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INDUCTIVE STEP
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ABSTRACT. Let G, denote either symplectic or odd special orthogo-
nal group of rank n over a non-archimedean local field F. We provide an
explicit description of the Aubert duals of irreducible representations of G,
which occur in the first inductive step in the realization of discrete series
representations starting from the strongly positive ones. Our results might
serve as a pattern for determination of Aubert duals of general discrete se-
ries of Gy, and should produce an interesting part of the unitary dual of this
group. Furthermore, we obtain an explicit form of some representations
which are known to be unitarizable.

1. INTRODUCTION

Let F' denote a non-archimedean local field and let G,, stand for either
symplectic or odd special orthogonal group of rank n over F. This paper
presents a continuation of our previous work on the explicit determination
of the Aubert duals of irreducible admissible representations of the group
G),. The involution on the Grothendieck group of the smooth finite-length
representations of a reductive group has been studied by many authors, and
we use an involution defined for general reductive p-adic groups in [2]. This
involution is known as the Aubert involution and the image of a represen-
tation under this involution is called the Aubert dual of a representation.
The Aubert involution can be used as a powerful method for studying the
induced representations of certain type, as has been done in [7, 27]. Also, it
corresponds to the interchange of the two copies of the special linear group
SL(2,C) in local Arthur parameters, i.e., the local Arthur parameters of an
irreducible representation and its Aubert dual are symmetric. Although this
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involution satisfies many remarkable properties, an explicit description of the
Aubert duals of irreducible representations is known only for a small class of
representations. Our intention is to extend this knowledge to a certain class
of discrete series representations.

By the Moeglin-Tadié¢ classification of discrete series, every non-cuspidal
discrete series representation of G, can be obtained in a finite number of steps
starting from a strongly positive discrete series of G/, for some n’ < n. Each
of these steps consists of a parabolic induction with respect to a maximal par-
abolic subgroup from a representation which has an appropriate irreducible
essentially square-integrable representation on the general linear group part
and a previous discrete series representation on the classical group part. In
terms of this classification, each step consists of adding two consecutive ele-
ments in the Jordan block of a discrete series representation of smaller rank
group of the same type (the Jordan block is one of the parameters attached
to a discrete series by this classification). For more details regarding this con-
struction we refer the reader to [20] and [22]. However, to keep the notation as
simple as possible, throughout the paper we do not follow the notation used
in [22] and rather use an algebraic formulation when introducing a discrete
series representation.

We emphasize that the classification of discrete series given in [20, 22]
now holds unconditionally, due to results of [1], [21, Théoreme 3.1.1] and [4,
Theorem 7.8]. A shorter form of this classification, which covers both classical
and odd general spin groups, can be found in [9].

In our previous paper ([17]), we obtained an explicit description of the
Aubert duals of strongly positive discrete series representations of G,,. The
natural following step is to investigate the Aubert duals of discrete series
representations obtained by adding two consecutive elements in the Jordan
block of a strongly positive representation. Such a construction presents the
first inductive step in the Moeglin-Tadi¢ classification, and provides much more
complicated discrete series than the strongly positive ones. We note that such
discrete series have also played a crucial role in the determination of the first
occurrence indices of discrete series in the metaplectic odd-orthogonal tower
([13]). Also, in the generalized principal series induced from such a discrete
series on the classical group part occur much more complicated situations
then in those induced from the strongly positive ones ([15]).

To determine the Aubert duals of discrete series appearing in the first
inductive step of the mentioned classification, we use essentially the same
methods as in [17]. Our approach is based on the knowledge on the Jacquet
modules of studied discrete series, obtained in [14] and [16], enhanced by
the intertwining operators method and basic properties of the Aubert invo-
lution. This enables us to determine some prominent members appearing in
the Jacquet modules of the Aubert duals, and then to provide an explicit de-
scription of the Aubert duals from their Jacquet modules. Since the Jacquet
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modules of discrete series which we study are much more involved than those
of the strongly positive ones, we introduce the notion of so-called (o, )-triple,
which enables us to use an inductive procedure when determining the Aubert
duals. We note that similar methods have been used in [18] to describe the
Langlands quotients of the generalized principal series which are fixed under
the Aubert involution.

In the case of general linear groups, an algorithm for the explicit deter-
mination of the Aubert duals is given in [23], and later, by a more explicit
formula, in [10]. Also, we take a moment to note the recent paper of Jantzen
([8]), which provides an algorithm for classical groups in the half-integral case.

An important conjecture regarding the Aubert involution states that it
preserves unitarizability, so our results should provide a class of unitarizable
representations. Furthermore, results of [5, 25] show that the obtained repre-
sentations are in particular cases already known to be unitarizable.

Let us now describe the content of the paper in more details. In the
second section we recall the required notations and preliminaries. In the third
section we prove some technical results which are used later in the paper. A
description of the Aubert duals in the most complicated cases is provided in
the fourth section, using a case-by-case consideration. The exceptional cases
are discussed in the fifth section.

The author would like to thank the referees for a number of corrections
and very useful suggestions.

This work has been supported by Croatian Science Foundation under the
project 9364.

2. PRELIMINARIES

Throughout the paper, F' will denote a non-archimedean local field of
characteristic different than two.

For a connected reductive p-adic group G defined over field F', let 3 denote
the set of roots of G with respect to fixed minimal parabolic subgroup and
let A stand for a basis of . For © C A, we let Pg denote the standard par-
abolic subgroup of G corresponding to © and let Mg denote a corresponding
standard Levi subgroup. Let W denote the Weyl group of G.

For a parabolic subgroup P of G with the Levi subgroup M, and a rep-
resentation o of M, we denote by iy/(0) a normalized parabolically induced
representation of G induced from o. Also, let (o) stand for the normalized
Jacquet module of an admissible finite length representation o of G, with re-
spect to the standard parabolic subgroup having the Levi subgroup equal to
M.

We take a moment to recall the definition of the Aubert involution and
some of its basic properties ([2, 3]).
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THEOREM 2.1. Define the operator on the Grothendieck group of admis-
sible representations of finite length of G by

Dg =Y (~1)1®ipg 0 rage.
ecA

Operator D¢ has the following properties:
(i) D¢ is an involution.
(i) D¢ takes irreducible representations to irreducible ones.
(i4i) If o is an irreducible cuspidal representation, then Dg(o) = (—1)14lo.
(iv) For a standard Levi subgroup M = Mg, we have

M © DG = Ad(w) o Dw—l(M) OTw—=1(M)>

where w is the longest element of the set {w € W : w™1(0) > 0}.
(v) For a standard Levi subgroup M = Mg, we have Dg oip = ip 0 Dy

Let us now describe the groups that we consider. We look at the usual
towers of symplectic or orthogonal groups G,, = G(V,,) that are groups of
isometries of F-spaces (Vy,, (, )),n > 0, where the form (, ) is non-degenerate
and it is skew-symmetric if the tower is symplectic and symmetric otherwise.
The set of standard parabolic subgroups of the group G,, will be fixed in the
usual way.

Then the Levi subgroups of standard parabolic subgroups have the form
M = GL(ny,F) x -+ x GL(ng, F) x G/, where GL(n;, F') denotes a general
linear group of rank n; over F. For simplicity of exposition, if §;,7 =1,2,....k
denotes a representation of GL(n;, F'), and if 7 stands for a representation of
G, we let 01 X dg X -+ X 0k x 7 stand for the induced representation i, (61 ®
Jo @+ ® 0 ®7) of Gy, where M is the standard Levi subgroup isomorphic
to GL(n1, F) x -+ X GL(ng, F) X Gy,. Here n =ny +ng + -+ +ny + m.

Similarly, by d; X d2 X --- X 0 we denote the induced representation
ir (01 ® 02 ® -+ ® d) of the group GL(n/, F'), where the Levi subgroup M’
equals GL(n1, F) X GL(ng, F) x -+ x GL(ng, F) and ' =nq +na+ -+ ny.

Let Irr(GL(n, F')) denote the set of all irreducible admissible represen-
tations of GL(n, F'), and let Irr(G,) denote the set of all irreducible admis-
sible representations of G,. Let R(GL(n,F)) stand for the Grothendieck
group of admissible representations of finite length of GL(n,F) and define
R(GL) = ®p>0R(GL(n, F)). Similarly, let R(G),) stand for the Grothendieck
group of admissible representations of finite length of G,, and define R(G) =
@nZOR(Gn).

If o is an irreducible representation of GG,,, we denote by & the represen-
tation +Dg, (o), taking the sign + or — such that & is a positive element in
R(G,,). We call & the Aubert dual of o.

Using Jacquet modules for the maximal standard parabolic subgroups of
GL(n, F), we can define m*(w) = > _(ruy (7)) € R(GL) ® R(GL), for an
irreducible representation w of GL(n, F'), and then extend m* linearly to the
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whole of R(GL). Here r(m) denotes the normalized Jacquet module of 7
with respect to the standard parabolic subgroup having the Levi subgroup
equal to GL(k, F') x GL(n — k, I'), and we identify r((7) with its semisim-
plification in R(GL(k,F')) ® R(GL(n — k, F)).

Let us denote by v the composition of the determinant mapping with the
normalized absolute value on F. Let p € Irr(GL(k, F')) denote a cuspidal
representation. By a segment of cuspidal representations we mean a set of
the form {p,vp,...,v"p}, which we denote by [p, ™ p].

The results of [29] show that each irreducible essentially square-integrable
representation 6 € Irr(GL(n, F')) is attached to a segment, and we set § =
§([v*p,v?p]), which is the unique irreducible subrepresentation of v*px1*~1 px

- X v%p, where a,b € R are such that b — a is a non-negative integer and p
is an irreducible unitary cuspidal representation of some GL(k, F).
We frequently use the following equation:

b
m* (5[ p, ")) = Y S p,vPp)) @ 6([vp, v p)).

i=a—1

Note that multiplicativity of m™ implies

n n b
m* ([ 6w s, v p5)) = TIC D 0w+ 05,07 pj]) @ 6([v% ps, v p51)).
j=1 j=1 ij=a;—1

For a representation o € R(G,) and 1 < k < n, we denote by r(;)(c) the
normalized Jacquet module of o with respect to the parabolic subgroup Py,
having the Levi subgroup equal to GL(k, F') x G, 1. We identify 7 (o) with
its semisimplification in R(GL(k, F)) ® R(G,—j) and consider

) —1®a+2 o) € R(GL) ® R(G).

We take a moment to state a result, derived in [26], which presents a
crucial structural formula for our calculations of Jacquet modules of classical
groups.

LEMMA 2.2. Let p € Irr(GL(n, F)) denote a cuspidal representation and
let k,1 € R such that k + 1 is a non-negative integer. Let o € R(G) be an
admissible representation of finite length. Write p*(o) =32, 7 ®o’. Then
the following holds:

pe(3([v " p, v p]) Z 225 v, VR p)) x ([ p,vtpl) x 1@

i=—k—1 j=i 1,0’
®6([v"* p, 17 p]) 3 0.
We omit 6([v*p,v¥p]) if © > y.
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We briefly recall the Langlands classification for general linear groups.
We favor the subrepresentation version of this classification over the quotient
one.

For every irreducible essentially square-integrable representation § €
R(GL), there is a unique e(§) € R such that ~¢)§ is unitarizable. Note that
e(6([v*p,v°p])) = (a + b)/2. Suppose that &1, 02,...,dx are irreducible essen-
tially square-integrable representations such that e(d1) < e(d2) < ... < e(dx).
Then the induced representation §; X d2 X - -+ X d; has a unique irreducible
subrepresentation, which we denote by L(d1, 09, ..., dx). This irreducible sub-
representation is called the Langlands subrepresentation, and it appears with

multiplicity one in the composition series of §; X dg X - -+ X Ji. Every irre-
ducible representation m € R(GL) is isomorphic to some L(d1, 2, . .., 0x) and,
for a given 7, the representations 1, d, . . ., 0 are unique up to a permutation

among those §; having the same exponents.

Similarly, throughout the paper we use the subrepresentation version of
the Langlands classification for classical groups, since it is more appropri-
ate for our Jacquet module considerations. So, we realize a non-tempered
irreducible representation 7 of G, as the unique irreducible (Langlands) sub-
representation of an induced representation of the form 01 X dg X -+ X §j X T,
where 7 is a tempered representation of some G, and 61,09, ..., € R(GL)
are irreducible essentially square-integrable representations such that e(d;) <
e(d2) < --- <e(d) < 0. In this case, we write m = L(d1,d2,...,0k, 7).

An irreducible representation o € R(G) is called strongly positive if for
every embedding

S S S
0= VP XU Py X s XV pp X Ocygp,

where p; € R(GL(n,,, F)),1=1,2,...,k, are cuspidal unitary representations
and ocusp € R(G) is an irreducible cuspidal representation, we have s; > 0 for
each 1.

For simplicity of exposition, in this paper we are interested in determining
the Aubert duals of certain discrete series whose cuspidal supports consist of
twists of one selfcontragredient irreducible cuspidal representation of a general
linear group and a cuspidal representation of some G,,. A description of the
Aubert duals of discrete series of the same type and with more general cuspidal
supports can then be deduced using [17, Theorem 3.6].

Thus, let p € Irr(GL(n,, F)) and ocusp € Irr(Gr) denote cuspidal repre-
sentations. There is a unique non-negative real number o such that v px0ocusp
reduces, and it follows from [1] and [21, Théoreme 3.1.1] that « is a half-
integer.

Now we recall the description of the strongly positive discrete series ob-
tained in [20, 22] and in [12].

If @ = 0, then the only strongly positive discrete series with the cuspidal
support consisting of ocusp and of twists of p is ocusp-
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Now assume a > 0 and let & = [a], the smallest integer which is not
smaller than «. For every strongly positive discrete series o whose cuspidal
support entirely consists of ocusp and of twists of p, there exist unique real
numbers aq, as, ..., ar such that —1 < a1 < as < --- < ax, a; —« is an integer
fori=1,2,...,k, and such that ¢ is the unique irreducible subrepresentation
of the induced representation

S([ve et p v p]) e §([p T +2 0,02 p]) - B([V™ p, ™ p]) X Ceusp-

In the rest of the paper, we denote such representation o by SP(aq,as, ..., ax).
In the following several results we summarize the first inductive step in

the construction of discrete series starting from the strongly positive ones, as

in [22, 28], and describe the representations whose Aubert duals we study.

