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ABSTRACT. In this paper we prove that every Diophantine quadruple
in R[X] is regular. In other words, we prove that if {a,b,c,d} is a set of
four non-zero elements of R[X], not all constant, such that the product of
any two of its distinct elements increased by 1 is a square of an element of
R[X], then

(a+b—c—d)? =4(ab+1)(cd+ 1).

Some consequences of the above result are that for an arbitrary n € N
there does not exist a set of five non-zero elements from Z[X], which are
not all constant, such that the product of any two of its distinct elements
increased by n is a square of an element of Z[X]. Furthermore, there can
exist such a set of four non-zero elements of Z[X] if and only if n is a
square.

1. INTRODUCTION

Diophantus of Alexandria ([5]) noted that the product of any two elements
3 17 105

of the set {1—16, i’—6, T 1—6} increased by 1 is a square of rational number. A
set consisting of m positive integers (rational numbers) with the property that
the product of any two of its elements increased by 1 is a square of an integer
(rational number) is therefore called a (rational) Diophantine m-tuple. The
first Diophantine quadruple, the set {1, 3,8,120}, was found by Fermat.
Many generalizations of the original problem of Diophantus were also
considered, for example by adding a fixed integer n instead of 1 or considering

the problem over domains other than Z or Q. We have the following definition:

DEFINITION 1.1. Let m > 2 and let R be a commutative ring with 1.
Let n € R be a non-zero element and let {as,...,a,} be a set of m distinct
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non-zero elements from R such that a;a; +n is a square of an element of R
for1 <i<j<m. The set{ai,...,an} is called a Diophantine m-tuple with
the property D(n) or simply a D(n)-m-tuple in R.

We also need the next two definitions (see [25]). A D(n)-triple {a, b, ¢} in
R such that

(1.1) ab+n=r% ac+n=s% bc+n=t>
where 7, s,t € R, is called regular if
(1.2) (c—b—a)? =4(ab+n).

Equation (1.2) is symmetric under permutations of a, b, ¢. From (1.2), using
(1.1), we get

(1.3) c=cy=a+b=x2r,

(1.4) acy +n=(a+7)? bex +n=(b£r)
A D(n)-quadruple {a,b,c,d} in R is called regular if
(1.5) n(d+c—a—b)* = 4(ab+n)(cd +n)

or, equivalently, if
2

(1.6) d=dy =a+b+c+ —(abc L rst).
n

Equation (1.5) is also symmetric under permutations of a, b, ¢, d.

It is interesting to find upper bounds for the number m of elements of the
sets described in Definition 1.1. Gibbs ([26]) found some rational Diophantine
sextuples, e.g. {%, %, %, %, %25, %}, but no upper bound for the
size m of a rational Diophantine m-tuple is known. Dujella et al. ([20]) proved
that there exist infinitely many rational Diophantine sextuples. In the integer
case, which is the most studied one, very recently He, Togbé and Ziegler
([27]) proved the folklore conjecture that there does not exist a Diophantine
quintuple. There is also a stronger version of that conjecture which states
that every Diophantine triple can be extended to a quadruple with a larger

element in a unique way (see [11]):

CONJECTURE 1.2. If {a,b,c,d} is a Diophantine quadruple and d >
max{a,b,c}, then d =dy = a+ b+ c+2(abc + /(ab + 1)(ac + 1)(bc + 1)) =
a+b+c+ 2(abe+ rst).

This conjecture is still open. In 1979, Arkin, Hoggatt and Strauss ([1])
proved that every Diophantine triple {a,b,c} can be extended to a Diophan-
tine quadruple of integers {a,b,c,d;}. Baker and Davenport ([2]) proved
Conjecture 1.2 for the triple {a,b,c} = {1,3,8} with the unique extension
d = d+ = 120. Many other results are also known (see [4, 7, 22, 24]) which
support this conjecture.
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Dujella ([9, 10]) found upper bounds for the size m of D(n)-m-tuples
in integer case. For similar results see [12, 13, 18, 26]. Brown ([3]) proved
that if n is an integer, n = 2 (mod 4), then there does not exist a D(n)-
quadruple of integers. Furthermore, Dujella ([6]) proved that if n is an integer
satisfying n #Z 2 (mod 4) and n ¢ S = {—4,-3,-1,3,5,8,12,20}, then there
exists at least one D(n)-quadruple of integers, and if n ¢ SUT, where T =
{—15,—-12,-7,7,13,15,21, 24, 28,32,48, 60,84}, then there exist at least two
distinct D(n)-quadruples of integers. For some integers the question of the
existence of such a quadruple is still open, as it is stated in Dujella’s conjecture

(I8]):
CONJECTURE 1.3. Forne S ={-4,-3,-1,3,5,8,12,20} there does not
exist a D(n)-quadruple of integers.

The question of whether there exists a D(n)-quadruple can be reduced to
elements of the set S’ = {—3,—1,3,5,8,20} (see [6, Remark 3]).

In this paper we consider a polynomial variant of the problem, which
was first studied by Jones ([28, 29]) for the case R = Z[X] and n = 1.
Also some other variants of such a polynomial problem were considered (see
[13, 16, 17, 18, 21, 23]). In the case where R is a polynomial ring and n is a
constant polynomial, it is usually assumed that not all polynomials in such
a D(n)-tuple are constant. In this paper we first consider the case where
R = R[X] and n = 1. To get other interesting results, we then apply the
obtained result to R = Z[X] and n is a positive integer. In particular, we
prove a version of Conjecture 1.2 for Diophantine quadruples in R[X]:

THEOREM 1.4. Every D(1)-quadruple in R[X] is regular.

One easily sees that any D(1)-pair {a,b} in R[X] can be extended to a
regular D(1)-quadruple in R[X]:

(1.7) {a,b,a+b+2r,4r(a+r)(b+1r)},

where 7 is such that ab+ 1 = r?, as in (1.1). We note that Dujella and Fuchs
([13]) proved that every D(1)-quadruple in Z[X] is regular.

From ([18]) it follows that there does not exist a D(n)-8-tuple in Z[X] for
n € Z\ {0}. The right hand side of (1.5) is a square, so in Z[X] a regular
D(n)-quadruple may exist only if n is a perfect square, whereas regular D(n)-
triples exist for every n. From (1.7), it follows that in R[X] a regular D(n)-
quadruple! exists for every positive integer n. Furthermore, in C[X] a regular
D(n)-quadruple exists for every non-zero integer n.

An irregular D(n)-quadruple is one that is not regular. Suppose that
{a,b,c,d} is an irregular D(n)-quadruple in Z[X] for n € N. Then, the
set {7, \/iﬁ, T %} would be an irregular D(1)-quadruple in R[X], which

!For example, the set {X,4X +4v/5,9X + 6v/5, 121 X3 4+ 48V5X?2 + 124X +20/5} is
a regular D(5)-quadruple in Q(v/5)[X].
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contradicts Theorem 1.4. For every n € N which is a perfect square a regular
D(n)-quadruple in Z[X] can be obtained from the D(1)-quadruple (1.7) by
multiplying its elements by y/n. Since for n € N which is not a perfect square
there does not exist a regular D(n)-quadruple in Z[X], Theorem 1.4 yields:

COROLLARY 1.5. There does not exist a D(n)-quadruple in Z[X] for any
positive integer n. which is not a perfect square. Furthermore, there does not
exist a D(n)-quintuple in Z[X] for any positive integer n.

Let us mention that there exists a D(n)-sextuple in Z[X], where n is
not a constant polynomial (see [19, 20]). Moreover, in all those examples n
is a square in Z[X], while for n € Z[X] non-square, there exist examples of
D(n)-quintuples in Z[X] (see [14]).

Dujella and Fuchs ([12]) proved that there does not exist a D(—1)-
quadruple in Z[X], i.e. they proved a polynomial variant of Conjecture 1.3 for
n = —1. For an integer n < 0 we cannot apply Theorem 1.4 to observe a D(n)-
quadruple in Z[X] because in that case a D(1)-quadruple {\/Lﬁ, %, ﬁ, %}
is from C[X]. Using Corollary 1.5 we prove a special case of a polynomial
variant of Conjecture 1.3:

COROLLARY 1.6. For n € {3,5,8,12,20} there does not exist a D(n)-
quadruple in Z[X].

In order to prove Theorem 1.4 we partially follow the strategy used in [13]
for Z[X] but we need to introduce some new ideas. In Section 2 we transform
the problem of extending a D(1)-triple {a,b, c} in R[X] to a D(1)-quadruple
{a,b,¢,d} in R[X] into solving a system of simultaneous Pellian equations,
which reduces the problem to finding intersections of binary recurring se-
quences of polynomials. In Section 3 we find a gap principle for the degrees
of elements in a D(1)-triple {a,b,c} in R[X]. In Section 4 we describe all
possible initial terms of the observed recurring sequences. We extend some
results from [13] and use some results for C[X] from [18]. Hence, the problem
is somewhat situated between analogue problems in Z[X] and C[X], that were
studied before. Using results from Sections 2, 3 and 4, eventually in Section 5
we prove Theorem 1.4.

2. REDUCTION TO INTERSECTIONS OF RECURSIVE SEQUENCES

Let RT[X] denote the set of all polynomials with real coefficients whose
leading coefficient is positive. For a,b € R[X], we say that a < bif b—a €
R*[X]. For a € R[X], we define |a| = a if a > 0 and |a| = —a if a < 0.

Let us consider an arbitrary extension of a D(1)-triple {a,b,c} in R[X],
where a < b < ¢, to a D(1)-quadruple {a,b,c,d} in R[X]. We first observe
the equations

(2.1) ab+1=72 ac+1=5s% bc+1=1t>
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for r,s,t € RY[X]. Let A,B,C,R,S,T be the leading coefficients of the
polynomials a, b, ¢, r, s, t, respectively. By (2.1), we have AB = R?, AC = S?
and BC = T?. Hence, there is no loss of generality in assuming that a,b,c €
RT[X]. By [21, Lemma 1], there is at most one constant polynomial in a D(1)-
tuple in C[X]. Let us denote by «, 3, the degrees of a, b, ¢, respectively. We
will use this notation throughout the paper. Hence, 0 < o < 8 < v and
8,7 > 0. Let

(2.2) ad+1=2% bd+1=y> cd+1=2°

where z,y,z € R[X]. Note that z, y and z can be < 0, which is relevant
because otherwise by taking only positive values we would exclude some pos-
sibilities we have in C[X]. By (2.2), we have d € RT[X].

