summed up into equation
(1) by many scientists. Using the uniaxial
compression test unloading data of Sample No.16,
No.34, No.85 and No.95, the relationship (equation
13-20) between axial pressure and seismic wave
velocity can be created in P-Vp model and P-Vs
model.
Along the fitted lines (blue lines and red lines) in Fig.
3 (a), (c), (e), (g), the seismic wave velocity (Vp, Vs)
increases with increasing axial pressure of uniaxial
compression test.
Vp_16=6.043-0.8303*e-0.06274*P
Vs_16= 3.568-0.4633*e-0.04079*P
Vp_34=6.090-0.9290*e-0.04230*P
Vs_34= 3.550-0.5505*e-0.03395*P
Vp_85=6.071-1.0180*e-0.03013*P
Vs_85= 3.493-0.4734*e-0.04077*P
Vp_95=6.506-1.0440*e-0.02204*P
Vs_95= 3.642-0.4154*e-0.02993*P

(13)
(14)
(15)
(16)
(17)
(18)
(19)
(20)

In the next step, the relationship between axial
pressure and rock porosity need to be investigated
using the test data for Samples No.16, No.34, No.85,
No.95, since this relationship has not been clearly
established.
Rock porosities of these samples can be obtained by
equation (6). The dots of axial pressure and rock
porosity can be plotted in Fig. 3 (b), (d), (f), (h). The
fitted relationships between axial pressure data and
rock porosity data are shown in equations (21-24). By
summarizing these equations, an empirical equation
about the relationship of axial pressure and porosity
can be summed up as equation (25).
The rock porosity value of Sample No.16, No.34,
No.85, No.95 gradually decreases under the straight
line φ=1% and close to 0 with the increase of axial
pressure.
φ=0.01650*e-0.07843*P+0.000754
φ=0.01513*e-0.05223*P+0.01524
φ=0.02069*e-0.002627*P-0.02828
φ=0.01910*e-0.02103*P+0.03518
φ=a*e-b*P-c

(21)
(22)
(23)
(24)
(25)

To test and verify the adaptability of P-V model and
P-φ empirical equation in other samples, the uniaxial
and triaxial compression test data of Sample No.108
are analyzed as follows.
Using the same method, the P-Vp model and the P-Vs
model of Sample No.108 can be created as shown in
Fig. 4 (a), (b). Four limiting lines (equations 26-29)
can be created in P-Vp model and P-Vs model. Almost
all data are located in the area between the limiting
lines. Using the P-V model, the range of seismic wave
velocities can be computed from the rock axial
pressure, and vice versa.
Vp_up=6.41-0.1854*e-0.02716*P
Vp_down= 6.40-0.3006*e-0.01589*P
Vs_up=3.70-0.1058*e-0.06413*P
Vs_down= 3.69-0.2070*e-0.03343*P

(26)
(27)
(28)
(29)
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(a) P-V model for Sample No.16

(b) P-φ model for Sample No.16

(c) P-V model for Sample No.34

(d) P-φ model for Sample No.34

(e) P-V model of Sample No.85

(f) P-φ model of Sample No.85

(g) P-V model of Sample No.95

(h) P-φ model of Sample No.95

Figure 3. The P-Vp model and the P-φ model for Sample No.16, No.34, No.85, No.95 using laboratory test
data. Magenta dots are laboratory test data. Blue lines are fitted lines of laboratory test data. Red
lines are the line φ=1%.
Rock porosities of samples can be obtained by
equations (2) and (6). The dots of axial pressure and
rock porosity can be plotted in Fig 4 (c). And the
fitted relationships of loading compression test and
unloading recovery test data between axial pressure
and rock porosity are shown in equations (30)-(37)
which are all fitted to equation (25).