THEOREM 2.3. Suppose that o > 0. The induced representation

6([V7ajpa Vaj+lp]) A SP(a/h sy A1, Q5425 - -, ak+2)a
where —1 < a1 < ag < -+ < agyo such that o — a; is an integer for i =
1,2,...,k4+2 and aj > 0, has ezactly two irreducible subrepresentations which

are mutually non-isomorphic and square-integrable. We denote them by o4
and oo. If 7 > 2 and a; > 0 if j = 2, there is a unique i € {1,2} such that o;
is a subrepresentation of the induced representation

S([v= 4 p, v p]) x SP(ay,...,a;- 2,041, ..,0542).
Also, if j < k+1, then oy, for i’ such that {i,i'} = {1,2}, is a subrepresen-
tation of the induced representation

(v~ %+ p, v+ 2p]) x SP(a1,...,a45, 043, ..., Gkt2)-
Furthermore, for i = 1,2, there is a unique irreducible tempered subrepresen-
tation T of §([v=% p,v% p|) x SP(a1,...,aj—1,0j4+2,...,0kt2) such that o; is
a subrepresentation of §([v% 1 p, v%+1p]) x 7.

Aubert duals of representations described in previous theorem are deter-

mined in Section 4. For a1 — a; € {1,2}, it follows from [5, Theorem 3.1,

Theorem 3.2] and [6] that the Aubert duals of both representations o1 and o
are unitarizable.

THEOREM 2.4. Suppose that « = 0 and let a,b denote non-negative inte-
gers such that a < b. The induced representation

S([v""p, pr]) X Ocusp
has exactly two irreducible subrepresentations which are mutually non-iso-
morphic and square-integrable. We denote them by o1 and o2. In R(QG)
we have p X Ocusp = T1 + T—1, for irreducible and not isomorphic tempered
representations 71 and 7—1. For every i € {1,2}, there is a unique j € {1,—1}
such that o; is a subrepresentation of

8([vp, v p]) x 8([vp, v°p)) x 75,
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or, equivalently, such that p*(o;) contains the irreducible constituent

3([vp, v p]) x 6(lvp, v p]) © 75.
For b — a € {1,2}, it follows from [5, Theorem 3.1, Theorem 3.2] and [6]
that the Aubert duals of both representations o1 and o are unitarizable.
We also note that it follows from [25] that if o is a discrete series subquo-
tient of the principal series, considered groups are split, and charF = 0, then
the Aubert dual of ¢ is unitarizable.

PROPOSITION 2.5. Suppose that o = % and let a,b denote positive half-
integers such that a <b. We denote two irreducible square-integrable subrep-

resentations of the induced representation
—a 1
o(v="p,v"pl) % (= 3)

by o1 and o3. Note that S(—%) = ocusp- There is a unique i € {1,2} such
that pw*(o;) contains the irreducible constituent

3([v7 p,v"p)) x 8([¥2 p, V" p]) @ Geusy.
Aubert duals of representations described in Theorem 2.4 and Proposition
2.5 are determined in Section 5.

3. SOME TECHNICAL RESULTS

In this section we state and prove several technical results which are useful
for our determination of the Aubert duals of discrete series. We note that the
following lemma follows from [29], but we provide an alternative proof, entirely
based on the Jacquet module calculations.

LEMMA 3.1. Let p denote an irreducible cuspidal representation of some
GL(n,, F), let a be a real number and let s denote a non-negative integer.
For k €{0,1,...,s}, the induced representation

L(vp, v p, . v 5 p) x vty
is irreducible.

PRrOOF. It follows from [29, Proposition 3.4] that if m*(L(v*p, v 1p, ...,
votsp)) > 1v¥p @ 7', for some irreducible representation 7/, then x = a and
7' 2 L p, ... 12T %)p).

Let 7 denote an irreducible subquotient of L(v%p, v tp ... 13 %p) x
votkp and write © 2 L(8y,0a, . .., ;). Note that e(5([*p, ¥p])) < e(8([v* p,
v p])) and 2’ < 2 imply y < ¢’ and, consequently,

S([v*p,v¥p]) x 6([v* p,v¥ pl) = 6([v" p, v pl) x 6([v*p,v¥p]).
Thus, there is a permutation iq,4s,...,4; of 1,2,...,1 such that §; x dg X
s X 0P =65, X gy X - X 0, and, if we write §;; = ([v™7 p, ¥ p]), such that
vy <wiqq fori=1,2,...,0—1.
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Let us determine 6;,, ds,,, . . ., §;,. From the cuspidal support of 7 we obtain
that 21 = a. Note that m*(7) > v¥ p® 7’ for some irreducible representation
7', Since v¥1 p@ 7’ is also contained in m* (L(v%p, v*ip, ..., v 5p) x 12tk p),
using multiplicativity of m* and [11], we get that y; € {a,a + k}. Let
us first assume y; = a + k and k& # 0. Obviously, in this case 7’ =
L(vp, % tp, ... 12 5p). We consider two possibilities:

1. k > 2: Since 7 is a subrepresentation of §;, x d;, X --- x d;,, it is also a

subrepresentation of v¥1p x v¥1~1p x §([V*1 p, 917 2p]) X 81y X -+ X &y
Using Frobenius reciprocity, we obtain that the Jacquet module of 7
with respect to an appropriate parabolic subgroup contains v*t*p ®
vo*tk=1p @ 7" for some irreducible 7”. Thus, m*(L(v%p,v*p,.. .,
vitsp)) > vl p @ 1 a contradiction.

2. k = 1: In this case, §;, = 6([v*p,v**1p]). Frobenius reciprocity implies
that the Jacquet module of 7w with respect to an appropriate parabolic
subgroup contains 6;, ® §;, ® - - - ® §;, and, using transitivity of Jacquet
modules, we deduce that there is some irreducible representation m;
such that m*(7) > §;, ® m; and the Jacquet module of 7 with respect
to an appropriate parabolic subgroup contains d;, ® - - - ®d;,. It is easy
to see that m = L(v*lp,...,v%" p), implying 6;, = v*1p. Now we
have the following embeddings and isomorphism:

e 8y X VT p X 8y X o X 6y,
= ot Xy X Gyy X oo X 0,
S v T x v X Vp X Gy X X 8,

By [22, Lemma 3.2], there is an irreducible representation 7o such that
7= ¥l p x vl p x o and m* () > v p x v p @ o, Tt follows
that m*(L(v%p, v**p, ..., 1% p)) contains an irreducible constituent
of the form v%*1p ® 7, a contradiction.

Thus, y1 = a and §;; = v*p. There is some irreducible representation m
such that m*(7w) > v% ® 71 and the Jacquet module of 7; with respect to
an appropriate parabolic subgroup contains §;, ® d;; ® - -+ ® d;,. Let us first
consider the case k = 0. Again, there are two possibilities:

~

1. m = Lwp,v**p, ..., v 3p): Description of the Jacquet modules
of L(vp,v**p, ... ,v*"5p) directly implies that | = s + 2 and §;, =
vati=2pfor j =2,3,...,5+2.

2. m < L(vp,vot2p, .. v p) x v%: In the same way as before we
conclude that 2o = a and y2 € {a,a+1}. If yo = a+1, then an embed-
ding &;, x 8;, 2 v x §([vp, v¥Hip]) — v¥Hlp x v%p x v%p, Frobenius
reciprocity and transitivity of Jacquet modules imply that m*(w) >
vt p@ ', for some irreducible 7', which is impossible. Thus, 3> = a,
m* (,/T) 2 Vap X Vap®L(Va+1pa Va+2p7 ceey VaJrSp) and 51'3 ®5i4 Q- ®5u
is contained in the Jacquet module of L(v2tp, v472p, ... v%75p) with
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respect to an appropriate parabolic subgroup. This again implies
l=s+2and §;, =" 2p for j=3,4,...,5+2.

If k¥ > 0, an inductive application of the previous procedure gives J;, =
voti-lpfor j =1,2,...,k—1, and
L(5ika5ik+1a s aaiz) < L(VaJrkilpv I/a+kp7 SRR VaJrSp) X VaJrkp'

Obviously, zx = a + k — 1 and in the same way as before we conclude that
yr €{a+k—1,a+k}.

If y» = a+ k, it follows that 6;,,, X d;,,, X -+ X §; is contained in
L(v**kp,...,v"F5p). Thus, &;,,, = v*"*p, which implies that §;, x &, x
+++ X 0;, is a subrepresentation of % p x v* K p x ATl 5y X x 8y,

Consequently, m*(d;, x 0j,,, X - X d;) contains an irreducible constituent of
the form v2% px ¥ p@ 7/, but this is impossible since m* (L(v+* =1 p, 12+ p,
o, %) x 197K p) does not contain such an irreducible constituent. It
follows that y, = a+ k — 1 and

L0415 0ipsr--104) < L p, vty v p) vk,

We see at once that xpy1 = zx42 = a + k. This also gives d;,_, X
Oipro = 0ipyy X 04y, s0 for j = 1,2 there is an irreducible represen-
tation 7; such that m*(ds_, X &5, X --- X &;,) > v¥+ip ® m;. Since
m*(L(v@tFp, vathtlp o 1aF8p) x 19k p) > vYp @ 7/, for some irreducible
7', implies y = a + k, we obtain that d;,,, = 6;,,, = vatkp, Now, in the
same way as before, we conclude that | = s + 2 and §;; = vati=2p  for
j=k+3k+4,...,1.

Consequently, every irreducible subquotient of L(v%p, vt p, ... v47%p) x
vk p is isomorphic to
(3'1) L(I/ap7 crt Va+k71p7 I/a+kp7 I/a+kp7 I/aJrkJrlp? ct I/a+sp)'

From properties of the Langlands classification follows that the representation
(3.1) is contained with multiplicity one in L(v%p,v%*ip, ... 0% 5p) x vathkp,
Consequently, the induced representation L(v%p, v 1p, ... v9%%p) x v¥+Fp is
irreducible. a

Let ocusp € Irr(G,s) denote a cuspidal representation and let p denote
an irreducible selfcontragredient cuspidal representation of GL(n,, F'). Let
a > 0 denote the unique non-negative real number such that the induced
representation v*p X oqusp reduces, and let k = [a].

LEMMA 3.2. Suppose that o > 0 and that o is a subrepresentation of

(v +1p,v*+2p]) x SP(ay,az,...,ar), for =1 < a1 < az < -+ < a <
aj+1 < Q42 such that o —a; is an integer fori=1,2,...,k+2, and that o is
not a subrepresentation of 6([v= p, v**+1p])x SP(a1,as, .. .,ak—1,ak+2). Let

7 denote an irreducible tempered subrepresentation of §([v~ %+ p, v*+1p]) X
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SP(a1,as,...,a) such that o — &([v*+1+1p v@%+2p]) x 7. Then p*(7) does
not contain

([ p, v ¥t p) x ([ p, v+ ) @6([v ™ p, v p]) xS P(ar, az, . .., ax)

or, equivalently, the Jacquet module of T with respect to an appropriate para-
bolic subgroup does not contain an irreducible constituent of the form

VI g @ i+l p @ pUti Ty @yl o @ ety @yl @ g
for some irreducible representation oy.
PROOF. Since o is not a subrepresentation of
([~ % p,v*+1p]) x SP(a1,a2,...,05-1,Ckpt2),

by [28, Proposition 7.2], u*(o) does not contain an irreducible constituent
of the form &([p®*1p,v%+1p]) @ o’. Also, by [28, Lemma 4.1], there is
a unique irreducible tempered subrepresentation of §([v~%+1p, v*+1p]) X
SP(ay,as,...,a) which contains

(3.2)

([ p, v ¥t p) xS ([ p, v ¥+ p) @3([v ™ p, v p]) 1 S P(as, az, . .., ax)

in the Jacquet module with respect to an appropriate parabolic subgroup.

Suppose that p*(7) contains the irreducible constituent (3.2). Since o
is a subrepresentation of §([p*+1F1p v@+2p]) x 7, Frobenius reciprocity and
transitivity of Jacquet modules imply that the Jacquet module of o with
respect to an appropriate parabolic subgroup contains

(5([Vrzk+1+1p7 V2 pl) @ (5([l/ak+1p7 v pl) X 5([Vak+1p, v+ p)®
®d([v™%p,v*p]) x SP(a1,as,...,ax).
Using transitivity of Jacquet modules again, we assert that pu*(c) > 6 ®

(v p,v*pl) x SP(ay,as,...,ax), for some irreducible representation §
such that

m*(8) > ([ p, vz pl) @ §([w o, v pl) X §([L T p, v p]).

Since p* (o) < p*(6([v~**+1p,v**+2pl) x SP(a1,az,...,a)), using Lemma 2.2
and a description of the cuspidal support of §, we conclude that

§ < ([ p, 2 pl) X §([p ™ p, v p]).

Since the induced representation §([v%+1p vak+2pl) x §([v@T1p, v¥+1p]) is
irreducible, this implies that u* (o) > 6([v%**1p, v¥+1p]) ® o/, for some irre-
ducible ¢/, a contradiction.

It remains to prove that p*(7) contains the irreducible constituent (3.2) if
and only if the Jacquet module of 7 with respect to an appropriate parabolic
subgroup contains an irreducible constituent of the form

VL p @ Y p Vak+1*1p ® I/ak+1*1p R ® l/ak+1p ® I/ak+1p ® o1.
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Let us first assume that the Jacquet module of 7 with respect to an appropriate
parabolic subgroup contains an irreducible constituent of the form

VL p @ L p ® Vak+1*1p ® I/ak+1*1p R ® l/ak+1p ® I/ak+1p ® o1.

Transitivity of Jacquet modules implies that there is some irreducible con-
stituent &’ ® o1 of u*(7) such that v¥+1p @ p¥+1p @ y¥+171p @ yi+1=1y g
- @vnHlp @ vl is contained in the Jacquet module of 6" with respect
to an appropriate parabolic subgroup. Now, calculating

M*(é([l/iamrlpﬂ VakJrlP]) X SP(ala ag, ..., ak))a

using Lemma 2.2, we deduce that there are —apy1 —1 < i < j < agpq
and an irreducible constituent §” @ o} of u*(SP(a1,as,...,ar)) such that
§ < S([v~ip,v¥+ip)) x §([viTLp, v¥+1p]) x §" and o1 < §([V L p, v p]) x o).
From the cuspidal support of ¢, we deduce that of = SP(ay,as,...,ax),
i = —ap — 1, and j = aj. Consequently, & = §([v®*Hlp, va+ip]) x
§([v¥+p var+ip]) and o =2 §([v=%p,v%p|) x SP(ay,as,...,ax), so p*(7)
contains the irreducible constituent (3.2).