Eliminating d from (2.2), we obtain the system of simultaneous Pellian
equations

(2.3) az? —cx’ =a—c,
(2.4) b2? —cy?  =b—c.
We want to find solutions (z,z) and (z,y) of (2.3) and (2.4), respectively.

LEMMA 2.1. Let (z,x) and (z,y) be solutions, with x,y,z € R[X], of (2.3)
and (2.4), respectively. Then there exist solutions (zo,xo) and (z1,y1), with
20, To, 21, Y1 € R[X], of (2.3) and (2.4), respectively, such that:

(2.5) o> 1 el > 1,

(2.6) |z1] > 1, ly1] > 1

and

(27) deg(z0) < 172 deg(w) < 237,
3y — +

(2.8) deg(z1) < 74 ﬁ, deg(yy) < T7

There also exist non-negative integers m and n such that

(29) 2Va+ e = (20v/a+ z0v/e)(s + Vae)™,
(2.10) Vb +yve = (z1Vb+ yVo)(t + Vo).

PROOF. The statements (2.7) - (2.10) follow directly from [21, Lemma
4].

From the proof of [21, Lemma 4(v)], we have that if ¢|(z? — 1), then
c|(22 — 1). Hence, there exists dy € R[X] such that cdy = 22 — 1. Then, by
(2.3), we have ady = x3 — 1. Therefore,

(2.11) ady+1=x2 and cdy +1= 2.
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Since ¢ > 0, it follows from (2.11) that deg(z) > 0 for dy # 0. Thus, dy > 0.
Furthermore, by (2.11), we obtain 23 > 1 and 23 > 1, so (2.5) holds. The
proof of (2.6) is analogous. We consider dy € R[X], where

(2.12) bdy +1 =92, cd +1=2.

From (2.12), we see that dy > 0. O

By (2.9) and (2.10) of Lemma 2.1, we get z = vy, = w,, for some (m,n),
where the sequences (Up,)m>0 and (wy,),>0 are defined by

(2.13) vy = 20, V1 = 820 + €T, Umt2 = 28U;mi1 — Um,

(2.14) wo = z1, wi =1tz1 + Y1, Wpy2 = 2tWp11 — Wh,

where the initial values (zo, o) and (z1,y1) satisfy the estimates (2.7) and
(2.8), respectively. Hence, we reduced the problem of finding extensions of
D(1)-triple {a,b,c} to solving the equation

(2.15) Uy = W,
inm,n > 0.

REMARK 2.2. We remark that we cannot assume zy > 0 or zg < 0 since
we would lose some solutions of the Pellian equation (2.3). The same holds
for z;. But, without loss of generality we may assume that xy > 0 because,
by (2.2), for z and —z we obtain the same d. The analogue situation is for ;.

By [21, Lemma 5], for m > 1 we have
o+
(2.16) deg(vy,) = (m — 1)77 + deg(v1).

Also, by [21, Lemma 5], (2.1), (2.7) and (2.13), we obtain

5
(2.17) % < deg(v1) < O‘Z 7

Similarly, for n > 1,

(2.18) deg(wy,) = (n — 1)@ + deg(w1)

and, by (2.1), (2.8) and (2.14), we get

B+ 5y

(2.19) i

< deg(wy) <

o2
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3. GAP PRINCIPLE FOR DEGREES

In this section we give a gap principle describing all possible relations
between the degrees a, 8 and v of the elements of the triple {a, b, ¢} in R[X].
We need the following identities proved for elements of Z[X] (see [16, 30]),
which also hold in R[X]. Recall that r, s,t € R*[X] are polynomials satisfying
ab+1 =12 ac+1=s%and bc+ 1 = t2. Also, recall that we reduced the
problem of finding extensions of D(1)-triple {a,b,c} to solving the equation
Um, = Wy, where the sequences (v, )m>0 and (wy,)n>0 are given by

Vo = 20, V1 = S20 + €0, Um42 = 28Um+1 — Um,
wo = 21, W1 =tz + Y1, Wnto = 2tWpy1 — Wy

LEMMA 3.1. Let {a,b,c}, where a < b < ¢, be a D(1)-triple in R[X] such
that (2.1) holds. Then for

(3.1) dy =a+b+c+2(abc+ rst)

we have

(3.2) ady +1 =13, bde +1 =23, cde +1 = w3,
where

(3.3) uty = at £rs, vy =bsErt, wy = cr &+ st.
Furthermore, we have

(3.4) c=a+b+ds+2(abds Frugvy)

and

(3.5) c=a+b—ds+2rws.

PROOF. By [16, Lemma 1], relations (3.2) and (3.3) are true.

From the proof of [16, Lemma 3], we have u_,v_ < 0. Obviously,
us, vy > 0. By (3.4), we have ¢ = e, where es is obtained by applying
(3.1) on the D(1)-triple {a,b,d1}. For d_ = 0, using (3.2) and (3.4), we
obtain ¢ = ¢4. Otherwise, by (3.2), we have d_ > 0. By (3.4) with the lower
signs, we conclude that ¢ > a + b, so ¢ > c(a + b) + 1. By that and (2.1),
we have s*t? = abc® + c(a + b) + 1 < ¢*r?. Therefore, w_ = cr — st > 0.
Obviously, wy > 0. From (3.4), using (2.1) and (3.3), we get (3.5). O

REMARK 3.2. In the proof of Lemma 3.1 we saw that wy > 0. This will
be quite important in the following considerations.

By (3.1), we conclude
(3.6) deg(dy) =a+B+7v> 1.

For d_ # 0, from [15, Lemma 1] and [18, Lemma 2], we have ¢ > 2abd_.
Thus, 0 < deg(d-) <~ — a— §, in particular v > o+ . But, we are able to
prove even more:
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LEMMA 3.3. Let {a,b,c} be a D(1)-triple in R[X], where a < b < ¢, and
let d_ be defined by (5.1). Thend_ =0 or deg(d_) =~v—a — 0.

PROOF. Let d_ # 0. By (2.1) and (3.2), we have deg(abd_) = a+ § +
deg(d_) = deg(ru_v_). If B <=, by (3.4), we get deg(d_) =~ —a — .

Let § = ~. Since deg(abd_) > ~, we have abd_ > 0 and ru_v_ > 0.
Then, by (3.4), we obtain deg(abd_) =~ and —a = deg(d_) = 0. We cannot
have two different constants in a D(1)-quadruple in R[X], so if 8 = + then
d_-=0ord_ =a. O

A D(1)-quadruple with the property from Definition 1.1, but with a re-
laxed condition that its elements need not be distinct? and need not be non-
zero is called improper D(1)-quadruple. Such a quadruple can be regular or
irregular the same way as defined before. In R[X] there always exist improper
D(1)-quadruples {0, a, b, c} and also {a, a, b, c} if a is a constant®. Also, there
always exist regular D(1)-quadruples {a,b, ¢, d+}. Hence, the equation (2.15)
always has solutions.

Assume that {a,b,c,d'}, where a < b < ¢, with deg(d') = ¢ and v < 4,
is an irregular D(1)-quadruple with minimal possible § among all irregular
D(1)-quadruples in R[X]. We prove that such a quadruple does not exist. By
[18, Lemma 5], we have
(3.7) 5> 3P ;L ey

LEMMA 3.4. Let {a,b,c}, with a < b < ¢, be a D(1)-triple in R[X]. Let
d_ be defined by (3.1). Assume that (2.15) holds and define d = &Tfl

a) If d=d_, then vy, = w, = +w_ with m,n € {0,1}.

b) If d=d', then v, = w, = 2z with m > 3 and n > 3.

c) If0e {m,n}, thend=d_ ord=0+#d_ ord=a+#d_ and a € RT.

d) Ifm=n=1,thend=d_ ord=0#d_ord=a#d_ and a € R"

ord=dy and vy > a+20.

PROOF. a) If d_ =0, then w_ =1, so deg(w-) = 0. By Lemma 3.3 and
(3.2), if d_ # 0, then
a+
(3.8) deg(w_) =7 -
By (2.16) and (2.18), we have deg(v,,) > 7 for m > 2 and deg(wy) > ~ for

n > 2. Thus, d_ must arise from v,, = w,, for m,n € {0,1}.
b) If d = d’, by [18, Proposition 1], we have m > 3 and n > 3.

<7

2In an improper D(1)-quadruple we cannot have two equal non-constant polynomials
because the equation b2 + 1 = 2 has no solution ¢t € R[X] for every non-constant b € R[X].
3The equation a® +1 = u? has a solution u_ € R for every a € R. This does not hold

in Z for a # 0. In Q it does hold for some values of a.
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¢) If 0 € {m, n} then, by the proof of [18, Proposition 1], we have deg(d) <
~. By Lemma 3.3, we can have d = d_. By (3.6), d # d;. By (3.7) and the
minimality assumption, the only possible irregular quadruples {a, b, c,d} are
those withd =0 or d =a if a € R™.

d) Let v; = wy. By the proof of [18, Proposition 1], deg(d) < ~ and
{a,b,c,d} is an irregular quadruple (by the minimality assumption, then d = 0
ord=aifa € RT),ord = ds. By (3.2) and (3.6), we have deg(w,.) = 7+“T+ﬂ.
Hence, by (2.17), we can have d = dy and wy = vy if v > a + 20. O

In the following lemma we consider all possibilities for d_. That will
give us all possible relations between degrees of the polynomials in our D(1)-
triple. A similar gap principle is well known in the classical case and was also
used in considering a polynomial variants of the problem of Diophantus (see
e.g. [13, Lemma 4]), but we give more information about the possible triples.
Conclusions about degrees generally hold, but conclusions about initial terms
hold only for the case a) of Lemma 3.4, which means that we consider only
such equations (2.15) from which the solution d = d_ arises.