φ=0.02669*e-0.04554*P+0.01221
φ=0.02330*e-0.08588*P+0.01226
φ=0.06276*e-0.003052*P-0.03437
φ=0.02223*e-0.04324*P+0.01233
φ=0.06962*e-0.003091*P-0.04070
φ=0.02253*e-0.02264*P+0.01037
φ=0.04308*e-0.01002*P-0.01064
φ=0.05013*e-0.006971*P-0.01814

(30)
(31)
(32)
(33)
(34)
(35)
(36)
(37)
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Vs_up=3.7-0.1058*e

Vp_down= 6.4-0.3006*e

-0.01589 *P

Axial Pressure P (MPa)

-0.06413*P

φ=0.00662+0.035*e

Vs_down=3.69-0.2070*e

-0.03343*P

φ=0.0045+0.018*e

Axial Pressure P (MPa)

-0.016*P

Rock Porosity φ (%)

-0.02716 *P

S Wave Velocities Vs (km/s)

P Wave Velocities Vp (km/s)

Vp_up=6.41-0.1854*e

-0.02882*P

Axial Pressure P (MPa)

(a) P-Vp model of Sample No.108 (b) P-Vs model for Sample No.108 (c) P-φ model for Sample No.108
Figure 4. P-Vp model, P-Vp model and P-φ model using the laboratory test data of Sample No.108.
Magenta dots are laboratory test data. Blue lines are fitted lines of laboratory tests with different
radial pressure. Solid lines are fitted lines of loading data; Dotted lines are fitted lines of
unloading data. Cyan lines are fitted lines of uniaxial compression test data. Black lines are fitted
lines of triaxial compression test data with Axial Pressure/Radial Pressure=1.6. Red lines are
fitted lines of triaxial compression test data with Axial Pressure/Radial Pressure=1.3. Blue lines
are fitted lines of triaxial compression test data with Axial Pressure/Radial Pressure=1. Green
lines are limit lines of laboratory test data. Yellow lines are the line 1%.
Using equation (25), 2 limiting lines (equation 38-39)
can be drawn in the P-φ model. Almost all data are
located in the area between the 2 limiting lines as
shown in Fig. 4 (c). Using the P-φ model, the range
of rock porosity can be computed from rock axial
pressure, and vice versa. As in the case of the rock
porosities for Sample No.16, No.34, No.85, No.95,
the rock porosities for Sample No.108 also gradually
decrease under the straight line φ=1% and close to 0
with the increase of axial pressure.
(38)
(39)

According to equation (10), the rock crack density
parameter (ε) can be computed from the bulk
modulus (K) using laboratory test data of sample
No.108. The relationship between rock porosity (φ)
data and crack density parameter (ε) data fits equation
(40) as follows.
As shown in equation (40), the ratio (α) of crack
thickness (c) to crack length (a) can be computed
from the equation (41). Using the φ-ε model
(equation (40)), mutual conversion between rock
porosity (φ) and crack density parameter (ε) can be
achieved. Along the fitted line in Fig. 5, crack density
parameter increases with increasing rock porosity.

Crack Density Parameter ε

φ=0.03500*e-0.01600*P+0.00662
φ=0.01800*e-0.02882*P+0.00450

=
ε

3a
3
=
ϕ =
ϕ 0.6574ϕ
4π c
4πα
c
α= = 0.3631
a

(40)
(41)

ε=0.6574φ, R-squared: 0.9959

Rock Porosity φ (%)

Figure 5. φ-ε model for sample No.108. Blue dots are
computed from laboratory test data. Red
line is fitted line.
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Vp (km/s)

Vp (km/s)

Vp (km/s)

Vp=1.194*Vs +1.928, R-squared: 0.9392

Vp=1.317*Vs +1.478, R-squared: 0.9734

Vp=1.372*Vs +1.278, R-squared: 0.9742

Vs (km/s)

Vs (km/s)

(b) Uniaxial unloading test data (c) Triaxial loading test data for
Sample No.108
for Sample No.108

Vp (km/s)

Vp (km/s)

(a) Uniaxial loading test data for
Sample No.108

Vs (km/s)