Let us now suppose that p*(7) contains the irreducible constituent (3.2).
Since the induced representation §([v@T1p, v +1p]) x §([v@F1p var+ip]) is
irreducible, it follows that the Jacquet module of 7 with respect to an appro-
priate parabolic subgroup contains

Vak+1p ® Vak+1p ® Vak+1*1p ® Vak+1*1p R ® VakJrlp Q Vak+1p®
& 6([1/7(1&/)) Vakp]) el SP(ala ag, ..., ak)

and lemma is proved. O

Proof of the following lemma follows directly from [14, Theorem 4.6] and
[16, Section 4].

LEMMA 3.3. Suppose that « > 0 and let o denote an irreducible subrep-
resentation of the induced representation

5([1/7047"/)) Vaerlp]) A SP(ala sy Om—1,Am4-2, - - - ak+2)a

where —1 < a1 < ag < -+- < apy2 such that o — a; is an integer for i =
1,2,...,k+ 2. Let imax denote the maximal i such that the Jacquet module
of o with respect to an appropriate parabolic subgroup contains an irreducible
constituent of the form vip @ v'tlp® - @ v¥+2p @ o'. Also, let | denote
the mazimal © € {2,3,...,k + 2} such that a; > a;—1 + 2, or let | = 0, if
such i does not exist. If | > m + 1, then iymax = a;, otherwise iymax = Am1-
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Furthermore, if | > m + 1 we have

k—142 —Qk—it2—2
S([vw+2p, pimax p]) = ( H H S([7 ), u]p])) X
=1 j=—ak—it3
x Oy Ry mag)),
and otherwise we have

. k—m+1 —ak—it2—2 o 4
s zp = (T T 67~ e ) %
1=1

= J=—Qk—i+3
% 5([V*am+1*(k*m+2)+1p, V*am+1p]).

LEMMA 3.4. Suppose that o € Irr(Gy,) is a subrepresentation of an in-
duced representation of the form vp x v*"tp x - x V¥ tp x o', for some
irreducible representations p and o', and that p* (o) does not contain an irre-
ducible constituent of the form vWp@o” forye{e —lix—1+1,...,2 —1}.
Then o is a subrepresentation of 5([v"!p,v%p]) x 0.

ProOOF. Condition regarding the Jacquet modules of o implies that o is
contained in the kernel of an intertwining operator

Vpx v tpx o x v lpxo = pxvTpx o x v o xol.

Thus, ¢ is a subrepresentation of §([1*~1p, v7p]) x V* " 2px ---x v* "l pxo’. In
the same way we conclude that o is contained in the kernel of an intertwining
operator

x

S 1o, %)) x V" 2p x - x v px o’ —

x—2

VP2 x 6([v° o, v¥p]) X T 3p X e x T

- p A o'
Consequently, o is a subrepresentation of §([1*~2p, v%p]) xv* 3 px- - -x v px
o’. A repeated application of this procedure finishes the proof. O

4. AUBERT DUALS OF DISCRETE SERIES

In this section we begin with a determination of the Aubert duals of
certain discrete series representations.

In the rest of the paper we fix an irreducible cuspidal representation
Ocusp € Irr(G,,,) and an irreducible selfcontragredient cuspidal representa-
tion p of some GL(n,, F'). Let a > 0 denote the unique non-negative real
number such that the induced representation v“p X ocusp reduces, and let
k=lal.

In this section we assume o > 0. Also, if a = %, in this section we only
consider strongly positive representations of the form SP(a) where a > f%.
Remaining cases will be considered in the next section.
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As we have already mentioned, we consider only discrete series whose
cuspidal support consists of the twist of p and of o¢ysp.

Let us first introduce the concept of the (o, d)-triple which enables us to
obtain an explicit description of the Aubert duals using an inductive proce-
dure.

DEFINITION 4.1. Let o € Irr(Gy,) denote a discrete series representation,
and let & denote its Aubert dual. Let w, 7' denote irreducible admissible rep-
resentations of Gy for some n'. Let | denote a non-negative integer and let
T be a (possibly empty) set {(x1,y1), (x2,Y2), ..., (@, y1)} where 0 < y; < a;,
a—x; €Z and o —y; € Z, fori=1,2,...,1. We say that an ordered triple
(T, m,7") is a (o,0)-triple if the following holds:

(a) for an appropriate parabolic subgroup P of G, with the Levi subgroup M,
we have

TM(O') Zl/ylp®uy1+1p®---®1/w1p®---®uylp®l/y’+1p®---®Vxlp®7'r,
and, if
T'M(O') ZI/ylp®l/y1+1p®~~~®l/x1p®~~~®I/ylp®l/yl+1p®~~~®l/xlp®7T”,

for some irreducible representation ', then «'' = 7.
(b) & <= 01 XX+ x X7, where d; = (v %ip, v Yipl|), fori=1,2,...,1,
and
(b].) Zf 6(51) > 6((5j) fOT’ 1< 7, then §; X 5]' = 5]' X (Si,
(02) if ' = L(8141,0142,---,0m,7) and e(d;) > e(d;) for i < | and
ji>l+1, thenéixéj%éjxéi,
(b3) if for some parabolic subgroup P’ of G, having the Levi subgroup
M’ we have

TM’(a')ZV_y1p®"'®l/_mlp®"'®V_ylp®"'®l/_£lp®7r”7

for an irreducible representation w'’, then w' < ryp(n') for an
appropriate parabolic subgroup P” having the Levi subgroup M" .

We emphasize that parts (a) and (b3) of the previous definition, together
with the first embedding in (b), allow us to determine the Aubert dual of o
using an inductive procedure, studying the Jacquet modules of 7 and using
properties of the Aubert involution. Also, properties (b1) and (b2) ensure that
in each step & is given as a subrepresentation of an induced representation
having a unique irreducible (Langlands) subrepresentation. This follows from
a simple commuting argument, and is also stated in Lemma 4.3.

Note that for a discrete series o € Irr(G,,), (0,0,6) is a (o, 6)-triple in a
trivial way.

The following elementary lemma, which is a direct consequence of the
transitivity of Jacquet modules, is useful for our considerations.
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LEMMA 4.2. Suppose that o € Irr(G,,), m € Irr(GL(n1, F)), n1 <n, and
w2 € Irr(Gp—n,) are such that if u*(o) contains an irreducible constituent
of the form m ® 7', then ' = my. For irreducible representations w3 €
Irr(GL(ng, F)), ng < n—mny, and w4 € Irr(Gp_n,—n,), the following two

statements are equivalent:

1. If the Jacquet module of o with respect to an appropriate parabolic
subgroup contains an irreducible constituent w1 @ w3 @ ' then 7 = my.

2. If the Jacquet module of wo with respect to an appropriate parabolic
subgroup contains an irreducible constituent w3 @ ' then ' = my.

Proof of the following lemma is immediate.

LEMMA 4.3. Suppose that an irreducible representation m of G, is a sub-
representation of the induced representation of the form 01 X 09 X -+ X §; X 7y,
where 1 is irreducible, 6; € Irr(GL(n;, F)) is an essentially square-integrable
representation such that e(d;) < 0 fori=1,2,...,1, and if e(d;) > e(d;) for
i < j, then 6; x §; = 0; x 0;. Let m1 = L(141, 0142, ---,0m,T) and suppose
that if e(8;) > e(6;) fori <l and j > 141, then §; x 6; = J; x 6;. Then there
is a permutation 8;,,0iy,...,0;,, 0f 01,02,...,0m such that e(d;,) < e(d;,) <
< e(d;,,) and

0iy X iy X o+ X 63, =01 X 0g X -+ X Oy

Tm

In particular, ™ = L(8;y, 0ipy -+, 0i s T)-

T 3

We now prove several results which will be useful in the verification of
properties given in Definition 4.1.

LEMMA 4.4. Suppose that o € Irr(G,,) is a subrepresentation of an in-
duced representation of the form

41) o[ p, v p)) x 6w p, v p]) X - x S([v v p]) Mo,

where p € Irr(GL(n,, F)) is self-contragredient, a > b; > 0, a — b; € Z for
i =1,2,...,r, and suppose that v*p does not appear in the cuspidal support
of o1. If the Jacquet module of o with respect to an appropriate parabolic
subgroup contains an irreducible constituent of the form

V_b1p®...®V_ap®...®V_b2p®...®V_ap®...®V_b7'p®...®y_ap®0'2,
then oo = 07.

PRrROOF. Transitivity of Jacquet modules implies that there is some irre-
ducible constituent m; @0 of 1* (o) such that v p®@- - - QU™ %®- - Qv 2 pE
e QUTP® QU p®R- - @ v % is contained in the Jacquet module of 7y
with respect to an appropriate parabolic subgroup. We determine 7 using
the structural formula given in Lemma 2.2. Since o is a subrepresentation
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of the induced representation (4.1), there exist —a — 1 < z; < y; < —b;, for
i=1,2,...,r, and an irreducible constituent 7y ® o3 of p*(o1) such that

m < [ (6" p,v%p]) x (¥ p, " p])) x 72
i=1
and
o9 < H (S([v™ T p,v¥p))) x o3.
i=1

Since v*p does not appear in the cuspidal support of o1, v~ %p does not appear
in the cuspidal support of mo. Furthemore, since —x; > 0, it follows that
r; =1y; =—a—1foralli=1,2,...,r. Consequently, o3 = 01 and g9 = 0.
This finishes the proof. O

In the same way as in the proof of the previous lemma, one obtains the
following result, where (v~ °p)™ denotes the product v~ ¢p x - -+ x v~ p, where
v~ ¢p appears m times:

LEMMA 4.5. Suppose that o € Irr(G,,) is a subrepresentation of an in-
duced representation of the form

51 p,vtp]) x (v p)™ x o,

where p € Irr(GL(n,, F)) is self-contragredient, a > b > 0, a —b € Z, v%
does not appear in the cuspidal support of o1, and p*(o1) does not contain
an irreducible constituent of the form v—p ® of. If the Jacquet module of
o with respect to an appropriate parabolic subgroup contains an irreducible
constituent of the form

b

v oo tlpe- 0T er Y- @U@ oy,

where v~ °p appears m times, then oo = o7.

In the following lemma we prove some properties of (o, &)-triples which
are frequently used in the paper.

LEMMA 4.6. Suppose that (T, 7, ") is a (0, 0)-triple and let a stand for the
mazimal positive i such that v'p appears in the cuspidal support of w. Let us
denote by b the mazimal j such that the Jacquet module of ™ with respect to an
appropriate parabolic subgroup contains an irreducible constituent of the form
Vp@uitlp®---®@vp®@ao’. Then there is some irreducible representation

7!, such that 7' is a subrepresentation of §([v=%p,v="p]) x 7., and if 7. =

A

L(8},8%,...,80,,7) and e(§([v—p,v="p])) > e(d!) for some i € {1,2,...,m},
then &([v=p,v="p]) x &; 2= &} x 6([v=p,v"p]).
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PROOF. Let | = |T'|. Transitivity of Jacquet modules implies that the
Jacquet module of o with respect to an appropriate parabolic subgroup con-
tains an irreducible constituent of the form

Vy1p®yy1—1p®,.,®Vw1p®,,,®yyzp®yyz—lp®,,,®Vl‘zp®
@p "y @vp @ .
Elementary properties of the Aubert involution, given in Theorem 2.1 (iv),
now imply that the Jacquet module of o with respect to an appropriate par-
abolic subgroup contains an irreducible constituent of the form
V_y1p®l/_y1+1p®---®v_xlp® ,,,®V—ylp®y—yl+1p®,,,®V—$1p®
v lheor e - ev .
Now property (b3) from Definition 4.1, together with transitivity of Jacquet
modules, shows that the Jacquet module of 7’ with respect to an appropriate
parabolic subgroup contains an irreducible constituent of the form
e v e

From [22, Lemma 3.1], we deduce that 7’ is a subrepresentation of an induced
representation of the form

Z/_bp® v

b

v=px v p x o x v X .

Suppose that 7’ is not contained in the kernel of an intertwining operator

(4.2)
V_bp X V_b_lp X - X Z/H_lp X Vip X Vi_lp X l/i_2p X o XV % 7Té —

b

V_bp XV _lp X e X Z/H_lp X Vi_lp X l/ip X l/i_2p X o XV %N Fé,

for some i € {—b,—b—1,...,—a+ 1}. Since v*p x v¥p = ¥p x V*p, for
x < y—2, it follows that 7’ is a subrepresentation of an induced representation
of the form

Vg x vl x o x v o,
Using transitivity of Jacquet modules again, it follows that the Jacquet mod-
ule of & with respect to an appropriate parabolic subgroup contains an irre-
ducible constituent of the form

V7y1p®1/7y1+1p® ...®V*11p®...®V*ylp®y7yl+1p® RV PR
Ve r e oripem,
and, consequently, using the properties of the Aubert involution listed in
Theorem 2.1 and the part (a) of Definition 4.1, the Jacquet module of =

with respect to an appropriate parabolic subgroup contains an irreducible
constituent of the form

vyt 0 . @ L @ T,
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for i < —b, contradicting the choice of b. Thus, n’ is contained in the kernel
of intertwining operator (4.2) for all i € {—=b,—b—1,...,—a+1}. In the same
way as in the proof of Lemma 3.4, we see that 7’ is a subrepresentation of

S([v=p,v="p]) x 7.
Let us now assume that 75 = L(8},85,...,8,,,7) and e(6([v=%p,v"tp])) >

e(d}), for some i € {1,2,...,m}. Let us write §; = d([v"p,¥p]). Obviously,
r < 0 and, from the definition of a¢ and a description of the cuspidal sup-
port of 4, we deduce that —a < z. Since e(§([v~%p,v~bp])) is greater than
e(6([v*p,vYpl)), it follows that y < —b and, consequently,

([~ p,v="p]) X 8([v* p,v¥pl) 2= 6([v" p, v¥pl) x 8([v™p, v "p)).
This finishes the proof. O

From the proof of Lemma 4.6, we obtain the following result.