LEMMA 3.5. Let {a,b,c} be a D(1)-triple in R[X], with a < b < ¢, for
which (2.1) holds. Let d_ be defined by (3.1). We have:

1.) Ifd_ =0, then zg = z1 = +1. In this case c=a+ b+ 2r and = .
Also, if a < B, then C = B, and if « = f3, then C = A+ B+ 2/ AB.
2.) a) Ifd_ = a € RT, then (20,21) = (£s,£s8), a =0, f =~ and
c=0b+ 2rs.
b) Ifd_ € RT\{a}, then zo = 21 = *cerFst, a > 0 and v = a+ .
3.) If deg(d_) > 0, then we have the following possibilities:
a) zg = 21 = er F st, with deg(d—) <o, a >0 and a+ 5 <y <
20é+6,
b) (z0,21) = (cr — st,—s), where o < deg(d-) < 8, a > 0 and
2+ <y<a+2p,
¢) (z0,21) = (—t,cr — st), with deg(d—) =
d) (z0,21) = (—t,—s), where < deg(d_
o+ 20.

a, o= and v = 3a,
) <75, a>0and vy >

Proor. 1.) From (3.4), if d_ = 0, then the triple {a, b, ¢} is regular. By
(1.3), we have v < 8, thus v = 8. Also, if @ < §, then C = B, and if a = 8
then C = A+ B + 2/ AB.

By (3.2), we have w_ = 1. By (2.17) and (2.19), we conclude deg(v;),
deg(w1) > %, s0 vg = wo = £1. By (2.13), (2.14) and Remark 2.2, we get
20 = z1 = £1.

2.) If deg(d-) = 0 then, by Lemma 3.3, we have

(3.9) y=a+p.
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2.a) Let d_ =a € Ry. By (3.9), we get 8 =~. By (3.2), we have w_ = s, so
by (3.5) we conclude

(3.10) c=b+2rs.

By Lemma 3.4 a), we have v,, = w,, = £s for m,n € {0,1}. For m =
n =0, by (2.13) and (2.14), we obtain zy = z; = £s. For (m,n) = (0,1), by
(2.13) and (2.14), we get

(3.11) 2o = tz1 + cyp = *s.

From (2.12) and (3.11), we have ®ecr F st = tz; + cy1. Since deg(cr+ st) > v
and, by (2.7), deg(z) < 7, other combinations of the signs on the left hand
side of the previous equation are not possible. Hence,

(3.12) c(£r —y1) =t(z1 £ s).

By (2.1), we conclude t|(£r — y1). By considering degrees of polynomials,
we obtain that y; = +r and z; = Fs. From Remark 2.2, we have y; = r.
By Lemma 3.1, er — st > 0, thus, (3.11) implies zop = s and z; = —s. For
(m,n) = (1,0), by (2.13) and (2.14), szp + cxg = z1 = +s. Hence, cxy =
s(£1 — 29). By (2.1), s|zo. Since ¢ # 0, this is not possible? because of
the degrees of s and xg. For (m,n) = (1,1), by (2.13) and (2.14), we have
szg + cxog = tz1 + cy1 = £s. As for (m,n) = (1,0), this is not possible.

2.b) Assume now that we have d_ € R™ \ {a}. From (3.9), since we
cannot have two different constants in a D(1)-quadruple, « > 0. By (3.3),
w_ = cr — st # s. By Lemma 3.4 a), we have v,, = w,, = +cr F st for m,n €
{0,1}. For (m,n) = (0,0), by (2.13) and (2.14), we have zy = 21 = £er F st.
For (m,n) = (0,1), by (2.13) and (2.14), we get

(3.13) 2o = tz1 + cyp = %cr F st.

We obtain (3.12), so again y; = r and z; = —s. Using (2.12) and (3.9), from
(2.8), we obtain a contradiction. Analogously as before, the cases (m,n) =
(1,0) and (m,n) = (1,1) are not possible.

3. If deg(d_) > 0, then, by Lemma 3.3, we have v > a+ (. By Lemma 3.4
a), Uy = wy, = Fer F st for m,n € {0,1}.

3.a) For the case (m,n) = (0,0), by (2.13) and (2.14), we have zp = z1 =
+er F st. Using (3.8) and (2.8), we obtain v < 2« + . Lemma 3.3 implies
deg(d_) < a.. Hence, a > 0.

3.b) For the case (m,n) = (0,1), by (2.13) and (2.14), we have (3.13) and
then (3.12). Asin 2.a), y1 =7, 21 = —s and z9p = cr — st. By (3.8) and
(2.7), v < a+26. By Lemma 3.3, deg(d_) < f3. Using (2.1) and (2.8), we
get v > 2« + 8 thus, by Lemma 3.3, deg(d_) > «. The case where a = 0 and
d_ = a is considered in 2.a).

4In C[X] for z9 = 0 we have a = &4 and 22 = £ci + 1.
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3.c) For the case (m,n) = (1,0), similarly as in 3.b), we get z¢p = r,
zo = —t and z; = cr — st. Also, we obtain a + 25 < v < 2a + ( from which
it follows that o = 8 and then v = 3a.

3.d) For the case (m,n) = (1,1) we use results from 3.b) and 3.c). They
lead to zp = —t and z; = —s. The conclusion about the degrees follows from
(2.7) and (2.8). By Lemma 3.3, we have deg(d_) > . O

It is not hard to find the examples® of D(1)-triples for all cases from
Lemma 3.5, so all cases are really possible.

REMARK 3.6. The case 2.a) of Lemma 3.5 can be described more precisely.

By (3.2), v— = —r and u% = a® 4+ 1. From (3.4), we get

(3.14) c=b+2r’(a—u_).

From (3.4), using (2.1) and (3.2), we also get

(3.15) c=bla—u_)*+2(a—u_).

By (3.3), we have —r = bs — rt, so

(3.16) r(t—1) = bs.

By (2.1), ged(b,r) = 1, so r = ps, where p € RT. Since b < ¢ and 8 = v, we
have B < C. By comparing the leading coefficients in (3.16), we get p = ‘/—E,

so 0 < p <1 (for p =1 we would have b = ¢). Using (2.1), (3.14) and (3.2),
since u_ < 0, we furthermore conclude that a —u_ = %, ie. p=—u_ —a.
By (3.14), we obtain

2
(3.17) c=b+ =1 =b+2ps>.
p

SExamples: 1.) {1,X? + 2X,X2% + 4X + 3} and {X — 1,X + 1,4X}, 2.a)
{g,%gx—?,mx? + 6X}; d- = 5, 2b) {125X2 4+ 50X,12500000000X 10 +
26000000000X° + 23070000000X8 + 11392000000X 7 + 3424950000X6 + 644520000X° +
75187000X% + 5200000X3 + 194525X2 + 3300X 4+ 15,1250000000000X12 +
3100000000000X ' 4 3372000000000X 10 + 2114000000000X° + 844190000000X8 +

224024000000X7 + 40005200000X° + 4764480000X° + 367264500X* + 17315400X° +

452640X2 + 5500X + %0} d_ = 1, 3.a) {16X3 — 4X,64X° — 48X + 8X,4096X° +
4096X8 — 4096X7 — 4096X6 + 1408X° + 1280X% — 192X3 — 128X2 + 9X + 3};
d- = X + 1, 3b) %,12500000000)(10 + 26000000000X° + 23070000000X8 +

11392000000X7 + 3424950000X6 + 644520000X° + 75187000X* + 5200000X°3 -+
194525X 2 + 3300X + 15, 1250000000000X 2 + 3100000000000X 11 4 3372000000000 10
2114000000000X° 4+ 844190000000X% 4 224024000000X7 4+ 40005200000X6 +
4764480000X° + 367264500X* + 17315400X°% + 452640X2 + 5500X + 9L}
d- = 125X?% + 50X, 3.c) {X — 1,X + 1,16X3 — 4X}; d- = 4X, 3.d)

1 625X2 250X 19500000000 10 + 26000000000 X ® +23070000000X 8 4 11392000000X 7 +
3424950000X 6 + 644520000X° 4 75187000X*+ + 5200000X 3 + 194525X2 + 3300X + 15};
d_ = 125000000X8 + 210000000X7 + 144200000X°¢ + 52040000X° 4+ +10562000X* +
1195600X 3 4 70160X2 + 1800X + 56/5.
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Also, from (3.16), we have

b
3.18 t=-+1
(3.18) p
From (3.17), using (3.18), we obtain
1
(3.19) c(]—)—m) —t4 1

From (3.18), (3.19) and (2.1), we obtain
(3.20) t+1=cp.

By (3.18), (3.19) and (3.20), the triple from the case 2.a) of Lemma 3.5 has
the form

1—p? t 1
3.21 b = tn—mp. — + =4
(3.21) fabey={=5, =t —p o+ }
Also, by (3.18),

1—p% b 2
22 byc} =94 ——,0,—= +— 7.
(3.22) fbeh= {5 =g+

In the following lemma, we adjust [13, Lemma 10] to the situation in
R[X].

LEMMA 3.7. Let {a,b,c}, where a < b < ¢, be a D(1)-triple in R[X] with
B <~v=a+28. Let d_ be defined by (3.1). Then {a,b,d_,c} has elements

(3.23) {a,b,a+b=£2r dr(r £a)(bxr)} or
— D_
{ig,bvbD_iQ_vv
2\/BD_ B VB
(324 VD= /D D 9D_ - B
oY (2= (32— — 1)+ ==~
b,/_B(B >+b(33 ) QBD_}’

where D_ is the leading coefficient of d_ and the upper combination of the
signs is for the case b < d_, while the lower is for the case b > d_.

PRrROOF. For the triple {a,b,c}, by Lemma 3.3, we have deg(d_) = f.
Hence, the triple {a,b,d_} has the form 1.) or 2.a) from Lemma 3.5.

If the triple {a,b,d_} is regular, by Definition 1.1, d_ = a + b £ 2r.
Similarly as in [13, Lemma 10], ¢ = 47(r £ a)(b 4 7) and s = 2r® + 2ar — 1.