Vp=1.732*Vs

Vp=1.333*Vs +1.416, R-squared: 0.9610

Vs (km/s)

Vs (km/s)

(d) Triaxial unloading test data for Sample No.108

(e) All test data for all samples

Figure 6. Relationship between P wave velocity (Vp) and S wave velocity (Vs).
According to uniaxial compression test data (loading,
unloading) and triaxial compression test data
(loading, unloading) of sample No.108, the
relationships between Vp and Vs of each compression
test can be fitted to linear equations as shown in
equations (42-45).
Then a general relationship between Vp and Vs of rock
compression test can be summed up as the form of
equation (46), which is named Vp-Vs model. The form
of equation (46) is similar to the research of article
[25], article [26] and article [27].
In Vp-Vs model of sample No.108, Vp increases with
increasing Vs of uniaxial compression test and triaxial
compression test. Using Vp-Vs model, mutual
conversion between Vp and Vs can be achieved.
But if all laboratory test data of all different samples
are shown in one diagram (Fig. 6 (e)), the
relationships between Vp and Vs of all different

samples are agreement with the form of expression as
equation (47). It means that the Poisson’s Ratio
values of all different samples ranges from 2.4 to 2.6
computed by equation (7).
Vp=1.317*Vs+1.478
Vp=1.372*Vs+1.278
Vp=1.194*Vs +1.928
Vp=1.333*Vs+1.416
Vp=a*Vs+b
Vp=1.732*Vs

(42)
(43)
(44)
(45)
(46)
(47)

Based on the research of previous sections, a 3parameters model (color line, equation (48)) of Vp
and Vs and rock porosity (φ) using all uniaxial and
triaxial test data of sample No.108 can be created by
adding rock porosity (φ) parameter as shown in Fig.
7. In Vp-Vs-φ model of sample No.108, the value of
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rock porosity (φ) is correlated with the value of Vp
and Vs which are measured in uniaxial compression
test and triaxial compression test. The value of Vp and
Vs decreases with increasing value of rock porosity
(φ).
Vp=1.282*Vs +1.607

Vp (km/s)

Rock Porosity φ (%)

(48)

Vp=1.282*Vs +1.607, R-squared: 0.9580

Vs (km/s)

Figure 7. Relationship between P wave velocity (Vp),
S wave velocity (Vs) and rock porosity (φ).

5

Conclusion

In this study, P-V model, P-φ model, and φ-ε model
have been created to analyze the relationship among
seismic wave velocity, axial pressure, and rock
porosity using Sample No.16, No.34, No.85, No.95
and No.108 from NR170143 borehole of Copper/
Nickel Deposit of Nickel Rim South Mine in
Sudbury.
The major conclusions of this work are:
(1) the relationship between axial pressure and rock
porosity can be sum up into the empirical equation:
φ=a*e-b*P-c. Rock porosity has gradually decreased
below the straight line φ=1% and close to 0 with the
increase of axial pressure. The P-φ model can be a
good judge whether the pressure has reached the
maximum compression pressure in the process of
rock compression experiment;
(2) when axial pressure (P) increases gradually, the
seismic wave velocity (Vp, Vs) will also increase step
by step in the test of uniaxial compression and triaxial
compression; on the contrary rock porosity (φ) and
crack density parameter (ε) will eventually decrease
to 0;

(3) There is a linear positive correlation between the
ratio of rock porosity (φ) and crack density parameter
(ε) and the ratio (α) of crack thickness (c) to crack
length (a);
(4) The relationship between Vp and Vs in each
compression test can be fitted to the linear equation:
Vp=a*Vs+b; for all different samples of NR170143,
the ratios (M) of Vp to Vs ranges from 1.35 to 1.85;
In summary, P-V model, P-φ model, φ-ε model and
Vp-Vs-φ model can intuitively reflect the relationship
among seismic wave velocity, axial pressure and rock
porosity.
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