COROLLARY 4.7. Suppose that (T,m,7’) is a (0,0)-triple and that w is a
subrepresentation of an induced representation of the form

Vi x v o x o x 7T oy

where o1 is not necessarily irreducible, and p*(w) does not contain an irre-
ducible constituent of the form v¥p @ oq fory=ax+1,...,x+r. Then there
is an irreducible representation T such that © is a subrepresentation of

(""" v p]) x T

We now prove a sequence of lemmas which lead to a description of the
Aubert duals of studied discrete series representations.

LEMMA 4.8. Suppose that (T,7,7") is a (0,0)-triple such that w is a
subrepresentation of

[y~ +1p,v*+2p]) x SP(ay, a9, ..., ax),

for =1 <a; <as < <ag < apy1 < agy2 such that o — a; is an integer for
i=1,2,...,k+2. Letl = |T|. Let x;11 = yi41 = ax+2 and let 7 denote an
irreducible representation such that " < v~ %+2p % 7}.

(i) Suppose that 7 is not a subrepresentation of

([~ % p,v® 1 p]) x SP(a1,a2,...,05-1,Gpt2)-
If agq2 > ap+1 + 1, let w1 stand for an irreducible subrepresentation of
S([v= %+ p, v%+271 1) 5 SP(ay, az, . .., ax)
which is not an irreducible subrepresentation of
O([v™ " p,v*™+1p]) x SP(ay,as,...,a5—1,ap42 — 1).

If apyo = agy1+1, let m stand for the unique irreducible subrepresenta-
tion of §([v~"+1p,v*+1pl) x SP(ay,aq,...,ar) which does not contain

([ p, v ¥t p) xS ([ p, v pl) ([~ p, v pl) 4 S P(ar, az, - ., ax)
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in the Jacquet module with respect to an appropriate parabolic subgroup.
(i) Suppose that 7 is a subrepresentation of

S([v™ " p,v**1p]) x SP(a1,az,...,ax1,0k42).

If ag42 > agq1 + 1, let 1 stand for the unique irreducible subrepresen-
tation of both induced representations

S([v*+1p, v +271pl) ¢ SP(ay, as, ..., ax)
and
O([v™ % p,v*™+1p]) x SP(ay,a2,...,a5—1,ap42 — 1).
If agq2 = ag41 + 1, let w1 stand for the unique irreducible subrepresen-
tation of 6([v~%+1p,v%+1p|) x SP(ay,az,...,ar) which contains
ST p, v pl) x S([ ™ p, v p))@
® o([—v* p,v**p]) x SP(a1,as,...,a)
in the Jacquet module with respect to an appropriate parabolic subgroup.
Then (T U {(zi41,y141)}, ™1, 7)) is a (o,0)-triple.

ProOF. We only prove (i), because (ii) can be proved in the same way.

By [19, Section 8] and Lemma 3.2, p*(7) > v®+2p @ m and if p*(m)
contains an irreducible constituent of the form v%+2p ® 7o, then my = 7.
Since (T, m,7’) is a (o,0)-triple, it follows that (T'U {(x;+1, yi+1)}, 71, 7))
satisfies the part (a) of Definition 4.1. Lemma 4.6 shows that it also satisfies
(b1) and (b2), while the property (b3) follows from Lemma 4.4. This finishes
the proof. O

LEMMA 4.9. Suppose that (T,7,7'") is a (0,0)-triple such that w is a
subrepresentation of the induced representations
5([V7ak+lpﬂ Vak-Hp]) X SP(ala az, . .. aak)a

where —1 < a1 < ag < -+ < a < ag41 such that o — a; is an integer for
i=1,2,...,k+1. Let | = |T|. There are two possibilities to consider:

(i) Suppose that ar11 > ap + 1. Lelt xj11 = Ti42 = Y41 = Yit2 = k41 and
let 7 denote an irreducible representation such that @' — v~ +1p x
v
(a) If w is not a subrepresentation of

S([v™ " p,v™ 1 pl) x SP(a1,az,...,ax-1,ak+1),
let w1 stand for an irreducible subrepresentation of
S([p w1t pae1=1pl) 5e SP(ay, as, ..., ax)

which is not a subquotient of

S([v=% p, v 171 p]) x SP(ay,ag,. .., a5 1,ap11 — 1).
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(b) If w is a subrepresentation of
([~ p, v +1pl) x SP(ay,ag,...,ak—1,0k41),
let w1 stand for an irreducible subrepresentation of
S([p= a1ty paeei=lply ¢ SP(ay, as, ..., ay)
which is also a subquotient of
S([v="% p,v*+171p]) x SP(ay,az, ... a5 1,ar41 — 1).

(ii) Suppose that aj41 = ar+1. Let imax denote the mazimal i such that the
Jacquet module of m with respect to an appropriate parabolic subgroup
contains an irreducible constituent of the form v*p @ v*tlp® ... ®
l,ak+1p ® Vak+1p ® o
(a) If imax = k+ 1, let 2141 = Ti42 = Y1 = Yz = aky1 and let

) denote an irreducible representation such that w' — v~ "+1p X
v+ x y. Also, let w1 stand for the irreducible representation

(v~ p,v*p]) x SP(ay,as,...,ax).

(b) If imax < k+1, let Tip1 = Y1 = Qht1, Tit2 = A1, Y42 = Qs
and let w denote an irreducible representation such that ' <
O([p—*r+1p, v~ %max p|) X v~ %+1p X 7). Also, let w1 denote an ir-
reducible subrepresentation of

5([1/7(%/)’ Vakp]) X Sp(ala A2 vy Qi —15 iy — L. a5 — 1)
which does not contain an irreducible constituent

v p X v p @ 8([vT v pl)

SP(al, A2y« v vy Qg —15 Ajye — 1, e, — 1)
in the Jacquet module with respect to an appropriate parabolic sub-
group.

Then (T'U {(z141, Yi+1), (Tiv2, Yig2) } m1, ) s a (0,0)-triple.

PRrROOF. To shorten the notation, let 7 = §([v~%+1p,v*+1p]) x SP (a1,
ag, . ..,ar) throughout this proof. We note that the induced representation
71 is a length two representation and both its irreducible subquotients are

subrepresentations. Furthermore, there is exactly one irreducible subrepre-
sentation of 71 which contains

S([™ T p, v+ p)) x 5 ([v™ T p, v+ 1 p)) @6 ([~ p, v™ p]) x SP(ay, az, . . . , ax)

in its Jacquet module with respect to an appropriate parabolic subgroup.
Using [24, Theorem 4.1(iii)], one can conclude that such irreducible subrep-
resentation of 71 is also a subrepresentation of

S([v™ " p,v**1p]) x SP(a1,az,...,ax1,0k41).
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Let us first discuss the part (¢). By [24, Proposition 3.1], the induced represen-
tation v~ *+1px SP(ay,az,...,ay) is irreducible. This provides the following
embeddings and isomorphisms:
7 1 O([p T p v p]) X T % g ) SP(ay, ag, ..., a)

= §([pm T, M pl) X v p xS P(ax, az, ..., ax)

& Pkt g x §([v™ %+ p v+ )Y SP(ay, ag, . . ., ax)

< VLD Xy p o §([ T T T pl) 4 SP(ay, ag, - ag).
By [22, Lemma 3.2], there is an irreducible representation 7; such that = <
VU pXpPH oy, and p* () > v px v+ p@m. Applying the structural
formula given in Lemma 2.2, we obtain that m; < §([p=%+1F1p paet1=1p]) 5

SP(ay,as,...,ax). Let us determine 71 in terms of 7.
Suppose that

p(m) =
S([™ T p, v+ p)) x 8 ([ p, v +1 p) @S ([v ™" p, v™ p]) ¥ SP(ay, as, . . ., ay).
Since v*+1p does not appear in the cuspidal support of m;, applying the
structural formula to p*(v®+1p x v*+1p x 1), we conclude that there is an

irreducible constituent 6 @ § ([~ p, v p|) x SP(a1,as, ..., ax) of u*(m) such
that

S p, v+ pl) x G([ ™ p, v pl) < LY X L X6,

Since m; < §([p=+1+Lp part1=1pl) 5 SP(aq,as, ..., a;) and only such con-
stituent of p*(6([v~4+1T1p v@+171p]) x SP(ay,az, ..., ax)) is
S([ s p, v e = pl) xS p, v T )

(4.3) _
® (v~ % p,v*pl) x SP(ay,as,...,ax),

it follows that 71 is the unique irreducible subrepresentation of
S([p w1t pae1=1pl) 5e SP(ay, as, ..., ax)

which contains the irreducible representation (4.3) in the Jacquet module with
respect to an appropriate parabolic subgroup. In other words, m; is also a
subquotient of §([v=% p, v¥*+171p]) x SP(a1,az,...,ax_1,ak+1 — 1).

Now suppose that p* () does not contain

([ p, v ¥t p) ([ p, v+t pl) @6 ([~ p, v p]) 1 S P(ar, az, - .. ag).

Let us show that in this case 71 is not a subquotient of §([v =% p, v**+1=1p]) %
SP(a1,az,...,ax-1,a,+1 — 1). Otherwise, since 7 is an irreducible subquo-
tient of §([p=+1Hp part1=lpl) s SP(ay,az,...,ax), p*(m) would contain
the irreducible constituent (4.3) and, using transitivity of Jacquet modules,
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we conclude that the Jacquet module of 7 with respect to an appropriate
parabolic subgroup contains

Vak+1p ® Vak+1p ® Vak+1*1p ® Vak+1*1p R ® I/akJrlp ® Vak+1p®
® 6([V_akp7 Vakp]) X Sp(ala az, ..., ak)'

But, this is impossible since the only irreducible representation of a general
linear group containing v%+1 pRv¥+1 pRri+t1—lp@ri+ti~lpx...gritlpg
v¥%+1p in the Jacquet module with respect to an appropriate parabolic sub-
group is §([v™ 1 p, v¥rpl) x (v p, vt pl).

Again, since v**+1p does not appear in the cuspidal support of 71, we get
that if v*+1p @ v*+1p ® w9 appears in the Jacquet module of m with respect
to an appropriate parabolic subgroup, for some irreducible 7, then mo = 7.

From Definition 4.1 we obtain that the Jacquet module of 7’ contains
an irreducible constituent of the form v~=%+1p @ v~ *+1p @ ", which im-
plies that 7’ is a subrepresentation of v~ %+1p x v~ %+1p x 7}, for some ir-
reducible representation 7. Now Lemma 4.4 and Lemma 4.6 imply that
(T U{(@141, yi41), (Tig2, Yig2) 1, 1) I8 a (0, 5)-triple.

Let us now discuss the part (7).

If imax = k + 1, the Jacquet module of 7 with respect to an appro-
priate parabolic subgroup contains an irreducible constituent of the form
VU pRUHH pRc’. Since v+ px v +1p is irreducible, using [22, Lemma 3.1,
Lemma 3.2], we deduce that there is some irreducible representation m; such
that 7 is a subrepresentation of v®+ip x v*+1p x 1. Also, since v*+ip
does not appear in the cuspidal support of 71, if p*(7) contains an irre-
ducible constituent of the form v%+1p x v%+1p @ xf, then 77 = 7. Fur-
thermore, using the structural formula given in Lemma 2.2 and irreducibility
of 6([v=%p,v*p|) x SP(a1,as,...,ar), we obtain that the only irreducible
constituent of the form v*+1p x v+1p @ ¢’ appearing in p*(m1) is

v X v p @ §([v % p, v p]) X SP(a1,as,. .., ak).

Thus, m = §([v~ % p,v%p|) x SP(a1,as,...,a;). In the same way as in the
proof of Lemma 4.6 we deduce that ;*(7’) contains an irreducible constituent
of the form v~ %+1p x v~ %+1p® ¢”. Using [22, Lemma 3.1, Lemma 3.2] and
irreducibility of v~ %+1p x v~ %*+1p one can see that there is an irreducible
representation 7] such that 7’ is a subrepresentation of v~ %+ px v~ %+ px 7] .
Since v~ *+1p does not appear in the cuspidal support of 7}, and v*p appears
in the cuspidal support of 7} only for —ax11 + 1 < x < ag41 — 1, we see at
once that (T'U {(zi4+1,Y1+1), (Ti42, yi42)}, ™1, 7)) is a (o, 7)-triple.

Let us now assume that 7. < k4 1. In this case we have aj41 = a; +1
for j = imax, - - -, k. Similarly as before, 7 is a subrepresentation of an induced
representation of the form p®imax p x p@imaxtlp x ... x p@+1p x pT+1p X 11,
for some irreducible representation ;. Definition of i1,,x now implies that m
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is also a subrepresentation of
L(v%imax p pPimax Ly 0kttt p) 5yt g gy

Consequently, p*(7) > L(v®imaxp, p@imaxTlp  p3+1p) x p%+1p® 1. Since
7 is a subrepresentation of 71, using the structural formula we deduce that
there exist —agy1 —1 <i < j < agy1 and an irreducible constituent § ® 1o of
w*(SP(ay,asz,...,a;)) such that

L(v%imaxp ... v%+1p) x v%+1p < §([v " p, v +1p]) x ([ p, v +1p]) x &
and

m < (5([1/”1p7 l/jp]) X To.

From [14, Theorem 4.6] we conclude that i > —ak41 and j < ag41. Obviously,
1 < —a,,,, and j > a, . . If either i = —a;,_, or j=a,,  we have

B py v ) X 8([07 74 pl) x 8 2 8([umes p, 041 p]) x w74,

and this representation is irreducible and not isomorphic to the induced rep-
resentation L(v%imaxp ... p%+1p) X y%+1p Since imax < k+ 1. Thus, p%imaxp
appears in the cuspidal support of § and [14, Theorem 4.6] implies that
d = L(v%imaxp, ..., v p), for some m € {imax, imax + 1, ..., k}. Thus,

S([v ™ p vt p]) X 6([1 p, v+ pl) X & = ([ p, B pl) X VWP X 6.

If m # k, using formula for m* we see that v%maxp @ V¥ maxtlp - - @ V™% p®
Vo1 p@u @1 p is not contained in the Jacquet module of §([v*+1 p, v®+1p]) x
v®+1px§. Consequently, m = k, i = —ap41, j = axy1 and 7 is an irreducible
subquotient of 6([v~% p, v* p]) x SP(a1, a2, ..., 0, ,—1, Gipo — 1,y a5 —1).