Assume that the triple {a,b,d_} has the form (3.22). Then o = 0 and

b < d_. Let us denote p; := \/%. By (3.22), d_ = % + p%. By (3.18),
we have v_ = ,pi — 1 and we also have u_ = 7p7_‘1 (we use the fact that

1
u_,v_ < 0). Using (2.1) and (3.2), from (3.4), we obtain ¢ = e4. From that,
by applying (3.1) for the triple {a, b, d_} and using the expression for a from
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(3.22), we obtain ¢ = 2b2pi1 (1% -1) +2b(1% 71)+ﬁ. Hence, we have (3.24).

2p1
Similarly, for d_ < b, we denote ps := V\/%_ and we obtain d_ = bp3 — 2ps,
v = —=bpa+ 1 and u_ = —por. By (3.1), for the triple {a,d_,b}, we get
2

¢ = 2b%py (1 —p3) +2b(—1+3p3) + %. Moreover, from (3.3) for that triple,
we obtain s = —av_ — ru_. It implies that

D_ 3D_ - B
3.25 s=# (T - 1)b+ =
( ) B 2\/BD_

4. PRECISE DETERMINATION OF INITIAL TERMS

In this section we will determine all possible initial terms of the recurring
sequences (Un, )m>0 and (wy, ), >0 which lead to the extension of the D(1)-triple
{a,b,c}, with a < b < ¢, in R[X]. Recall that we are solving the equation
2 = vy, = w, where 22 = cd + 1. In the rest of the paper we distinguish
the cases of the equation (2.15) depending on the parity of indices m and n.
From (2.13) and (2.14), by induction, congruence relations from the following
lemma hold for m,n > 0 (see [13]).

LEMMA 4.1. Let the sequences (vy,) and (wy) be given by (2.13) and
(2.14). Then

Vom = 2o (mod ¢), Vo1 = sz0 (mod ¢),

wWap = 21 (mod ¢), wapy1 = tz1 (mod c).

The following lemma is a version for R[X] of [18, Lemma 3], where Dujella
and the second author described all possible relations between the initial terms
zo and 2z of the recurring sequences (v, )m>0 and (wy, )n>0 in C[X].

LEMMA 4.2. 1) If vay, = way, then zp = 21.

2) If vom41 = Wap, then either (zo,21) = (£1,+s) or (z0,21) = (£s, £1)
or z1 = Szg + cxg, where xg is not constant.

3) If vam = Wany1, then either (zo,21) = (£t,£1) or (20,21) = (Fs, £1)
or (z9,21) = (£1,£1) or zg = tz1 £ cy1, where yy is not constant.

4) If vomi1 = Want1, then either (z9,21) = (F1, Ler F st) or (z0,21) =
(erFst, F1) or szotexg = tziteyr, where xg and y; are not constant
and polynomials on both sides of the equation have degree less than ~.

PrOOF. The proof of part 1) is completely analogue to the proof of [18,
Lemma 3,(1)].

2) We follow the proof of [18, Lemma 3, (2)]. From Lemma 4.1, we have
z1 = 8zp (mod ¢). This congruence allows us to conclude that for the cases
(z0,21) = (£1,+£s) and (z0,21) = (£s,+1) we have zpz; > 0. Otherwise we
would have c|s and ¢|2, respectively.
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3) From Lemma 4.1, we have zg = tz; (mod ¢). Assume that z; = +1.
Hence,

(4.1) 20 = £t (mod ¢).

If B <, then zyp = £t and zpz; > 0. If 8 = 7 then, from Lemma 3.3, it
follows that d_ =0 or d_ = a. If d_ = 0, then ¢ = a + b+ 2r and we have
s = —t (mod ¢). Multiplying this congruence by s, we obtain 1 = —st (mod c).
Now, multiplying (4.1) by s, we get

(4.2) $zp £ cxg = F1 (mod c).

From (4.1), z0 = Fs (mod ¢). If a < 7, then zg = Fs, with zpz; < 0. Let
a = =~. For zp = %1, similarly as in the proof of [18, Lemma 3, (2)], we
obtain a contradiction. We conclude that zop # £1. Now, from [21, Lemma
5], deg(z0) > 3 and deg(xo) > §. If a = 0, we have 8 = v = 0, which is not
possible. Hence, z( is not constant. Using (2.3), we get

(4.3) (520 + cxo) (520 — o) = 8228 — *af = 23 + ac — ¢,

from which we conclude that one of the polynomials szy 4+ czo has degree
less than v. For that polynomial, (4.2) becomes an equation. Note that
deg(z0) < 272 = 2, s0 deg(z9) = %. From [21, Lemma 4] it follows that
deg(vg) = deg(zo) < deg(szp £ cxp), so we have a contradiction. For d_ = a
and o = 0, from (3.20) and (4.1), we have zyp = +1 (mod ¢). Therefore,
zo = £1, with zgz; > 0.

Assume now that z; # &1. By [21, Lemma 5], we have deg(z1) > % and

deg(yy) > g Hence, 1 is not constant. Using (2.4), we get
(4.4) (cyr +tzy)(eyr —tzy) = Py? — 222 = * —be — 23,

so we conclude that one of the polynomials tz; + cy; has degree less than

and they are both congruent to zp modulo ¢. Hence, one of these polynomials
is equal to zg.

4) We use the proof of [18, Lemma 3, (4)]. For zy = %1, because of (2.8),

we have +st Fer = z1. Similarly, for z; = 1, because of (2.7), st Fer = 2.

O

In Z[X] (see [13, Lemma 5]), if the equation (2.15) has a solution then
there exists a solution with m,n € {0,1}. In R[X] in those cases, by
Lemma 3.4,d=d_ord=dy andy>a+20ord=0#d_ord=a#d_,
where @ € R (which is not possible in Z[X]). But there are also other pos-
sibilities from Lemma 4.2. We examine all of them, precisely determining
all possible initial terms and give some additional information which hold in
R[X].

LEMMA 4.3. 1) If voy, = way, then either
a) zo =21 = +x1 or
b) zo=21==xs and « =0 or
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c) w=z1=FcrFstanda>0,a+<y<2a+ .
2) If vam+1 = wap, then either

a) (z0,21) = (£1,%s) and v > 2a+ 8 or

b) (z0,21) = (£s,£1) and a =0 or

¢) (z0,21) = (—=t,cr — st) and a = 8, v = 3.
3) If vay, = wany1, then either

a) (20,21) = (£t,£1) and v > a + 28 or

b) (20,21) = (F5,%1) and a =0, § = 5 or

c) (z0,21) = (£1,£1) and a =0, =+ or

d) (z0,21) = (cr —st,—s) and o > 0, 2+ 0 < v < a+ 28 (special
case:

1) (z0,21) = (s,—8) and a =0, f =7).
4) If voya1 = Want1, then either

a) (z0,21) = (£1, Fer £ st) and v < 2a+ B (special cases:
1) (z0,21) = (£1,F1) and a < B =+ and
2) (z0,21) = (£1,Fs) and a =0, =) or

b) (z0,21) = (£er F st,F1) and v < o+ 2 (special cases:
1) 4.a.1) and
2) (20,21) = (5, %1) and a =0, f =) or

¢) (z0,21) = (£t,+s) and v > o+ 20.

PRrROOF. 1) From Lemma 4.2, zg = z;. By (2.13) and (2.14), we have
vg = wp, thus we apply Lemma 3.4 ¢). The cases where d = d_ are described
in 1.)-3.a) of Lemma 3.5. If d = 0 # d_, then zg = z; = £1. By Lemma 3.3,
if 8 =, then d_ = a and a = 0. Otherwise, § < . If d = a # d_ and
a =0, then zy = z; = +s. By Lemma 3.3, if § =, then d_ = 0. Otherwise,
B < ~. Hence, we get the cases 1.a)-1.c).

2.) a) From Lemma 4.2, we can have (zo,21) = (£1,%s) with zpz; > 0.
Using (2.8), we have v > 2o + §.

b) By Lemma 4.2, we have (2o, z1) = (&s,+1) with zpz; > 0. By (2.7),
we get v > 3a. From (2.11), 22 = a? + 1 with a € R* since otherwise the
equation is not possible.

¢) By Lemma 4.2, there is also a possibility z1 = szg % cxg, where x¢ is not
constant. By (2.8), (4.3) and Remark 2.2, we conclude that szg — cxg = 21,
where z5 > 0 and z; < 0, or szg + cxg = 21, where z5 < 0 and z; > 0. That
is v1 = wop, thus, by Lemma 3.4 ¢), dy =d_ord; =0#d_ord; =a # d_
and a = 0. The case where d; = d_ is described in 3.c) of Lemma 3.5. If
d1 =0 # d_, then szg£tcxg = £1. If @ = =, then, by Lemma 3.3, we get v = 0,
which is a contradiction. Therefore, a < . By (4.3), deg(sz0 F cap) = 27,
which is not possible because of (2.7). If dy = a # d_ and a = 0, then
$zp £ cxg = +s. Here s|xg, which is not possible since 29 # 0 and because of
(2.7).

3.) a) This case is completely analogous to 2.a).
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b) By Lemma 4.2, it can further be (29, 21) = (Fs, +1) with z9z1 < 0 and
B = ~. Similarly as in 2.b), a € R™.

¢) From Lemma 4.2, there is (z0,21) = (£1,£1), with zpz3 > 0, a =0
and 5 = .

d) Finally, by Lemma 4.2, there is a possibility zo = tz1 £ cy1, where y; is
not constant. By (2.7) and (4.4), we conclude that zy = tz1—cy1, where z5 < 0
and z1 > 0, or 29 = tz1+cy1, where zg > 0 and 23 < 0. Here we have vy = w1,
so, by Lemma 3.4 ¢), we get dy = d— or dy =0 # d_ or dy = a # d_ and
a € R*. The cases where dy = d_ are described in 2.a) and 3.b) of Lemma 3.5.
Further, for the simplicity, we can observe 2.a) as the special case of 3.b). If
dy = 0 # d_, then tz; £ cy; = £1. If § = ~, then, by Lemma 3.3, d_ = a,
a = 0 and (3.10) holds. Hence, by (4.4), deg(tzy F cy,) = 2v. For 8 < 7,
by (4.4), we also have deg(tz; F cy;) = 2v. This is not possible because of
(2.8). If dy = a # d— and a = 0, then tz; £ cy; = +s. If § < ~, then by
(4.4), deg(tz1 Fcyy) = 377, which is in contradiction with (2.8). If 5 =, then,
by Lemma 3.3, d— = 0 so ¢ = a + b+ 2r. Furthermore, by (1.3) and (4.4),
deg(tz1 F cy;) = 7. By Lemma 4.1, we have tz; = +s (mod ¢). Multiplying
that by ¢, we furthermore obtain z; = +st F ¢r (mod ¢). Since

(4.5) (st —cr) (st +cr) = ac +be+ 1 — 2,

one of the polynomials +st F cr has degree less then v and the other has
degree equal to v + QTJFB Hence, +st F er = z;. By (1.3) and (4.5), we have
deg(z1) = 0. Then, z; = F1, which implies y; = 1 and that is not possible.

4.) a) By Lemma 4.2, we firstly can have (29, 21) = (£1, Fer £ st), i.e.
(z0,21) = (£1, Fw_). By (2.8), we get the bound for 7. Specially, for d_ = 0,
by Lemma 3.3 and (3.2), 21 = F1 and @ < = . For d_ = a, we have
(z0,21) = (£1,Fs) and a =0, 8 = .

b) By Lemma 4.2, we can also have (2o, z1) = (£erFst, F1), i.e. (20,21) =
(w_,F1). By (2.7), we get the bound for ~. Specially, for d_ = 0, we get
20 = +1 and a < B = 1. For d_ = a, we have® (z9,21) = (£s,F1), a =0
and 5 = .

¢) By Lemma 4.2, we further have szg 4+ czo = tz1 £ cy1, where zy and 1,
are not constant and polynomials on both sides of the equation have degree
less than «y. Similarly as for the cases 2.) and 3.), we conclude that szg—cxo =
tz1 — cy1, where zg > 0 and 21 > 0, or szg + cxg = tz1 + cyy, where zg < 0
and z; < 0. Here we have v; = w;. By Lemma 3.4 d), this can lead to d_
or to dy if v > a4+ 28 or to an irregular D(1)-quadruple {a,b,c,d}, where
d=0#d_ord=a+# d_ and a € RT. Cases where we obtain d_ are
described in part 3.d) of Lemma 3.5. By (2.7), we obtain v > « + 2. Cases
where we obtain d; are possible only if equations szg £ cxg = tz1 + cy; hold
for both signs +, as it is described in the proof of [18, Proposition 1]. Then,

6In C[X] here appears an irregular polynomial D(1)-quadruple Dj, (see [18, Proposition

1]).
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we have (zg,21) = (t,5). fd=0+#d_ or d = a # d_ and a is a constant,
then szp & cxg = £1 or szy £ cxo = =s, respectively. Both cases are not
possible, as we have seen in 2.). O

5. PROOF OF THEOREM 1.4

We want to find all extensions of an arbitrary D(1)-triple {a,b, ¢}, with
a < b< e, inR[X] toa D(1)-quadruple {a,b,c,d} in R[X]. By Lemma 2.1, we
reduced the problem of finding these extensions to the problem of existence
of a suitable solution of equation (2.15), where (vs,)m>0 and (wy,),>o are
binary recurrence sequences defined by (2.13) and (2.14), for some initial
values (zo,z0) and (z1,y1). In Lemma 4.3 we have described all possible
initial terms. We will prove that neither of them leads to an irregular D(1)-
quadruple with d = d’. As previously stated, {a,b, ¢, d'} is irregular quadruple
(where a < b < ¢, with deg(d') = § and v < ) with minimal possible § among
all irregular D(1)-quadruples in R[X]. Recall once again that r,s,t € RT[X]
are polynomials satisfying ab+ 1 = r2, ac+ 1 = s? and bc+ 1 = ¢2.

Relations from the following lemma are obtained by considering the se-
quences (U, )m>0 and (wy,)n>0 modulo 4¢? (see [13, Lemma 6]). We consider
congruences in R[X].

LEMMA 5.1. Let the sequences (Um)m>0 and (wp)n>0 be given by (2.13)
and (2.14). Then,
Vo = 20 + 2¢(azom? + szom) (mod c?),
Vama1 = 820 + c[2aszom(m + 1) + 2o(2m + 1)] (mod ¢?),
Woy, = 21 + 2c(bzm2 +tyin) (mod c?),
Wan 1 = tz1 + c[2btzin(n 4+ 1) + y1(2n + 1)] (mod c?).
We will also use the following result, which follows directly from (3.1).
LEMMA 5.2. Let {a,b,c}, with a < b < ¢, be (possibly improper) D(1)-
triple from R[X] for which (2.1) holds. Let d_ be defined by (3.1). Then
(5.1) 2rst =a+b—d_ (mod c).
PROOF OF THEOREM 1.4. CASE 1.A) vgy, = wap, 20 = 21 = 1.

By (2.11), (2.12) and Remark 2.2, we have zp = 1 and y; = 1. By
Lemma 5.1,

(5.2) +am? 4 sm = +bn? + tn (mod c).

For 0 € {m,n} we obtain an improper D(1)-quadruple {0, a, b, ¢}, which can
be regular or irregular. Hence, we assume that m,n # 0. Similarly as in
[13], by (2.16) and (2.18), we have deg(van,) = v + (2m — 1)232, deg(wan,) =

v+ (2n — 1)6—‘2'”, except for « < 8 =1, 2o = —1 and ¢ = a + b + 2r, where

deg(vam) = v+ (2m — 1)2£2 | deg(way,) = ‘XTHE + (2n — l)ﬂ% We also have
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to consider the case where ¢ = b+ 2rs and o = 0, which does not exist in
[13]. We distinguish subcases < v and § = 7. For 8 < v, we obtain a
contradiction analogously as in [13].

For o« < B = =, by Lemma 3.5, we have d_ = 0 or d_ = a and a = 0. For
d_ =0 we obtain d = dy = 4r(a+7)(b+r) completely analogously as in [13].
For d_ = a, using (5.2), (3.18), (3.17) and (2.1), we obtain +am? + sm =
F2pn? —n (mod ¢). Hence, £am? + sm = F2pn? — n, which is not possible,
because on the right hand side we have a constant and on the left hand side
a non-constant polynomial.

For o = 8 = =, completely analogously as in [13], we obtain an improper
D(1)-quadruple {0,a,b,c}, which can be regular or irregular or we obtain
d = d+.

CASE 1.B) vy, = Wap, 20 = 21 = £s and a = 0.

By (2.11), (2.12) and Remark 2.2, we have 22 = a® + 1 and y; = 7. From
Lemma 5.1, we have

(5.3) +asm? + szom = +bsn? + trn (mod c).

For 0 € {m,n} we obtain an improper D(1)-quadruple {a, a,b, c}, which can
be regular or irregular. Hence, we assume that m,n # 0. By multiplying the
congruence (5.3) by s and using (2.1) and (5.1) yields

an bn d_n

(5.4) +am? 4 xom = +bn? + > + 5 (mod ¢).
Let § < . By Lemma 3.3, (5.4) implies
2
(5.5) d_=a+b+2bmF2dt oM
n n

If deg(d_) < B, then 1 £ 2n = 0, which is not possible. Hence, deg(d_) =
and by Lemma 3.3, we get v = 2. Lemma 3.7 implies d_ = a + b £ 2r or

d_ = b% + 2—”\/%. For d_ = a+ b+ 2r, by (5.5), £bn Fr is a constant,

which is not possible. For d_ = b% + 2—”%, by (5.5), we conclude that

e
% =14 2n. Hence,

D_
and 29 = 217 = s. By (2.13) and (2.14), v; = s® + cxo and w; = st + cr,
so deg(v;) = 26 and deg(w;) = % By (2.16) and (2.18), we furthermore
have deg(ve,,) = 26 4+ (2m — 1)8 and deg(ws,) = % + (2n — 1)% From
deg(vam,) = deg(way), we get 2m = 3n. By inserting that into (5.5), we

further conclude that a — 9’17" — 3x0 = i2—”\;;. Since the left hand side of

this equation is < 0, we conclude that d_ = b% — 2—&%. In that case
B > D_, thus by (5.6), 2n < 0, which is not possible.
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Let 8 =+. By Lemma 3.5, c=a+ b+ 2r and d_ =0 or ¢ = b+ 2rs and
d_ = a. Let ¢ = a+b+2r. From (5.4), we obtain £am?+zomFbn?— L -2 =

k(a + b+ 2r), where k € R. Hence, Fbn? — % — kb — 2kr is a constant.
From that, by observing degrees, we get k = 0 and Fn? — 5 = 0, which is
not possible. Let ¢ = b+ 2rs. By (3.15), ¢ = p% + %. By (5.4), we get
+am? + zom = +bn? + %" (mod ¢), so am? + zom F bn? — %" = kz(% + %),
where k£ € R. From that, by comparing degrees of polynomials, we get

k
:Fn2727_2:0a
2 p
(5.7)

iamQ—l—xom——:O.
p

If we have the upper combination of signs in (5.7), then from the first equation
we get k£ < 0 and from the second equation we get k > 0, which is a contradic-
tion. For the lower combination of signs, zo = z1 = —s and k > 0. By (2.13)
and (2.14), we have v1 = (xo—a)c—1 and wy = cr —st, so deg(vy) = 7 and by
(4.5), deg(w;) = 3. From (2.16) and (2.18), we get deg(v2,) = v+ (2m—1)3
and deg(wz,) = 3 + (2n — 1)y. Moreover, deg(vz,,) = deg(wsy,) implies
m = 2n — 1. Multiplying the first equation in (5.7) by —2p and then by
adding those equations, we obtain m = £="F  Since p = x¢ — a, we have
n—1=%(1-n). Forn > 1, we get 1o = —a, which is not possible. For
n = 1, we have m = 1, thus z = vo = wq. Similarly as in [18, Proposition 1]
we obtain d = d .

CASE 1.C) vy, = Wap, 20 = 21 = TerFstand a > 0, o+ < v < 2a+f3.