Such induced representation has two irreducible subquotients, which are
both subrepresentations and exactly one of them contains the irreducible con-
stituent v p x v%p @ §([v=*Tp, v~ 1p]) x SP(a1,az,...,a;,.. 1,0i,..
1,...,ar — 1) in its Jacquet module with respect to an appropriate parabolic
subgroup. Suppose that p*(71) contains

v px v p@d ([ T p, v L\ SP(ay, az, . . ., a1, aiy—1, o ap—1).

Then 7; is a subrepresentation of an induced representation of the form v px
v% p X my. Thus, using Lemma 3.1 we obtain
T < L(]/aimaxp’ I/aimax+1p7 RN I/ak+1p) X I/ak+1p X T
oy YUHLp X [ (v imax p, pimax Ty @R p) s T g x TR g gy
3 YIEHLp x pPimax g X oo X YW x L0 p, v p) X v p X v p X

~J

Ykt p x plimax p X - X VL X v p X v p x L(vT p, v p) X,
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Since L(v™ p, v®+1p) is a subrepresentation of v p x v+ p_Frobenius reci-
procity shows that the Jacquet module of 7w with respect to an appropriate
parabolic subgroup contains

V3t @ pPimax p @ - QUL p QUM p X v p X v p @ v p @ Tra.

Transitivity of Jacquet modules and the structural formula for p*(7) imply
that v p x V% p X v p ® V¥ +1p ® 9 is contained in the Jacquet module of
([~ +1p, 0% p|) X SP(a1, a2,y ..., Gipoy—1s Gippa — Ly oy a—1 — 1, ax), which
is impossible. Thus, p*(71) does not contain the irreducible constituent

v px v p@d ([ T p, v LV SP(ay, az, . . ., a1, 4= 1, agp—1).

In the similar way as before we conclude that 7’ is a subrepresentation of an
induced representation of the form v~ %maxp x v~ %max "1y x ... x p=%+1p x
v~ %+1p % o', Using the same arguments as in the proof of Lemma 4.6, we
deduce that there is some irreducible representation 7] such that

7' §([p™ M p, v Yimax p]) X v p

Using Lemma 4.4, one readily sees that (T U {(zi41,¥i+1), (Ti+2, Yi+2)}, 71,
) is a (o, 0)-triple. O

LEMMA 4.10. Suppose that (T, 7, 7") is a (0,7 )-triple and that m is an ir-
reducible subrepresentation of 6([v™%p, v*p]) X Ocusp such that p*(m) does not
contain the irreducible constituent v*p x v%p @ §([v=*Tp,v* " 1p]) X Teusp-
Then 7 is the unique irreducible subrepresentation of the induced representa-
tion

—a+1

— al—a—1
v oopXv pX---Xl/(.I P AN Ttemp

where Tiemp Stands for
(Z) SP(%’%""’OL)7 Zfa%l’a]’
(ii) the unique irreducible tempered subrepresentation of p x SP(1,2,..., )

which does not contain an irreducible representation of the form vp @’
in its Jacquet module with respect to an appropriate parabolic subgroup,

if o = [a].

Proor. Note that, by Lemma 2.2, if an irreducible constituent of the
form v* p®@o’ appears in p* (), then 2 = a. Also, no irreducible representation
of the form v%p ® v%p ® o’ appears in the Jacquet module of m with respect
to an appropriate parabolic subgroup. Using Definition 4.1 and properties of
the Aubert involution (Theorem 2.1 (iv)), we conclude that p*(7") does not
contain an irreducible constituent of the form v*p ® o} for x # —«, and that
an irreducible constituent of the form v~%p ® v~ %p ® o} does not appear in
the Jacquet module of " with respect to an appropriate parabolic subgroup.

Obviously, u*(7) > v*p ® o’ for some irreducible ¢’ and standard ar-
guments show that there is some irreducible representation 7} such that
7= v % x 7). Let ] = L(61,02,...,0m,7) and 0; = §([v*i p, v¥ip]).
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If y1 > —a+ 1, we have
T S VTP X X X Gy X T
v % x v p x §([V" p, vV T p]) X g X - X Gy X T
2V x v % x ([ p, v T p]) X Gy X s X Oy XT,

which gives p*(7') > v¥1p ® o', for some irreducible o’, a contradiction. Sim-
ilarly, if y; = —a we have

s v % x v % x SV p, v p]) X Sy X e X Gy X T,

which is also impossible. Thus, y1 = —a + 1. From the cuspidal support of 7’
we deduce that 1 € {—a, —a+1}. If 1 = —a, we have v~ *pXxdy — votlpx
v=% x v~%p which implies pu*(7') > v=*Tlp @ o', for some irreducible o”.
Thus, 1 = y1 = —a+ 1. We also have 7/ < L(v=%p,v="1p) x §y x --+ x
Om X T.

In the same way we conclude that yo < —a + 2. From e(d;) < e(d2),
follows that yo > —a. If yo = —a + 1, we have dy < v~ T1p x §’, for some
irreducible ¢, and, using Lemma 3.1, we obtain that p*(7') > v~ *"lp® o/,
for some irreducible ¢/, a contradiction. Thus, yo = —a + 2. If 2o < —a + 1,
we have 01 X J2 = 02 x §; and in the same way as before we get pu*(7') >
v=2*t2p® o', for some irreducible ¢’. Consequently, o = o = —a + 2 and
7 is a subrepresentation of L(v=%p, v~ lp v=9F2p) x 63 X -+ X Gy X T.
An inductive application of this procedure shows that §; = v~ °*ip for i =
1,2,...,m. Since e(d;) < 0 for all 4, it follows that —a+m < 0.

If 7 is not a strongly positive representation, there exist b > a > 0
such that b — a is a non-negative integer and 7 is a subrepresentation of
§([v=2p,v’p]) x 7', for some irreducible representation 7/. If b > 0, from the
cuspidal support of 7’ we see that #*~!p does not appear in the cuspidal sup-
port of d; X dg X -+ X §,,. Thus, in this case we have 7 < pr x o’ and
8 x vp =2 vPp x §;, leading to p*(n') > vPp @ o”, for some irreducible o, a
contradiction.

Consequently, if a # [a], T is a strongly positive representation. Since
vz p can appear only once in the C?spidal support of a strongly positive rep-
resentation, we get that J,, = v~ 2p and the cuspidal support of 7 consists
of u%p, V%p, o VP, Teusps Where Teysp denotes the partial cuspidal support
of m. By [14, Lemma 3.5, a strongly positive representation is completely
determined by its cuspidal support and, using the description of the strongly
positive representations, we get 7 = SP(%, %, coo Q).

On the other hand, if « = [a/], since p appears in neither §; X d3 X - - - X §y,y
nor in the strongly positive part, 7 is a tempered representation which is
a subrepresentation of an induced representation of the form p x o)y, for
some strongly positive discrete series op. This also implies that, if o = [«],
then §,, = v~1p, since otherwise we would have p*(7’) > p ® o, for some
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irreducible ¢’. Thus, if a = [«], the partial cuspidal support of oy, consists
of vp,V?p, ..., v%p, Teusp and it follows that oy, 2 SP(1,2,...,«).

The induced representation p x o4, reduces, and it is a direct sum of two
irreducible subrepresentations. By [28, Lemma 4.7, Corollary 4.9], there is a
unique irreducible tempered subrepresentation of p x SP(1,2,...,«) which
contains an irreducible representation of the form vp ® 7" in its Jacquet
module with respect to an appropriate parabolic subgroup. Such tempered
representation is also a subrepresentation of an induced representation of the
form vp x o', for some irreducible ¢’. Since v*p X vp = vp x v¥p for x < 0, the
assumption that 7 is a subrepresentation of vp x ¢’ leads to pu*(7') > vp®o”,
for some irreducible ¢/, which is impossible. Thus, 7 is the unique irreducible

tempered subrepresentation of p x SP(1,2,...,«) which does not contain an
irreducible representation of the form vp ® 7 in its Jacquet module with
respect to an appropriate parabolic subgroup. This finishes the proof. O

We are now ready to prove our first main result.

THEOREM 4.11. Suppose that a discrete series o is a subrepresentation
of an induced representation of the form

5([V7ak+lpﬂ Vak+2p]) X SP(ala az, . .. aak)a

where —1 < a1 < ag < -+ < ap < ag41 < apq2 are such that o — a; is an
integer for i =1,2,...,k+ 2, and o is not a subrepresentation of the induced
representation 0([v=% p,v*+1p|) x SP(ay,as,...,ax—1,ax+2). Let ag = o —
[a] — 1.

Then the Aubert dual & of o is the unique irreducible subrepresentation
of the induced representation
(4.4)

[a]—a—1

—ap41—1 . k+1—agp—it1—2 o ' o )
11 V’pX<H 11 5([1/““p,1/]p])><1/““p>>< I vrxricm

’L-Zfak+2 =1 j:*&k,i+2 1=—a
where Tiemp Stands for
(Z) SP(%’%""’OL)7 Zfa#l’a]’
(ii) the unique ireducible tempered subrepresentation of p x SP(1,2,...,«)

which does not contain an irreducible representation of the form vp @ '
in its Jacquet module with respect to an appropriate parabolic subgroup,

if o = [a].

PRrROOF. Theorem follows from an inductive application of Lemmas 4.8,
4.9 and 4.10, starting from the (o, 7)-triple (0, 0,5). We note that it follows
from the definition of the (¢, 7)-triple that in each step & is obtained as an
irreducible subrepresentation of the induced representation having a unique
irreducible subrepresentation.
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First we are in the case of Lemma 4.8, and a repeated application of
that lemma shows that o is a subrepresentation of H;:‘llelc;l
an irreducible representation 7f. Also, in the last application of Lemma 4.8,
we end with a unique irreducible subrepresentation of 6 ([y~*+1 p, v%+1p]) X

SP(ay,as,...,ax) which does not contain an irreducible constituent
([ p, v ¥+t p) x ([ p, v ¥+ ) @6([v ™ p, v p]) xS P(as, az, . .., ax)

in its Jacquet module with respect to an appropriate parabolic subgroup.

This puts us in a situation described in Lemma 4.9. First we are in the
part (a) of the case (4) of that lemma, which produces the part H];ai ;;11 VI px
vIp. We end with an irreducible subrepresentation of &([v~%*1p, v F1p]) x
SP(ay,asz,...,a;) which is not a subquotient of the induced representation
S([v=%p,v*+1p]) x SP(ay,az,...,ak_1,ar + 1). This leads to the situation
described in part (b) of the case (i7) of Lemma 4.9.

After ar — o + 1 applications of that lemma, we obtain the part

v'p x m, for

k+1 —arp—iy1—2

IT II o owin)) x v/,

1=2 j=—ak—it2
written in a similar way as in [17, Section 3], using an approach analogous to
the one used in Lemma 3.3.

Furthermore, after the last application of Lemma 4.9, we end with an

irreducible subrepresentation of §([v~p, v*p]) X Gcusp, Which does not contain
the irreducible constituent

vEp x v p @ 6([v™ T p, v p]) X Tensp

in the Jacquet module with respect to an appropriate parabolic subgroup.
The rest of the proof now follows from Lemma 4.10. O

We also note that if agro — apt1 € {1,2} then it follows from [5] that
the unique irreducible subrepresentation of the induced representation (4.4)
is unitarizable. If o is a subquotient of a principal series, considered groups
are split, and charF = 0, it follows from [25] that the unique irreducible
subrepresentation of the induced representation (4.4) is unitarizable.

Now we state and prove several results which enable us to handle the
most complicated case.

LEMMA 4.12. Suppose that (T, 7, ') is a (0,0)-triple such that 7 is a
subrepresentation of both induced representations

(v~ %+rp, v +2pl) x SP(a1,..., 45,043, ...,0%+2)
and
(v~ %p,v%+1p]) x SP(a1,...,a -1,0j42, ..., kx+2),
where —1 < a1 < ag < --- < agq2 are such that o — a; is an integer for

1=1,2,...,k+2,j<kanda; >0. Letl = |T|. Letimax denote the mazimal
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i such that the Jacquet module of m with respect to an appropriate parabolic
subgroup contains an irreducible constituent of the form v*pRv*t1pR .-+ ®
v*+2pR0’. Then imax > j+2. Let x141 = ag42, y = ai,,,, and let ) denote

an irreducible representation such that
7' §([v 2 p, v Yimax pl) X 7).
If immax > J + 2, let ©' denote
(=% p, v 2 ) MSP (a1, - -y Qjy Qjt3s -« oy Qi —15 Qi — Ly - -+ Qg2 — 1).
Otherwise, let ' denote
S(v=9+1p,v®+21pl) x SP(ay,...,a5,aj13 — 1,...,apre — 1).

Let w1 stand for the unique common irreducible subrepresentation of ' and
of
(™Y p, v i p) XS P(ar, ...y i1, Gjq2, -y Qi —15 Qi — Ly - oy Q2 —1).
Then (T'U {(x141,y1+1)}, m1, 7)) is a (o,0)-triple.

PROOF. Since ajys > a; + 1 by [12, Section 4] we have an embedding

SP(a1,...,05,0j43, ..., Qpr2) — V53 p X 3+ p x -0 X pHF2 g
SP(ai,...,aj,aj4+s — 1,ak42 — 1),

which provides another embedding and an isomorphism

S([v™" p, v +2p]) X SP(a1, ..., a5,a543, ..., Qpy2) =
vtz p x §([v %+ p, Vaj+2—1p]) X T3 p X PRt p ). x 2 g
SP(ai,...,a;,aj43 —1,..., 042 — 1) =

VA2 p x B p x phita g x e x B2 p x §([vT % p, Vaj+2—1p])>4
SP(al, ey @y g3y, Q42 — 1)
Frobenius reciprocity gives tmax > J + 2. It remains to determine 7y, the rest

of the proof then follows from Lemma 4.4 and Lemma 4.6.
There is some irreducible representation 0 such that

‘LL*((S([V*GJ#lp’ Vaj+2p]) el SP(alv sy Ay A543, ak+2)) 2 d® 1,

p ([ p, ¥+ pl) ¥ SP(ar, ... aj-1,a;42,. .., @ky2)) = 6 @ 1,
and the Jacquet module of § with respect to an appropriate parabolic sub-
group contains v%imax p@pytimaxti p®- . -Qu**+2 p. Using the structural formula
and [14, Theorem 4.6], we obtain that either ¢ is isomorphic to the represen-
tation L(v%imax p, p@imaxtip . p®%+2p) (if iy > j+2), or § is an irreducible
subquotient of v%i+2p x L(v*+3p, v%+ip ... v%+2p) (if ipax = 7+ 2).