From (2.11), (2.12) and Remark 2.2, we have xp = rs—at and y; = rt—bs.
For 8 = ~, we have o < 0 which is not possible. For § < -y, similarly as in
[13], we obtain d = d_ and d = d;..

CASE 2.A) g1 = Wan, (20,21) = (£1,£s) and v > 2a + .

By (2.11), (2.12) and Remark 2.2, we get zg = 1, y1 = r and zp2z; > 0.
By Lemma 5.1, (5.1) and (1.1), we conclude

(5.8) +2am(m + 1) + s(2m + 1) = £2bn* + an + bn — d_n (mod c).

Let § < . Lemma 3.5 implies d_ # 0 and, by Lemma 3.3, deg(d_) > .
For n = 0, from (5.8), we get m = —% which is not possible, so n > 0. By
(5.8), we obtain

m(m + 1) _S2m+1

(5.9) d_=+2bn+a+bF2a -
For 5 < O‘T'M, from (5.9), we get D_ = — AC% < 0, which is not possible.
Hence, g > “TM If g > O‘T'M, then by (5.9), deg(d_) = . By Lemma 3.3, we

get v = a + 23, which is not possible. Therefore, 8 = QTH, ie.

(5.10) v=20—-«
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and deg(d_) = 8 — 2a < B. Since v > 2a + 3, we also have

(5.11) 3a < 5.
For oo = 0, we have v = 25 and deg(d_) = 8. By (5.9), we conclude
2 1
(5.12) D_ = B(22n +1) - VAot L
n

Hence, 290 = 1 and 23 = s. For a > 0, deg(d_) < f8, thus B(£2n + 1) =
VACZZEL - Again, we must have zg = 1 and z; = s. By (2.13) and (2.14),

vy = s+ c and wy = st + cr, so deg(v) = v and deg(wy) = v + O‘Tw By
(2.16) and (2.18), we get

(5.13) deg(vam41) = v + 2mp
and
(5.14) deg(wapn) = B+ n(B + 7).
From (5.10), (5.13) and (5.14), we have
(5.15) a(—1+n) = pB(—14 3n —2m).
Let a = 0 and v = 283. From (5.15), we get
(5.16) 2m —3n = —1.
Moreover, we have one of the cases from Lemma 3.7. If d- = a + b £ 2r,

then s = 2r2 4+ 2ar — 1. Hence, D_ = B and C = 4AB?. From (5.12), using
(5.16), we obtain n = 3a. Furthermore, from (5.9), we get r(£2 + 6a) =
—2m(m + 1) — 3. Hence, —2m(m + 1) = 3, which is not possible. Let
d_ = b% + 2—”%. By comparing the leading coefficients in (5.9), using

(5.16) and the e(i{;ation

(5.17) C =4ABD_,

obtained by comparing the leading coeflicients in (3.4), we obtain
(5.18) (D_ — B)(1+3) =2Bn.

If in (5.18) we have the sign —, then d_ < b and —D_ = B(n — 1). Since
D_ > 0, we get n < 1, which is not possible. If in (5.18) we have the sign
+, then d_ > b and % = 4 + 1. Using that, (3.25) and (5.16), from (5.9),
we obtain (D_ — B)( — W —4) =2D_. Tt yields 7% —4>0,a
contradiction.

Let a > 0. From Lemma 5.1, we obtain

2s(am(m + 1) — bn?) = 2trn — (2m + 1) (mod ¢).
By squaring that, using (1.1), we get
(5.19) 4(am(m + 1) —bn?)? = 4r*n? — 4trn(2m + 1) + (2m + 1)? (mod c¢).
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Using (5.9), we define
2m+1

m(m + 1))
— )
By observing degrees of polynomials in (5.20), we conclude that deg(g) <
B —2a. If deg(g) < 8 — 2, then 8 =3« and D_ = A(l - 2%) Hence,
1— 2% > 0. By (5.15), « = 8(3 4+ 22=2) < 8. Hence, n < m and we
have 1 > 2(n + 1), a contradiction. Therefore, deg(g) = 8 — 2a. By (5.20),
2m+1 g
S + .
n(2n+1)  2n+1
Using (3.3) and (5.21), we get
_ Q2 2m +1 + gs
n(2n+1) 2n+1
Using (5.21) and (5.22), from (5.19), we obtain

(5.20) gi=(2n+1)b—s —d_ — a(1 ~9

(5.21) b=

(5.22) rt

2 1
4a*m?(m + 1)% — 8am(m + 1)n2(5 mt J )

n(2n+1) 2n+1
(2m + 1)? 2m + 1 g* )
s
n2en+ 12 nen+ 12 T @n+1)2
2m +1 gs
+ - )
n(2n+1)  2n+1

(5.23) +an'(

= 4r’n? — 4n(2m + 1)(

+ (2m +1)? (mod c).

By considering degrees of polynomials on both sides of the congruence (5.23),
using (5.10) and (5.11), we conclude that (5.23) is an equation. If 8 > 3a,
then, by considering the leading coefficients in that equation, we get 2n? =
—2n—1, which is a contradiction. Let § = 3a. Using (5.20), from the equation

obtained from (5.23), we get that b(—Sam(m—i—1)n2—|—827’£19—4an2+4n2g) is
a polynomial of degree < (. This is possible only if a(2m(m+1)+1) = g(l +
2%:121). Since 2m(m+ 1) # —1, it follows that alg. Hence, by (5.20), d_ = &a,
where ¢ € R. By (3.2), we have {a®+1 = u?. Hence, (a— “7%) (a+ “7%) = f%,
which is not possible since both factors on the left hand side of this equation
are non-constant.

If p =, then « = 0. By Lemma 3.5, d_ =0 or d_ = a. If d_ =0, then,
by (5.8), £2am(m+1)+ (a+7)(2m+1)F2bn?—an—bn = k(a+b+2r), where
k € R. By comparing degrees on both sides of this equation, we conclude that
F2n? —n =k, i.e. k is an integer. Furthermore, 2m + 1 = 2k, which is not

possible. If d_ = a, by (5.8), we have £2am(m+1)+ s(2m+1) F2bn?—bn =
k(b + % + %), where k£ € R. By comparing degrees on both sides of this

equation, we conclude that F2n? —n =k + 2’“7“. Further, 2m + 1 = 0, which
is not possible.
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CASE 2.B) Vo1 = Wap, 20 = +8, 21 = =1 and a = 0.
By (2.11), (2.12) and Remark 2.2, we have 23 = a* + 1, y; = 1 and
zoz1 > 0. By Lemma 5.1 and (2.1),

(5.24)  4a+2am(m +1) + Va2 +1(2m+ 1) = 2(£bn? + tn) (mod c).

If 8 < 7, the congruence (5.24) is actually an equation. The left hand side of
that equation is constant, so n = 0. Hence, z = wg = 21 = £1, so we obtain
an irregular polynomial D(1)-quadruple {0, a, b, c}.

Let § =~. By Lemma 3.5, d_ =0 or d_ = a. If d_ =0, then, by (5.24),
(1.3) and (1.4), we have +a & 2am(m + 1) + Va2 + 1(2m + 1) — 2(£bn? +
(b+17)n) = k(a+0b+ 2r), where k € R. By comparing the leading coefficients
on both sides of this equation, we obtain —n = k and F2n? — 2n = k.
Therefore, n = 0 or F2n — 1 = 0, which is not possible. For n = 0 we
get a regular polynomial D(1)-quadruple {0,a,b,c}. If d_ = a, then, by
(5.24) and Remark 3.6, we get +a + 2am(m + 1) + Va? + 1(2m + 1) — 2( +
bn? + (% + 1)n) = k(p% + %), where k& € R. By comparing the leading

coefficients on both sides of this equation, we obtain F2n? — 27" = % and

+a + 2am? £ 2am + 2mxg + g — 2n = %. From that we have

(5.25) (zo £ a)(1 4 2m) 4+ 2am? = F4n’p — 2n.

Since g = —u— and 0 < p < 1, for z9g = s and 27 = 1, from (5.25) we get
%(1 +2m) + 2am? = —4n?p — 2n, where the left hand side is > 1 and the
right hand side is < 0, which is not possible. Hence, z9 = —s and z; = —1.
In that case, from (5.25), we get p(1 + 2m — 4n?) = 2am? — 2n and then
(5.26) 1>2m(am —1) +2n(2n —1).

By (2.13) and (2.14), we have v; = ¢p — 1 and w; = —t + ¢, so deg(vy) =
deg(wy) = ~. By (2.16), (2.18) and deg(vam+1) = deg(way), we obtain

(5.27) m+1=2n.

From (5.26), we get 1 > m?(2a+ 1) —m. Since a > 0, we have 1 > m(m — 1),
which is not possible for m > 2. For m = 0, by (5.27), n = % which is also

not possible. For m = 1, by (5.27), we get n = 1 and we have v3 = ws. By
[18], this case is not possible.

CASE 2.C) vomt1 = Wapn, 20 = —t, 21 = cr — st and a = 3, v = 3a.

By (2.11), (2.12) and Remark 2.2, we have g = r, y1 = —v_ = rt — bs.
Since v; = —st + cr, we have deg(v;) = v — QTJFB Similarly as in [13, Lemma
8], deg(w;) = 222, By (2.16), (2.18) and deg(v2;mt1) = deg(wsy), we obtain
(5.28) m=n.

By Lemma 5.1 and (5.28), we conclude —2astm(m + 1) = —2bst(m

2
m) (mod ¢). By multiplying this congruence by st, we get —2am(m + 1) =
—2b(m?+m) (mod c). Since < 7, from that we obtain 2m(m+1)(—a+b) = 0.



A POLYNOMIAL VARIANT OF A PROBLEM OF DIOPHANTUS 43

For m =0, we have z = 2y = w_, sod =d_. The cases m = —1 and a = b
are not possible.

CASE 3.A) vgp, = Want1, 20 = £t, 21 = 1 and v > a + 20.

By (2.11), (2.12) and Remark 2.2, we have 2o = r, y1 = 1 and 2921 > 0.
By Lemma 5.1, (5.1) and (1.1), we conclude

(5.29)  +£2am?®+am +bm —d_m = +£2bn(n+1) +t(2n+ 1) (mod c).

In this case f < deg(d-) < 7. Hence, (5.29) becomes an equation. If
deg(d-) < @, then, by considering leading coefficients of polynomials
on both sides of the equation, we get 2n + 1 = 0, a contradiction. If
deg(d-) > By then m = 0, so z = vy = 2o = +t. Hence, d = b, which

2 Y
is not possible. Therefore, deg(d_) = ﬂ% By considering the leading co-

efficients in equation obtained from (5.29), we get —D_m = vBC(2n + 1).
This is not possible, since on the left hand side of this equation we have a real
number < 0 and the right hand side is > 0.

CASE 3.B) Vo, = Wanyt1, 20 =+, 21 = Fland a =0, § =~.

By (2.11), (2.12) and Remark 2.2, we have 23 = a* + 1, y; = 1 and
zpz1 < 0. From the proof of Lemma 4.3, we know that d_ = 0, so ¢ = a+b+2r.
Using that and (1.4), by Lemma 5.1, we obtain

(5.30) +1 4 2s(+am? 4+ zom) = F2btn(n + 1) +2n + 1 (mod c).

Since, by (1.4), in this case st = —1(mod ¢), by multiplying (5.30) by ¢, we
obtain

(5.31) £(b+7)F2am?—2zom+2bn(n+1)— (2n+1)(b+7) = k(a+b+2r),

where k£ € R. By comparing degrees of polynomials on both sides of the
equation (5.31), we get

tl1t2n(n+1)—(2n+1) =k,
(5.32) +1—(2n+1) = 2k,
F2am? — 2zom = ka.

From the first two equations in (5.32), we get £1 — 2n — 1 = F4dn(n + 1),
where only the upper combination of signs is possible, i.e. we have —n = 2n2.
Hence, n = 0 and k¥ = 0. Using that, from the third equation in (5.32),
we get am? + xom = 0. Since am + x9 > 0, we have m = 0. Therefore,
z = v9g = 20 = *s and we obtain d = a, i.e. {a,a,b,c} is an irregular
polynomial D(1)-quadruple.

CASE 3.C) Vo, = Want1, 20 = 1, 21 = £1, with 2921 > 0, and « = 0,
B=n.

By (2.11), (2.12) and Remark 2.2, 2o = 1 and y; = 1. By (2.13), v; =
+s+ ¢, so deg(v1) = . By the proof of Lemma 4.2, d- = a. By (2.14),
using (3.20), we get w; = *t + ¢ = ¢(£p + 1) F 1. Hence, deg(w;) = 7.
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By (2.16) and (2.18), deg(v2,) = my + 3 and deg(wany1) = 2ny + . From
deg(va,) = deg(want1), we get m — 2n = %, which is not possible.

CASE 3.D) voy, = Wap41, 20 =cr —st, z1 = —sand a« > 0, 2a+ 5 <y <
o+ 20.

By (2.11), (2.12) and Remark 2.2, we get g = —u = rs —at, y1 = 7.
Similarly as in [13, Lemma 8], deg(v;) = 3755, so deg(vam) = BV;B + (2m —
)22 By (2.14), wy = or — st, deg(w) = v — ‘XTHE and deg(want1) =

v — O‘—gﬁ + n(f + 7). From deg(va.,) = deg(want1), we get

(5.33) m(a+v) =n(B+7).
By Lemma 5.1, similarly as in previous cases, we obtain
(5.34) —2(am(m + 1) —bn(n+ 1)) = 2rst(n —m) (mod c).

Assume firstly that v = o+ 2. By Lemma 3.7, the triple {a,b,d_} has
the form 1.) or 2.a) from Lemma 3.5. Let d_ = a + b+ 2r. By (5.1), from
(5.34), we get

(5.35) —2(am(m £ 1) —bn(n+1)) = £2r(n — m).

If a < 8, from (5.35), we get n(n + 1) = 0. The case n = —1 is not possible
and for n = 0, by (5.33), we get m = 0. For vy = w1, we have z = zg = cr — st
and d = d_. If & = 8, then v = 3a. From (5.33) and (5.35), we have m = n
and then m(m+1)(—2a+2b) = 0. Since m > 0 and a # b, we get m =n = 0.
Hence, again z = vg = wy. If the triple {a,b,d_} has the form 2.a) from
Lemma 3.5, then a = 0, v = 23. By Lemma 3.7, we have d_ = b+ 272 \/Dgf.
Using (5.1) and (1.1), from (5.34), we get

(5.36) —2(am(m +1) —bn(n+1)) = <a F2(ab+ 1)%) (n—m).

By comparing degrees of polynomials on both sides of the equation (5.36),
we obtain a(—2m(m £ 1) —n + m) = :FQ—V\/%(n —m) and 2n(n + 1) =
q:2a’/D’

75 (n —m). From that, it follows

(5.37) a*(=2m(m£1) —n+m)F2n(n+1) =0.
From (5.33) and (5.37), we get 2m = 3n and then m = n = 0 (which we
already had) or n > 0 and a? = i(;:l;, a contradiction.

Let v < a4+ 2. Then a < 8 and, by Lemma 3.3, we have deg(d_) < f.
Using (5.1), from (5.34), we get

(5.38) —2(am(m£1)—bn(n+1)) = (a+b—d_)(n—m).

By comparing degrees of polynomials on both sides of the equation (5.38), we
obtain m = n(—2n — 1), which is possible only for m = n = 0. This leads to
d=d_. For d_ = a, we have the case 3.d)1).
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CASE 4.A) Vg1 = Wopt1, 20 = =1, 21 = Fer £ st and v < 2a + 5.

By (2.11), (2.12) and Remark 2.2, g = 1, y3 = rt — bs and zpz; < 0. If
zo > 0 and z; < 0 then, by (2.13), v; = s+ ¢ so deg(v1) = 7. By (2.14),
similarly as in [13, Lemma 8], we get deg(w;) = “TM If zo <0and 2z >0
then, by (2.13), we have v1 = —s + ¢. Since a < ¢, deg(v1) = 7. By (2.14),

similarly as in [13, Lemma 8|, we get deg(w) = 37770‘ From (2.16), (2.18)
and deg(vam+1) = deg(want1), for zo > 0 and 21 < 0, we get
(5.39) ma+7) = 5L +n(8+1).

Also, for z9 < 0 and z; > 0, we get m(a+~) = I5=+n(8+7). By Lemma 5.1,
(5.1) and (1.1), similarly as in the previous cases, we obtain

+2am(m +1) +s(2m +1) = (§+§—d§)(2”+{ (2) })
(5.40) 0

+b(:l:2n2+{ Cdp— 9 }) (mod c¢).

Let § < . We have a > 0, since otherwise 7 < f. By Lemma 3.3, we
have 0 < deg(d_) < a. Hence, in (5.40) we have an equation. For O‘Tﬂ > 3,
by comparing degrees in that equation, we get 2m + 1 = 0, which is not
possible. Hence, QTH < B, s0 a < (. For QTH < B, by comparing degrees in
equation obtained from (5.40), for zp > 0 and 21 < 0, we get n(1 + 2n) = 0,

ie. n = 0. By (5.39), this is not possible. For zp < 0 and 2z; > 0, we get

2n? +3n+1=0,ie n= f% or n = —1, a contradiction in both cases. We
are left with the possibility that O‘Tﬂ =0, i.e.

(5.41) y=20—«

and deg(d_) = 8 — 2«. From that, we get

(5.42) 200 < B < 3o

For zp > 0 and z; < 0, from (5.40), we obtain the equation (5.9). By com-
paring degrees in that equation, we obtain

(5.43) Bn(2n+1) = VAC(2m + 1).

Since m is a nonnegative integer, we conclude that n > 0. By (5.39) and
(5.41), we get (5.15). From Lemma 5.1, similarly as in the case 2.a), we ob-
tain the congruence (5.19). Again, we use a polynomial g defined by (5.20),
by which from (5.19) we get the congruence (5.23). By considering degrees
of polynomials which appear in (5.20), similarly as for the case 2.a), we con-
clude that deg(g) = . By considering degrees of polynomials which appear
in (5.23), we conclude that if § > 2«, then (5.23) becomes an equation. By
considering leading coefficients in that equation, we get a contradiction sim-
ilarly as in the case 2.a). By (5.42), we are left with the possibility that
£ =2« and d_ is a non-zero constant. In this case we can apply Lemma 3.7
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to a D(1)-triple {d_,a,b} and we have to observe two possibilities. The first
possibility, by Lemma 3.7, is that we have

(5.44) b=4u_(u_td_)(atu_).

By considering leading coefficients of polynomials on both sides of the equation
(5.44), we conclude that B = 442D _. Using that and (5.17), from (5.43), we
obtain

(5.45) n(2n+1) =2m+ 1.
For 8 = 2a, from (5.15), we get
(5.46) 5n —4m = 1.

All nonnegative solutions (m, n) of the equation (5.46) are given by
(5.47) m=14+5t n=1+4t,

where t € Ny. By inserting (5.47) into (5.45), we obtain ¢(16t+5) = 0. Hence,
t=0ie. (m,n)=(1,1) or t = — %, which is not possible. For (m,n) = (1,1)
we have vs = ws. In this case, by (2.13) and (2.14),

(5.48) 520 + c(4aszg + 3x0) + 4ac’xy = tzy + c(4btzy + 3y;) + 4bc?y, .
From (5.48), using (1.1), we get 2(bs + rt) = 4as + 4s*> — 1. Therefore,
(5.49) 2(rt — bs) = —1 (mod s).

Using (1.1), we conclude that

(5.50) (bs +7t)(bs — rt) = b* —ab — bc — 1.

From (5.50), we furthermore conclude that deg(bs — rt) = 5%. Thus, by

(5.49), 2(rt — bs) = —1 i.e. bs —rt = v— > 0, which is a contradiction. The
second possibility, by Lemma 3.7, is that we have

1/1
and
(5.52) b=d_ +4u®plap —1),

ife_ <a,or

(5.53) b=d_ +4%(% +1),

ife_ > a, where 0 < p < 1 and e_ is obtained by (3.1) for the triple {d_, a,b}.
By considering degrees of polynomials on both sides of the equation (5.52),
we get B = 4A?D_p?. Using that and (5.17), from (5.43), we obtain

2m +1
5.54 = ——.
(5:54) P n(2n +1)
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4A’D_
Analogously, from (5.53), we get B = -2 and then
~ n(2n+1)
(5.55) P= T
From (3.4), using (3.2) and (3.3), for the triple {d_, a,b} we obtain
(5.56) c=—-a+b+d_ —2sv_.