In the first case, 71 is a common irreducible subquotient of

5([V7aj+1p7 I/aj+2p]) el SP(alv sy Qg A3y ey A — 15 Qi — ]-; sy A2 — ]-)
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and of
(™Y p, v i p) XSP(ar, ..., Qj—1,Gj42, - Qippp—15 iy — Ly - oy Q2 —1).
Otherwise, 7 is a common irreducible subquotient of
Syt p, v +2 7)) x SP(ay, ... aj,a;43 — 1, ..., app2 — 1)
and of
0([v=% p,v%+1pl) x SP(a1,...,aj-1,0542 — 1, ... app2 — 1).

Now Theorem 2.3 and [24, Theorem 4.1(iii)] imply that the representation my
is completely determined in this way and, if there is some irreducible represen-
tation mo such that the Jacquet module of m with respect to an appropriate
parabolic subgroup contains v%imaxp @ p%maxtip @ ... @ v¥*+2p ® Ty, then
T = . O

LEMMA 4.13. Suppose that (T,m, ') is a (0,0)-triple such that 7 is a

unique common rreducible subquotient of
o([v=%p,v%]) ¥ SP(a1,as,...,a;,a+1,...;a+k —1)
and of
0([v~=%p,v%p]) x SP(a1,az2,...,a;—1,a,a+1,...;a+k—1i),
for =1 < a1 < ay < --- < a; < a such that o — a; is an integer for j =
1,2,...,4, and such that a— a; is an integer. Letl = |T|. Let xj41 = a+k—1,
Y41 = a, Ti12 = Y2 = a and let ) denote an irreducible representation such
that 7 — o([v=*"Fip,v=%]) x ™% x ;. Also, let 71 denote the unique
common irreducible subquotient of
(v p, v p]) x SP(a1,aq, ... a5,a,a+1...,a+k—i—1)

and

S([v=%p,v* 'p]) x SP(ay,as,...,a;_1,a —1,a,...,a+k—i—1).

Then (T U{(xi41,Y14+1), (142, yi42)}, ™1, 71) is a (0,0)-triple. We note that
if a; = a — 1, then the previous two induced representations are mutually
isomorphic and irreducible.

PRrROOF. Clearly, 7 is a tempered subrepresentation of the induced repre-
sentation §([¥~%p,v?%p|) x SP(a1,as,...,a;,a+1,...,a+k—1i), and we have
the following embeddings and isomorphism:

7 =0([v™ %, v%)]) x SP(a1,az,...,a;,a+1,...;a+k—1)
v x 6([v™ %, v L p]) x v p x xR g
SP(ay,a9,...,a;,a,...,a+k—i—1)

+1 a—

px e X VI s S ([ p, v pl) 0

SP(ay,a9,...,a;,a,...,a+k—1i—1).

=% x v
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From [24, Theorem 4.1(iii)] one can see that 7 is also a subrepresentation of the
induced representation 6([v~% p,v*p]) x SP(a1,as2,...,a;—1,a,a+1,...,a+
k —1i), so we have:

7 =0([v™%p,v%)]) x SP(a1,az2,...,a;i—1,a,a+1,...,a+k —1i)
=I([v™%p, %)) x vip x SP(ay,as,...,a;i—1,a—l,a+1,...;a+k —1)

P
SP(al,ag,...,ai_l,a—1,a+1,...,a+k—i)

% x v x §([v%p, vt

a+k—i a—1

S x vipx v tlpx oo x

p X o([vp, v p])x

SP(ay,ag,...,a;,a—1,...;a+k—i—1).

It follows that u*(5([v=%p, v 1p]) x SP(a1,as,...,a;,a,...,a+k—i—1))
contains an irreducible constituent of the form v®p ® o1, and 7 is a subrepre-
sentation of an induced representation of the form v%px v+ px.- - - x v Tk=i px
v%p X 09. Thus, Frobenius reciprocity shows that the Jacquet module of 7
with respect to an appropriate parabolic subgroup contains an irreducible
representation of the form v%p @ v*tlp® - @ v+ ' p @ v @ 7. From the
embedding m < §([v~%p,v%p]) x SP(a1,as,...,a;i—1,a,a+1,...;a+k —1i)
we also obtain that a is the maximal j such that the Jacquet module of m with
respect to an appropriate parabolic subgroup contains an irreducible repre-
sentation of the form 1/p ® vitlp ® - - ® v*T*~p ® o3. Furthermore, using
the same embedding we deduce that p*(7) does not contain an irreducible
constituent of the form v%p x v%p x V% @ o4. Obviously, v*T*~%p does not
appear in the cuspidal support of 7.

In the same way as in the proof of the previous lemma one can de-
termine 7, and in the same way as in the proof of Lemma 3.4 we de-
duce that 7’ is a subrepresentation of an induced representation of the form
S([v=a*+ip v=p]) x v=%p x 7}, for some irreducible representation 7. Now
in the same way as in the proof of the previous lemma one can show that
(TU{(z1+1,Y141), (X132, Yi42) }, ™1, 7)) satisfies the property (a) of Definition
4.1.

Also, p*(7}) does not contain an irreducible constituent of the form
v~ %p ® o4, since otherwise we would have an embedding of the form

7 v % x v XV % X os
which would lead to an embedding
T vl X Vi X V% X og,

a contradiction. From Lemma 4.5 we deduce that (T' U {(zi+1,yi+1),
(142, Yi+2)}, ™1, 7)) satisfies the property (b3) of Definition 4.1, and it obvi-
ously satisfies the property (b1). It remains to check the property (b2), so let
7w = L(6},8%,...,d..,7). Using Lemma 4.6 we conclude that we only need to

check that if e(d}) < —a, for some j € {1,2,...,r}, then v~ ¢pxd} = §; xv~p.
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Write 6 = d([v™ p,v¥ p]). If e(d;) < —a, it follows at once that z; < —a.
Suppose that there is some j € {1,2,...,r} such that e(0}) < —aand v=*px 7}
is not isomorphic to 53» x v~ %. Let us denote the minimal such j by jmin.
Then we have y;,,. = —a—1. For j =1,2,..., jmin — 1, since e(é}) < e 3+1)
and §% < v¥ip x 0([v* p, v¥i~1pl), we have either y; < yj41 or ;X v¥itLp =
vYitip x §%. This enables us to conclude that m) is a subrepresentation of
vpxmy, for y < —a—1 and an irreducible representation 7{. Consequently,
the Jacquet module of 7’ with respect to an appropriate parabolic subgroup
contains v ® --- Qv Mo @ vYp .

Using the property (a) of Definition 4.1, which has already been checked,
we deduce that p*(m) > v~Yp ® ma, for some irreducible representation s.
But, since 7 is a subquotient of 6([v=%"1p, v~ 1p]) x SP(a1,as,...,a;,a,a+
1...,a+k—i—1), from the structural formula and [14, Theorem 4.6] follows
that p*(m1) does not contain irreducible constituent of the form v*p ® my for
x > a+ 1, so it can not contain v~Yp ® ma.

Consequently, (T"U {(zi+1, Yi+1), (Ti+2,Yi+2)}, 71, 7)) satisfies the prop-
erty (b2) of Definition 4.1 and (T'U {(z141, yi+1), (@142, Yi+2)},m1,7]) s a
(0,0)-triple. O

LEMMA 4.14. Suppose that (T,m, ') is a (o,7)-triple such that
T2 6([v™%,vp]) ¥ SP(ay,as,...,a),

where —1 < a1 < az < -+ < ag, o — a; is an integer for 1 = 1,2,... k,
ar > «, and there is some j € {1,2,...,k} such that a; = a and a;41 = a; +1
fori>j. Let 1 = |T|. Let imax denote the maximal i such that the Jacquet
module of ™ with respect to an appropriate parabolic subgroup contains an
irreducible constituent of the form v%ipRv¥+ipR - QU pRVpR1pRa’.
Let 141 = ag, Yit1 = Qipoys Tig2 = Y42 = Q, Ti4s = Y43 = a and let 7
denote an irreducible representation such that ©' < §([v~ % p, v~ %max p]) x
v % X v % x . Also, let w1 denote the irreducible representation

(v p, v tp]) x SP(ay, az, ..., a4, 1,0, —1,...,a5 — 1)
Then (T U {(Il-‘rla yl+1)7 (xl+27 yl+2)7 (xl+37 yl+3)}a 1, Trll) 5 a (07 3)-t7”zple

PROOF. It can be deduced using [22, Proposition 2.1] that the induced
representation §([v~%p,v%p]) x SP(a1,az,...,a;) is irreducible. Thus, there
is an ¢ such that p*(7) contains an irreducible constituent

L(ai, aiq1y. . a5) X V4 X V0@
S([v=Ttp, v pl) x SP(a1,az,...,a;_1,a; —1,...,a; — 1),

where a; < a. The rest of the proof now follows exactly as in the proof of
Lemma 4.13. O
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LEMMA 4.15. Suppose that (T,m,7') is a (0,7)-triple such that
™= 5([V7ap7 Vap]) X Ocusp,
where a < a and a—a € Z. Then ' is the unique irreducible subrepresentation
of the induced representation

a a+1

v x v x vy o pTat o x I/m]faflp X l/[akaflp X Ttemp,

where Tiemp stands for

(i) Ocusp, if a # [a],
(i1) p X Ocusp, if & = [a].

PRrROOF. For 0 < = < « such that a« — x € Z, we have the following
embeddings and isomorphisms:

S(v™"p,v"p]) X Teusp = 6([v ™" p, " p]) X v"%p X Teusp

= 5([v= " p,v7p]) x V7 p x Ocusp
= 17p x S([v™ " p, 1" p]) X Teusp
S vpx v p x §([v™ " p, v p]) X Gcusp-

Two possibilities will be studied separately. First, let o # [a]. A repeated
application of the previous procedure gives an embedding

_ _ 1 1
T Vipx Vo x v o x v p X X V2P X V2P X Ocusp-

In the same way as before, we deduce that the Jacquet module of 7" with
respect to an appropriate parabolic subgroup contains v~ p@v~*p@r T p®
V)@ @UTIP@ YT I p® Geusp, and, using [22, Lemma 3.1], we see that
7’ is a subrepresentation of

a a

(4.5) v x v x vy Ty x V*%p X V*%p X Ocusp-

Since the induced representation (4.5) has a unique irreducible (Langlands)
subrepresentation, this completely determines 7’ in this case.

Second, let @ = [a]. In the same way as in the first case we conclude
that 7’ is a subrepresentation of

a a

(4.6) v % xv % x v Mo x vy ox v x v p 3 (p X Teusp)-

We note that the induced representation p X ocyugp is irreducible and tempered,
so 7’ is the unique irreducible (Langlands) subrepresentation of (4.6), and the
lemma is proved. O

The previous sequence of lemmas leads to our second main result.

THEOREM 4.16. Suppose that a discrete series o is a subrepresentation
of both induced representations

5([1/7047”71/)7 Vamp]) A SP(ala A2y« vy Am—2, AmA1y -+ -, ak+2)a
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and
O([v=tm=2p, v =1p]) x SP(a1,a2,...,0m—3,0m, ..., 0k+2),

such that o — a; is an integer fori=1,2,.... k+2, -1 < a3 <az < -+ <
ar < apt1 < g2, m > 3 and a; > 0 if m = 3. Let ap = a — [a] — 1.
If there exists an i, k —m + 3 < i < k, such that ax—;+1 > ap—; + 2, let
r=k—m—a+3, and otherwise let r = —ay—2. Also, let Tremp denote oeusp
if a # [a] and let Teemp denote p X ocusp if @ = [a]. The Aubert dual G of o

is the unique irreducible subrepresentation of the induced representation

k—m+2 —0k—it2—2 —@m—1—1
an 11 IT s e T 2wt
i=1 j=—ak—i+3 J=—am
—Qm-—2—1

x I @7 m=2p,07p]) x 17 p)x

j:7a7n71

—Qk—i—
[ TI G aipl) x-itbmssy o yimsvbomss )
i=k—m+3 j=—ar_it1
[a]—a-1 _
X H (V'p X V'p) X Tremp.

PROOF. Theorem follows from an inductive application of Lemmas 4.8,
4.9, 412, 413, 4.14 and 4.15, starting from (o, 7)-triple (0, 0,5). We note
that it follows from the definition of the (o, o)-triple that in each step & is
obtained as an irreducible subrepresentation of the induced representation
having a unique irreducible subrepresentation.

First we are in the case of Lemma 4.8 (if m = k + 2), or in the case of
Lemma 4.12 (if m < k + 1). Using a repeated application of these lemmas,
together with Lemma 3.3 and a reasoning similar to the one used in [17, Sec-
tion 3], we deduce that & is a subrepresentation of an induced representation
of the form

k—m+2 —ak—it2—2 —Qm—1—1
H II s o)< [ o " 2p,07p]) xni,
=1 j=—agp—its Jj=—am

for some irreducible representation 7.
Note that, if m < k, after several applications of Lemma 4.12 we obtain
that o is a subrepresentation of an induced representation of the form

k—m+2 —ak—it2—2

H II s pv7p]) »ms,

= J=—ak—i+3
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for some irreducible representation 7. In that step appear induced represen-
tations
O([p=m2p,v*p]) x SP(a1,az2,...,am—2,am + 1,...,am +k —m+2),
and
([~ =2p, v 1p]) X SP(a1, a2, ..., 0m—3,0m,am + 1, ... am +k—m+2).
Consequently, in the next application of Lemma 4.12, i,,x will be equal to
m. Again, a repeated application of Lemma 4.12 produces the part
—am—1—1
I @ m2p,07p)),
J=—am

and in the last application of that lemma appear induced representations

§([ =t p, vt tp])
x SP(ay,a9,...,am—2,am—1+1,...;am-1+k—m+2),
and
([ m=2p, vt p])
X SP(ay,a9,...,4m—3,0m—1,am—1+1,...,Qm-1 +k—m+2).
This brings us to a situation described either in Lemma 4.9 (if m = k + 2),
or in Lemma 4.13 (if m < k + 1). A repeated application of an appropriate
lemma produces the part [[" 2" (8([I=*tm=2p, 13 p]) x VI p). In the last

J=—am-1
step we end with the induced representation

)

4.8
(48) X SP(a1,az2,...,0m-3,am—-2,0m—2+1,...,am_o+k—m+2).