By considering degrees of polynomials which appear in (5.23), using (5.56),
we get

2m+1 g
4 2,2 127 1 2( )
a“m*(m + 1) — 8am(m + 1)n Sn(2n+1) o1
2m + 1)2 2m + 1 g°
4 4( ( 9 )_4 2 2
(5.57) e Py T a2 T
2m+1 gs

+4n(2m+1)(n v,) —(2m +1)?

(2n +1) o1
=l(—a+b+d_ —2sv_),
where [ € R. A polynomial v_ plays for the triple {d_, a,b} the same role as

polynomial s does for the triple {a,b,c}. Therefore, by (3.25) (where s > 0
and v_ < 0), for (5.52) and (5.54) we have

1 1
(2 — 1 — (3 _ 2
(5.58) v =(p*—1)a ) (3 p)'
Analogously, for (5.53) and (5.55), we have
1 1/.1
(5.59) v = (1—1?)@—5(31—)—])).
From (5.20), we get
_ m(m + 1)
(5.60) g=d_ —a(1—27).
Also, from (5.20), for (5.52) and (5.54) we have
b agn
.61 -2 77
(5.61) s > ImiT
and for (5.53) and (5.55) we have
gn
62 — b .
(5:62) S=Pb T

By inserting (5.47), (5.54), (5.51), (3.3), (5.52), (5.60), (5.58) and (5.61) into
the equation (5.57), we get the expression of the form cza® + c2a? + c1a + co,
where ¢; are rational expressions with unknowns [ and ¢, for i =0,...,3. By
solving the system c3 = 0, co = 0 in unknowns [ and ¢, the only integer ¢
we obtain is t = 0. But, for £ = 0 the coefficients ¢; and ¢y cannot both be
equal to 0. We conclude the same if we insert (5.47), (5.55), (5.51), (3.3),
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(5.53), (5.60), (5.59) and (5.62) into the equation (5.57). For zp < 0 and
z1 > 0, by comparing degrees in the equation obtained from (5.40), we get
VAC(2m + 1) = B(—2n? — 3n — 1) < 0, which is not possible.

If 8 =r, for d_ =0 we have z; = F1, o < 3, and for d_ = a we have
z1 = Fs, a =0. Let d_ = 0. Then, y; = 1. By Lemma 5.1, using (1.3), (1.4)
and the fact that ¢ = s + ¢, similarly as in previous cases, we obtain

(5.63) +1+ 2asm(m + 1) + 2m = £2bsn(n + 1) + 2n (mod ¢).
Multiplying (5.63) by s and by using (1.1), we get
(5.64) (£142m —2n)s £ 2am(m + 1) F2bn(n+ 1) = k(a + b+ 2r),

where k € R. If @ < f3, by comparing degrees in (5.64), we first get k =
F2n(n+1). Further, £142m—2n = F4n(n+1). If n > 1, then 2|(£1), which
is not possible. For n = 0, we have £1 + 2m = 0, which is also not possible.
Therefore, a = § =y and C = A+ B+2v/AB. By (2.13) and (2.14), we have
deg(v1) = deg(wy) = v. By (2.16), (2.18) and deg(vem+1) = deg(wapn+1), we
obtain m = n. Using that and the fact that b — a = ¢ — 2s, from (5.64), we
get

(5.65) s(+1+4n(n+1)) =0 (mod ¢).

Since ged(c,s) = 1, we have 1 + 4n(n + 1) = 0, which is a contradiction. If
d_ = a, then dy = a and y; = r. By Lemma 5.1, (1.1), (3.17), (3.18) and the
fact that » = ps, where p € R and 0 < p < 1, similarly as in previous cases,
we obtain

1
(5.66) £2am(m—+1)+s(2m+1) = :FE:t2a:F4n(n+1)p+p(2n+1) (mod c).

Since degrees of polynomials on both sides of the congruence (5.66) are less
than ~, we get an equation. By considering degrees of polynomials on both
sides of that equation, we get 2m + 1 = 0, which is not possible.

CASE 4.B) Vom41 = Want1, 20 = £er F st, z1 = Fl and 7 < o + 26.

By (2.11), (2.12) and Remark 2.2, we have o = rs — at, y1 = 1 and
2071 < 0. By Lemma 5.1, (5.1) and (1.1), we furthermore have
(5.67)

a b d- 2

q:2am(m+1)+(f§+§—?) <2m+{ 0 }) = F2bn(n+1)+t(2n+1) (mod ¢),
where the upper case is for zg > 0, z; < 0 and the lower is for zg < 0, 21 > 0.

If B < #, from (5.67) we obtain an equation. Since deg(d-) < S and
deg(t) > 3, by comparing degrees in that equation, we get 2n + 1 = 0, which
is not possible.

Let 8 =~. For d_ =0, we have zp = £1, z; = F1 and o < 3. By (2.11)
and (2.12), we get 29 = 1 and y; = 1. By Lemma 5.1 and (1.1), using (1.3),
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(1.4) and st = —1 (mod ¢), similarly as in previous cases, we obtain
b(£1+2m £ 2n(n+1) —2n) + (£l + 2m — 2n) + a(F2m(m + 1))
(5.68)
=k(a+b+2r),

where £ € R. If @ < 3, by comparing the leading coefficients in (5.68), we
first obtain £1 + 2m £ 2n(n + 1) — 2n = k. Then, £1 + 2m — 2n = 2k, so
k = F2n(n + 1). Furthermore, we get k = F2m(m + 1). Therefore, n = m
orn=-—-m—1. For m = n, we get k = i% and then, F2m(m + 1) = i%.
This is not possible. The case where n = —m — 1 < 0 is also not possible.
Hence, a = f =+. Since a < b < ¢, from (2.13) and (2.14), we conclude that
deg(v1) = deg(wy) = v. By (2.16), (2.18) and deg(vem+1) = deg(wzpn+1), we
obtain m = n. Using that and the fact that b—a = ¢—2s, from (5.68), we get
(5.65) which is not possible as in the case 4.a). For d_ = a, we have zg = +s,
z1 = Fl, «a =0 and 8 = 4. By (2.11), (2.12) and Remark 3.6, 29 = a + p,
where p € Rand 0 < p < 1, and y; = 1. Lemma 5.1 implies

+5? 4 ¢(£2as*m(m + 1) + (a +p)(2m + 1)) = Ft + c(F2btn(n + 1)
+2n+1) (mod ¢?).
From (3.18) and (3.20), we have
(5.69) bt = 2p (mod c).
From (3.19), we obtain c(% fa) = t+s2. Using that, and dividing the obtained

congruence by ¢, we get

l*(1 astm a m
5.10) i(p ) & 2as?m(m +1) + (a + p)(2m + 1)

= F2bin(n+1) +2n+ 1 (mod c).
From (3.10), we obtain % —a = p+ a. Using that, (5.69) and (2.1), by (5.70),

we conclude
(5.71) (p+a)(£1+2m+ 1)+ 2am(m+1) = Fdpn(n+ 1) + 2n + 1.

By (2.13), v1 = £1 + ¢(£a + a + p) and by (2.14) and (3.20), wy = t(F1 +
%) + %. By Remark 3.6, deg(v;) = deg(w;) = v. From (2.16), (2.18) and
deg(vamt1) = deg(want1), we obtain m = 2n. Using that, for zp > 0, from

(5.71), we get
(5.72) (2n+1)(2p+2a +4an — 1) = —4pn(n+ 1).

For (m,n) = (0,0), we have a D(1)-quadruple D,, from [18], whose elements
are not from R[X]. For n > 0, the right hand side in (5.72) is < 0, so we
conclude that 4an < 1 — 22y < —1, which is not possible. For zy < 0, from
(5.71), we get

—4n*(2a +p) =2n +1,

where the left hand side is < 0 and the right hand side is > 0, a contradiction.
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CASE 4.C) voma1 = Want1, 20 = £t, 21 = s and v > o + 2.
By (2.11), (2.12) and Remark 2.2, zy = r, y1 = r and we have zpz; > 0.
Similarly as in [13], we obtain

(5.73) +2astm(m + 1) + 2mr = £2bstn(n + 1) + 2nr (mod c)
and
(5.74) m(a+7v) =n(B+7).

In this case 8 < v. For a = 3, from (5.73) and (5.74), we obtain +2m(m +
1)(a —b) = 0 (mod c¢). This is possible only for (m,n) = (0,0), where z =
v = wy, e d=d+.

Let a < 8 < 7. By multiplying (5.73) by st and using (5.1), we get

(5.75) +2am(m+1) F2bn(n+1) =(a+b—d_)(n —m) (mod ¢).

Since deg(d_) < 7, the congruence (5.75) becomes an equation. In this case
deg(d_) > p. For deg(d—_) > B, by considering the leading coefficients of
polynomials in obtained equation, we get m = n. Thus, by (5.74), a = S,
which is not possible. Therefore, v = « + 25. We apply Lemma 3.7. If
d_ = a+b=+2r then, by considering the leading coefficients of polynomials on
both sides of the equation obtained from (5.75), we conclude that £n(n+1) =

. D_
0. Therefore, (m,n) = (0,0), which leads to d = d+. If d_ = b + 2r? 5
similarly, we conclude that F2n(n+1) = £2a~ D (n—m) and £2am(m+1) =

VB
a+t 2% (n —m), where the signs on the right hand sides of that equations
do not depend on the signs on the left hand sides, but are the same in both
equations. From that, we obtain 2a?m(m+1) = a® —2n(n+1) or —2a?m(m+
1) = a® + 2n(n + 1). In the first case 2n(n + 1) = a?(1 — 2m(m + 1)) < 0,
which is not possible. In the second equation, on the left hand side we have a
real number < 0, and on the right hand side we have a positive real number,
which again is not possible. O
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