Hence, now we are either in a situation described in Lemma 4.14 (if a,,—o+k—
m-—+2 > «) or in a situation described in Lemma 4.15 (if a2 +k—m—+2 < a,
ie, amot+k—m+2=a-—1).
If am—o + k —m+ 2 > «, the strongly positive representation
SP(a1,a2,...,0m-3,0m—2,0m—2+1,...,am_—o+k—m+2)
is non-cuspidal, so we are in the case described in Lemma 4.14, and a repeated
application of that lemma produces the part
k —agp_;—2
H ((5([l/j_i+1p, I/jp]) « Vj—i+k—m+3p « Vj—i+k—m+3p).
i=k—m+3 j=—ar_it1
Since
Ocusp 2 SP(—[a] +a,—Ja] +a+1,...,a—1),
the last application of Lemma 4.14 gives the induced representation

5([Vf(afk+m73)p’ Vakarmep]) X Ocusp
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if m # 3, and the representation Tiemp if m = 3.

We note that in the case a,,_2+k—m+2 > a and m = 3 we have either
r=k—aorr=—aj. If r=—ay, then a; < ap + 2 and, since a; > 0 for
m = 3, we have a; = 0. Thus, if @2+ k —m + 2 > a and m = 3, then we
have 7 € {0,3}, so 7 > [a] — & — 1 and the product Hgil_a_l(yip X vip) is
empty.

Ifam—o+k—m+2>aandm # 3, using Lemma 4.15 we directly obtain
the part [TI217*7 (W1p x 1ip) X Tremp.

It remains to consider the case a,,—2+k —m+2 < «. From a description
of the strongly positive discrete series follows that a,, o+ k—m+2 =a —1,
ay =a— [a] and a;41 =a; + 1 for i =0,1,...,m — 3. Thus, the product

k —ap—;—2
H (5([Vj—i+1p, Vjp]) w pimikmmas ) o Vj—i+k—m+3p)

i=k—m+3 j=—ar_it1

is empty in this case, and r = —a,,—2.

The induced representation (4.8) is in this case isomorphic to the induced
representation 6([v"p, v " p]) X Ocusp, and an application of Lemma 4.15 fin-
ishes the proof. O

Note that, if we denote by ¢’ a discrete series subrepresentation of

O([r™2p, v p]) x SP(a1,az2, ..., Qm—2,Qm+1,- -, Qkt2)

non-isomorphic to o, following the notation from the previous theorem, then
it follows from Theorem 2.3 that either m = k+2 or ¢’ is a subrepresentation
of

5([1/7%"/)7 Vam+1p]) A Sp(ala A2y« vy Am—1,Am42, - - - aak+2)-
In the first case, the Aubert dual of ¢’ is described in Theorem 4.11, while in
the second case the Aubert dual of ¢’ can be obtained applying the previous
theorem with indices one higher.

We also note that if @, — am—1 € {1,2} or am—_1 — am—2 € {1,2}, it
follows from [5] that the unique irreducible subrepresentation of the induced
representation (4.7) is unitarizable. Also, if o is a subquotient of a principal
series, considered groups are split, and charF = 0, it follows from [25] that
the unique irreducible subrepresentation of the induced representation (4.7)
is unitarizable.

In the rest of this section we determine the Aubert dual of a discrete series
o in the following two cases:

1. Discrete series o is a subrepresentation of an induced representation

of the form o([v~%p,v*p|) X SP(az,aq,...,a542) for 0 < a1 <
ay < -+ < ap < ag+1 < agg2 such that a — a; is an inte-
ger for i = 1,2,...,k + 2, and o is not a subrepresentation of

I([v=2p,v*3p]) x SP(ay,aq,...,akt2).
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2. Discrete series o is a subrepresentation of an induced representation
of the form §([v~*2p,v*3p]) x SP(ay,aq,...,art2) for —% =a <
ag < -+ < ap < agpy+1 < ag4e such that o — a; is an integer for
i =1,2,....k+2, a > %, and o is not a subrepresentation of the
induced representation §([v~*3p,v™p|) x SP(a1,as2, as...,ak42). A

similar case when o = % will be considered in the following section.

We start our determination with several lemmas.

LEMMA 4.17. Suppose that (T, m,7') is a (0,0)-triple such that 7 is a sub-

representation of 0([v~"p,v*2p|) x SP(as,a4,...,ak+2) for 0 < a1 < az <
e < ap < apy1 < agg2 such that o — a; is an integer for i = 1,2, ...k + 2,
and T is not a subrepresentation of 6([v~"2p,v*pl) x SP(a1,a4,...,ak12).

Let | = |T|. Let imax denote the mazximal i such that the Jacquet mod-
ule of m with respect to an appropriate parabolic subgroup contains an ir-
reducible constituent of the form v%p @ v%+ip @ --- @ V™ +2p @ o'. Let
Ti41 = Apt2, Y141 = G4, and let 7 denote an irreducible representation
such that ©" — §([v~*+2p, v~ %max p]) x 7]. To define w1, we consider several
possibilities.

o [fimax > 2, let ™ denote a discrete series subrepresentation of
o([v™"p,v*2p]) x SP(as,...,4i,,.—1, iy — 1y yapo — 1),
which is not a subrepresentation of

(v p,v*p]) x SP(a1, a4, ..., Qi —1, Gipoy — 1y e ooy @lp2 — 1).

e [finmax =2 andas > a1+1, let mp denote a discrete series subrepresen-
tation of 6([v=" p,v*2~1p]) x SP(az —1,...,ak+2 — 1), which is not a
subrepresentation of §([v=%2 1 p, v43=1p))x SP(ar,as—1,...,ap12—1).

o [finax =2 and as = a1 +1, let w1 denote a tempered subrepresentation
of 0([v=" p,v" p]) ¥ SP(ag—1,...,ak12—1) which does not contain an
irreducible constituent of the form v 1p ® o' in the Jacquet module
with respect to an appropriate parabolic subgroup.

Then (T U {(z141, yi41)}, ™1, ™) is a (o,0)-triple.

Proor. This lemma can be proved in the same way as Lemma 4.12. Let
us just comment on the definition of 71 in the case imax = 2 and as = a7 + 1.
Since in this case a;4+1 = a; +1 for i = 2,3,..., k+1, it follows that if an irre-
ducible constituent of the form v%~1p @ ¢’ appears in pu*(5([v=% p, v p]) %
SP(ag — 1,...,ak42 — 1)), then o/ = §([v="p,v*p]) x SP(as — 2,a4 —

1,...,ap42—1), and such constituent appears in p*(§([v " p, v* p]) X SP(as—
1,...,ap42 — 1)) with multiplicity one. Thus, there is a unique irreducible
subrepresentation of 6([v~% p, v p]) x SP(as—1,...,ag+2—1) which contains

an irreducible constituent of the form 1% ~1p® ¢’ in the Jacquet module with
respect to an appropriate parabolic subgroup.
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Suppose, on the contrary, that p*(m) > v*2p ® ¢’. Then the Jacquet
module of 7 with respect to an appropriate parabolic subgroup contains an
irreducible constituent of the form ¥®2pRV®3pR- - - RU*+2pRV*2pRc}. This
implies that there is a representation o such that m is a subrepresentation of
V2p X VB p X o X VU2 p X U2 p X 0hy. Since imax = 2, we obtain

7w L(v®p,v%p,...,v™+2p) x 1" p X o,

and Frobenius reciprocity, together with transitivity of Jacquet modules and
Lemma 3.1, implies that pu*(7w) > v%p x v*2p ® o4, for an irreducible repre-
sentation ¢4, which is impossible. 0

Next lemma can be proved in the same way as the previous one.

LEMMA 4.18. Suppose that (T, m,7') is a (0,0)-triple such that 7 is a sub-

representation of §([v=%2p,v*3p|) x SP(a1,aq4,...,axt2) for f% =a; <ag <
e < ag < apg1 < agg2 Ssuch that o — a; is an integer for i =1,2,..., k42,
and w is not a subrepresentation of 6([v= % p,v*p|) x SP(a1,az,as...,akt2).

Let | = |T|. Let imax denote the mazximal i such that the Jacquet mod-
ule of m with respect to an appropriate parabolic subgroup contains an ir-
reducible constituent of the form v%p @ v%tip @ --- @ V™ +2p @ o'. Let
Ti41 = Qky2, Y41 = Q4. and let 7 denote an irreducible representation
such that ©" — §([v~*+2p, v~ %max p]) x 1. To define w1, we consider several
possibilities.

o [finax > 3, let ™1 denote a discrete series subrepresentation of

([v="2p,v*p]) x SP(a1, a4, ..., 45, —1,0i,, — L, .., akr2 — 1),
which is not a subrepresentation of

([v=*p,v™p]) x SP(ar,as,...,4i,. —1,0i,., —L,... (k42 —1).

e [finmax =3 and as > as+1, let my denote a discrete series subrepresen-
tation of §([v=%2p, v 1p])xSP(a1,as—1,...,axr2—1), which is not a
subrepresentation of §([v=% 1 p v4=1p))x SP(ar,a5—1,...,ap12—1).

o [finax =3 andaz = az+1, let w1 denote a tempered subrepresentation
of S([v=*2p,v*2p])xSP(a1,as—1,...,apr2—1), which does not contain
an irreducible constituent of the form v*~1p®c’ in the Jacquet module
with respect to an appropriate parabolic subgroup.

Then (T U {(zi+1,y141)}, ™1, 71) is a (o,0)-triple.

The following two lemmas enable us to handle a tempered case which
appears in an application of the inductive procedure.

LEMMA 4.19. Suppose that (T,m, ') is a (0,0)-triple such that 7 is a
subrepresentation of (v~ %p,v*p]) X SP(a+1,...,a+k) and p*(m) does not
contain an irreducible constituent of the form v*™1p® o', Let | = |T)|.
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o Ifa> [a]—a, let k41 = a+k,yi41 = a, Ti42 = Y42 = a and let T} de-
note an irreducible representation such that ' < §([v=2"*p,v=%p]) x
v % x . Also, let w1 denote a tempered subrepresentation of

S([v* p, v o) x SP(a,...,a+k—1)

which does not contain an irreducible constituent of the form v pRac’ in
the Jacquet module with respect to an appropriate parabolic subgroup.
Then (T U {(zi+1,Yi+1), (142, Yi+2) }, T, 7)) s a (0,0)-triple.
e Ifa =0, then 7' is the unique irreducible subrepresentation of the
induced representation 0([v~*p, p]) X Ocusp-
o Ifa = %, then 7' is the unique irreducible subrepresentation of the
induced representation (v~ p,v~2p]) x 7}, where
(i) © = LO([v=p,v2p)), Ocusp), if @ > 1. and
(it) 7 is a tempered subrepresentation of 6([V"2p,vZp]) X Ceusp
which is not a subrepresentation of V% p X SP(3), ifa=13.

PROOF. The case a > [a] — a can be handled following the same lines
as in the proofs of Lemma 4.13 and Lemma 4.17.

Now we deal with the case a = 0. Note that if p*(7") > v7p ® o,
for some irreducible ¢/, then z = 0. Also, 7 is a subrepresentation of p X
Up X oo X VP X Ogusp. I the same way as before, we conclude that 7’ is a
subrepresentation of p x v 1p x -+ x V% x Ocusp and Lemma 3.4 implies
7 = L(6([v=*p, p]), Ocusp)-

It remains to consider the case a = % Let us first show that in this case
the Jacquet module of m with respect to an appropriate parabolic subgroup
does not contain an irreducible representation of the form V%p ® I/%p ® o’
or, equivalently, as one can see directly from the structural formula, p*(m)
does not contain the irreducible constituent I/%p X I/%p ® SP(%, oo+ 1).
Suppose, on the contrary, that p*(7) > l/%p X l/%p ® SP(%, oo+ 1). Then
the Jacquet module of m with respect to an appropriate parabolic subgroup
contains

I/%pxV%p®5([1/%p,l/%p])®SP(f poat1).

N | =
N | Ot

Transitivity of Jacquet modules implies that there is a representation § €
Irt(GL(ns, F)) such that p*(7) > 6 ® SP(—3,5,...,a+ 1) and m*(§) >
1 1 103 o

vipxvip® 0([vzp,vzp]). An application of the structural formula shows
that § 2 vzZpxv2px (5([V%p, V%p]), which leads to p*(7) > v3p®a’, for some
irreducible ¢/, a contradiction.

As in [12, Section 4], we obtain that SP(a+1,...,a+k) is a subrepresen-
tation of vt px - x4 px SP(a,...,a+k—1), so 7 is a subrepresentation
of

1
y%px V%px xz/aﬂpxy*%px SP(i,...,a).
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From the structural formula, [14, Theorem 4.6] and the fact that p*(7) does
not contain an irreducible constituent of the form v**t'p®0o’, we deduce that if
w*(m) > v*p®o’, then x = % Corollary 4.7 implies that there is an irreducible
representation 7 such that 7" is a subrepresentation of §([v P, v 2p]) X T
Also, if u*(7") > v*p®0o’, for some irreducible o', then © = f%. Furthermore,

—a—1

if * (') > v 2p®0a’, then p*(o') does not contain an irreducible constituent
of the form v~ 2p ® o”. This also implies that if u*(7) > v%p @ o', then
T = %, since otherwise we would have embeddings 7 < v*p x 7’ and " —
Vip x v 2p x O([v
which is impossible.

Since V%p appears twice in the cuspidal support of 7, the representation
T is not strongly positive. Also, 7 is not a discrete series representation, since
otherwise we would have an embedding 7 — 6([v=Yp,v%p]) @7/, forz >y > 1
and 7’ irreducible, a contradiction.

Let us consider two possibilities, depending of a.

First, we assume that a = % From the cuspidal support of 7 and the fact

o _3 . . .
a=lp v=2p]) x 7/, for some irreducible representation 7,

that p*(7') does not contain an irreducible constituent of the form v=2p ®
v~ 2 pR0’, we see that 7 is an irreducible subrepresentation of 8([v =2 p, 12 p]) x
Ocusp- Let us show that 7 is not a subrepresentation of vz pxS P(%) Suppose,
on the contrary, that 7 is a subrepresentation of v2p x SP(%). Then p*(7)
contains v2 p X ve P @ Ocusp, Which provides an embedding

7 S, v Ep]) X vIp X vEp X Tcusp-
Clearly, 7’ is then a subrepresentation of the induced representation
LO([v™ " p,v™ % p)),v% p) X v p X Teusp,
but then Lemma 3.1 gives
7 v2p x LO([v™* " p,v "2 p]), v p) X Oeusp,

a contradiction.

Now we assume that o > % Let 7 = L(61,02,-- -, 0m, Ttemp). SUppose
that 7 = Tyemp. Then 7 is a subrepresentation of an induced representation
of the form &([v=*p,v*p]) x 7/, for 7/ irreducible tempered. Clearly, = =
% and from the cuspidal support of 7 we see that 7/ is a strongly positive
representation. Thus, by [14, Lemma 3.6], 7/ = SP( — %, %, . ,a). This
gives us the following embeddings and isomorphism:

1 1 1 1 3
w6 w2 pl) X (v pvEp]) X SP(= 5,5, a)
1 B 1 1 B 1 1
v 2px (v tp, V_%p]) XVIpXV 2pX V%p X SP( 55 ,a)
11
=] y_%p X V%p X l/%p x 8([v=*"1p, V_%p]) X V_%p X SP( 55 ,a).
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It follows that the Jacquet module of 7w’ with respect to an appropriate
parabolic subgroup contains an irreducible constituent of the form V_%p ®
I/%p ® I/%p ® o01. Thus, the Jacquet module of m with respect to an ap-
propriate parabolic subgroup contains an irreducible constituent of the form
I/%p ® V_%p ® v~ 2p® o9, contradicting the temperedness of 7.

Thus, 7 is non-tempered and m > 1. Let §; = §([v"ip,v¥ip]), for i =
1,2,...,m. It follows at once that y; = % and z1 < —g. If m > 2, from the
cuspidal support of 7 we see that yo < x1 — 1, contradicting e(d1) < e(da).
Thus, m = 1. Also, Tiemp IS a strongly positive representation and it is
isomorphic to SP( — %, %, ey — 1L -+ 1, -1+ 2,... ,a). If 1 < —a,
Ttemp 1S & subrepresentation of vty 0sp, for an appropriate strongly
positive representation o,,. Since —z; +1 > g, this provides the following
embedding and isomorphism:

/

T —x1+1

(v p, v 2 pl) x S([V™ w2 p]) X v

!

p X Osp

2 =t ) 5[ w2 p]) X B([V" p, 12 p]) ¥ 0.

This implies that pu*(7’) > v=*1"1p @ ¢/, for some irreducible o', which is

impossible. Consequently, £1 = —a and in this case 7 is a unique irreducible
(Langlands) subrepresentation of &([v=%p,v2p]) x Ocusp- This finishes the
proof. O

LEMMA 4.20. Suppose that (T,m, ') is a (0,0)-triple such that 7 is a
subrepresentation of §([v="p,v%p]) x SP(—=%,a+1,...,a+k—1) which does
not contain an irreducible constituent of the form v*tlp ® o’ in the Jacquet
module with respect to an appropriate parabolic subgroup. Let | = |T.

e If a > %, let xjy1 = a+k —1Lyp1 = a, Tyo = Y42 = a
and let @ denote an irreducible representation such that 7' <
S([v=a*+1lp v=p]) x v™% x 7}. Also, let m; denote a tempered sub-
representation of

S([v=Ttp, vt p]) SP(f%, a,...,a+k—2)

which does not contain an irreducible constituent of the form v®pRac’ in
the Jacquet module with respect to an appropriate parabolic subgroup.
Then (T U {(zi+1, Yi+1), (142, yi+2) }, ™1, 7)) is a (o,0)-triple.

o Ifa = %, then 7' is the unique irreducible subrepresentation of the
induced representation §([v=%p,v"2p]) X V72 p X Ceusp.-

Proor. We discuss only the case a = %, since the other case can be

handled in the same way as in the proof of Lemmas 4.13 and 4.17. We have
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the following embeddings and isomorphism:

W;)(S([I/iép,l/%p]) ><]S]D(* ) a---aa)

N | —
Do | o

— V%p X I/_%p X V%p X oo X VYP X Ocusp
~ V%p X y%p X oo X VY X V*%p X Ocusp-
Frobenius reciprocity implies that the Jacquet module of 7 with respect to
an appropriate parabolic subgroup contains u%p ® l/%p R RQUFPR V’%p ®
Ocusp- Since p*(m) does not contain an irreducible constituent of the form
Voo for x > %, in the same way as in the proof of Lemma 4.6 one can
see that 7’ is a subrepresentation of an induced representation of the form
§([v=2p,v=2p]) x ¢, for irreducible "
Note that the cuspidal support of ¢” consists of vz p and Ocusp. Since
the induced representation V2 p X Ocusp is irreducible, it follows that ¢” =
v p X Ocusp, and lemma is proved. O

The following theorem can be proved in the same way as Theorem 4.16,
using a repeated application of Lemma 4.17 and Lemma 4.19.

THEOREM 4.21. Suppose that a discrete series o is a subrepresentation of

(v~ p,v*2p]) x SP(ag,aa,...,ak12) for 0 < a; < ag < -+ < ap < a1 <
aj+2 such that o — a; is an integer for i =1,2,...,k+ 2, and that o is not a
subrepresentation of §([v=*2p,v*3p|) x SP(a1,a4,...,ax+2). Letag = [a] —a.

The Aubert dual T of o is the unique irreducible subrepresentation of the
induced representation

k —ar—it2—2 o ' —a1—1 . .
IT II o o= [[ o’ ", pl)x
(4.9) izlj:_ika?ff j=—as
< [T (67" p,v7pl) x v7p) x m,
Jj=—a1

where w stands for
o LO("p,p)),ocusp): if o = [a],
o L((v= 1o, v 2p]),6([v=p,v2p)), Ocusp), if @ # [a] and o > 3,
o LOO([r™ ', v %)), Teemp), where Tiomp is a tempered subrepresen-
tation of 6([v=2p,v2p]) X Ocusp Which is not a subrepresentation of
1 1 .
vipx SP(3), if a = 3.
We also note that if az —a; € {1,2} then it follows from [5] that the
unique irreducible subrepresentation of the induced representation (4.9) is
unitarizable. Also, if ¢ is a subquotient of a principal series, considered groups
are split, and charF = 0, it follows from [25] that the unique irreducible
subrepresentation of the induced representation (4.9) is unitarizable.

J—
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The following theorem can also be proved in the same way as Theorem
4.16, using a repeated application of Lemma 4.18 and Lemma 4.20.

THEOREM 4.22. Suppose that a discrete series o is a subrepresentation

of 0([v="2p, v p]) x SP(ay,as,...,ar2) for —5 = a1 < ag < -+ < ap <
apt+1 < Apt2 such that o — a; is an integer for i =1,2,... k4 2, and that o
is not a subrepresentation of 6([v=*p,v*p|) X SP(a1,az,as...,ax42). The

Aubert dual & of o is the unique irreducible subrepresentation of the induced
representation of the form

k—1—agp_—it2—2 —as—1
II II s@ " pvip)x [I 67" p,07p))x
=1 j=—ap—it3 j=—as

(4.10)

< TT 67"+ p,07p)) x 17 p) x 6([v™p,v™ 2 p]) X 172 p X Gensp.

j=—az

We also note that if ag — az € {1,2} then it follows from [5] that the
unique irreducible subrepresentation of the induced representation (4.10) is
unitarizable. Also, if ¢ is a subquotient of a principal series, considered groups
are split, and charF = 0, it follows from [25] that the unique irreducible
subrepresentation of the induced representation (4.10) is unitarizable.

5. TWO EXCEPTIONAL CASES

In this section we discuss the remaining two cases. First, we deal with
the case when the rank one reducibility equals zero.

THEOREM 5.1. Suppose that p X Ocysp Teduces and write p X Ocysp =
T 4+ 71 as a sum of mutually non-isomorphic tempered representations in
R(G). Let a,b denote non-negative integers such that a < b and let o; denote
a discrete series subrepresentation of §([v=%p,v°p]) X Ocusp Such that o; is
a subrepresentation of d([vp,v®p]) x 6([vp,v°p]) x 7, for i = 1,—1. The
Aubert dual 7; of o; is the unique irreducible subrepresentation of the induced
representation

vl x vty x T T )y x T x v x vy

(5.1)

xv Ty o x v o x v p Ty,

fori=1,-1.

PrOOF. Note that it follows directly from Theorem 2.1 that 7; = 7_;, for
i=1,-1.

For an irreducible subrepresentation o of §([v=%p, °p]) X Gcusp, it follows
from [28, Proposition 7.5], and it is also recalled in Theorem 2.4, that there
is a unique ¢ € {1, —1} such that o is a subrepresentation of d([vp,v%p]) x
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§([vp,v°p]) x 7;. Tt follows that o is a subrepresentation of
o x - x v p x vl x vip X - X vp X vp X T

Consequently, the Jacquet module of o with respect to an appropriate
parabolic subgroup contains 1°p®- - - @ pR VPRV PR- - -RUpRVPRT;. It
follows from the properties of the Aubert involution that the Jacquet module
of & with respect to an appropriate parabolic subgroup contains v ?p®---®
vl @r O rTip® - @ v lp®@rlp®7_; and it does not contain
v v lhheriper e riperipe .

Also, since 7; is a subrepresentation of p X ocysp, it follows that the
Jacquet module of o with respect to an appropriate parabolic subgroup con-
tains 12p @ @1 T p@VIPRVIPR - RUPRVUPR PR Tcusp. Consequently,
the Jacquet module of & with respect to an appropriate parabolic subgroup
contains v p @ - @v p@r TR - Qv pRr R p® Ocusp
and 7 is a subrepresentation of v lp x - x v lp x VT X VT X - X
l/_lp X l/_lp X P X Ocusp-

Thus, there is a j € {1,—1} such that ¢ is a unique irreducible (Lang-
lands) subrepresentation of v ?px - x v lpx v x vl X - - x VT p X
v~'p x 7j. Using the Frobenius reciprocity and the above observation we
deduce j = —i. This finishes the proof. O

We also note that, for b — a € {1,2}, it follows from [5] that the unique
irreducible subrepresentation of the induced representation (5.1) is unitariz-
able.

The following result completes our description.

THEOREM 5.2. Suppose that I/%p X Ocusp Teduces and let a,b denote pos-
itive half-integers such that a < b. Let o denote an irreducible subrepresenta-
tion of 5([v=p,v°p]) X Ocusp. We have two possibilities.

(i) If w* (o) > 6([v2 p,v%p]) X ([ p, ")) @ Geusp, then the Aubert dual of
o 1s the unique irreducible subrepresentation of

a

(52) v lpx - xvT Tl x v x T X - X Vﬁép X l/iép X Ocusp-

(i) If p*(c) does not contain the irreducible constituent 6([v2 p,v®p]) x
§([vzp,vPp]) ® Ocusp, then the Aubert dual of o is the unique irreducible
subrepresentation of

a—1

1
(5.3) v lpx - xvT pxzf“pxzf“px~~~><z/’%p><z/’%p><zf%p><15(§).
PROOF. Let us first consider the case
1(0) = 8(1vh p,vp])  8([1v% p, 1)) © e

It can be directly seen, using formula for m* repeteadly, that the Jacquet
module of ¢ with respect to an appropriate parabolic subgroup contains a
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cuspidal representation 1’ p®- - - @t pRripR VPR - ® V%p® Ve P& Tcusp-
Using Theorem 2.1, we directly obtain that & is a subrepresentation of

—a

—b -1 —a —a -1 -1
v Pp X XU PXVIPXVTP X XU 2P X UT2P N Ocusps

and this induced representation contains a unique irreducible subrepresenta-
tion.
Now we consider the other possibility. We obviously have an embedding

Pl x v T x ([T, 1)) X Teusp-

o 1Ppxu
For a positive half-integer x, x > %, we have

5([v™"p, " p)) X Ocusp = 6([v " p, 7 p]) X VT X Ocusp

1

(v p, " p]) X 17 p X Teusp

v x §([v™ " p, v p) X Teusp

1

Vo x v p x 6([v™ " p, v p]) X Geusp-
Consequently, we get that o is a subrepresentation of
Vo x o x v x 1% x v p X X v p x vEp X 6([v T2 p, v p]) X Geusp

In the same way as in the proof of Theorem 5.1, we obtain that there is an
irreducible representation 7 of some G, whose cuspidal support consists of
I/%p, V%p and ocusp, such that ¢ is a subrepresentation of

(5.4) VX X T Ty X T X T g X X VT2 p X VT2 p X T

It remains to determine 7. From its cuspidal support, we obtain that =« is
a subrepresentation of one of the following induced representations: V*%p X
V*%p X Ocusp, 5([1/’%;),1/%;)]) X Ocusp and V*%p X S(%)

Obviously, 7 is not a subrepresentation of ve p X ve P X Ocusp, since this
would imply that o is isomorphic to the other irreducible subrepresentation
of 6([v=%p,v°p]) X Tcusp, which is impossible.

If we assume that 7 is a subrepresentation of d([™2 p, v p]) X Geusp, then
we have m — I/%p X V’%p X Ocusp- Since for x < f% we have

v p x V%p = l/%p x v¥p,
from (5.4) we obtain that & is a subrepresentation of

a

L -b —a—1 —a —a -2 -2 -1
VIpXVUTPpX XU PRV PXVUTIPX XU T2pX VT2 pX VT I PN Ocusp-

This implies that the Jacquet module of o with respect to an appropriate
parabolic subgroup contains

Vﬁ%p@ybp@)"'®ya+1p®yap®1/ap®~-~®V%p®l/%l)®l’%p®0—cuspa

contradicting the square-integrability of o. Thus, 7 is a subrepresentation of
V*%p X S(%) and theorem is proved. O
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We also note that, for b — a € {1, 2}, it follows from [5] that a unique ir-

reducible subrepresentation of the induced representation (5.2) and a unique
irreducible subrepresentation of the induced representation (5.3) are unitariz-
able.
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