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SPACES OF GENERALIZED SMOOTHNESS ON d-SETS
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ABSTRACT. The main goal of this paper is to give a complete proof of
the trace theorem for Besov-type spaces of generalized smoothness associ-
ated with complete Bernstein functions satisfying certain scaling conditions
on d-sets D C R™, d < n. The proof closely follows the classical approach
by Jonsson, Wallin in [18] and the trace theorem for classical Besov spaces.
Here, the trace space is defined by means of differences. When d = n, as
an application of the trace theorem, we give a condition under which the
test functions C2°(D) are dense in the trace space on D.

1. INTRODUCTION

Besov-type spaces of generalized smoothness were introduced in the sev-
enties by M.L. Goldman and G.A. Kalyabin as a generalization of the classical
Sobolev and Besov spaces. Since then they have been studied by many au-
thors from various points of view. Due to their close connection to the theory
of stochastic processes and probability theory, these spaces continue to be
of further interest. For a unified and general approach to Besov spaces and
function spaces of generalized smoothness and a review of results we refer the
reader to [5, 6, 16].

In this paper we consider traces on d-sets of a special class of Besov spaces
of generalized smoothness associated with certain continuous negative definite
functions. Let v : (0,00) — (0,00) be a non-increasing function satisfying

(1.1) v(r) < cv(r+1) and /000(1 A 2w (s)s™ ds < .
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for all » > 1 and some constant ¢; > 0. Such a function v is a radial Lévy
density of an isotropic unimodal Lévy process with characteristic exponent

(1.2) (€)= / gy (€8 ) (e, € <R

Throughout the paper we will assume that 1) satisfies one or both of the
following scaling conditions,
(H1): there exist constants 0 < d; < d2 < 1 and ay, az > 0 such that

ar\? () < Y(A) < aX?P(t), A>1,t>1;
(H2): there exist constants 0 < d3 < d4 < 1 and ag, ag > 0 such that
asA2%ap(t) < ah(At) < aghap(t), A>1,t < 1.

Under condition (H1), by [19, (2.1), (2.2)], there exists a complete Bernstein
function ¢ and a constant 2 > 1 such that

(1.3) Yo L O(€17) < p(IE]) < es(Ef), € € R,

and the radial Lévy density v enjoys the following property: for every R > 0
_ o3

(14) I/(’I") = 7"—”’ r e (O,R)

Due to the equivalence of norms, we will always assume that the constant
72 in (1.3) is equal to 1. Furthermore, by [19, Lemma 2.1] every Bernstein
function ¢ satisfies the following useful inequality,

P(Ar)
(r)
For further results on Bernstein functions, we refer the reader to [22]. Define
by

(1.6) H"'(R") ={u€ L*R"): Jully1 := / (1 + (&)1 Ful€)|?de < oo}

Rn

(1.5) 1AN<

<1VA A\r>0.

the 1-Bessel-type potential space on R™. These spaces naturally arise as do-
mains of Dirichlet forms associated with Lévy processes with the characteristic
exponent ¢. They were introduced by N. Jacob in seminal papers [11, 12],
where the author studied the construction of Feller processes starting from
the corresponding symbol. A thourough investigation of these spaces can be
found in the following works [5, 8, 9, 13, 14, 15, 16]. In the first chapter, we
recall basic definitions and results regarding Besov-type spaces of generalized
smoothness, connect them with -Bessel-type potential spaces and provide
several characterizations of the corresponding norms, based on differences.
Traces of Sobolev spaces on bounded domains with fractal boundary were
initially studied in [27] and later this result was generalized in [7] for fractional
Sobolev spaces. In the latter, the authors applied the trace results in study-
ing Dirichlet forms related to subordinate reflecting diffusions (with stable
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subordinator) in non-smooth domains. As mentioned before, in this paper
we consider traces on d-sets of ¥-Bessel-type potential spaces and their rep-
resentation via differences. This approach allows us to easily associate these
spaces with domains of Dirichlet forms corresponding to a certain class of
purely discontinuous symmetric Markov processes. A trace theorem on h-sets
for generalized Besov-type spaces associated with functions satisfying slightly
different assumptions was presented by Knopova and Zahle in [20]. The au-
thors consider the quarkonial representations of the trace spaces, as well as
the representation via differences, and prove their equivalence. In the fol-
lowing paper [28], Zdhle proves a potential representation of the trace spaces
and the corresponding trace Dirichlet forms. In order to make the theory of
generalized Besov spaces more approachable in the context of application to
the theory of stochastic processes, we present a complete and detailed proof
of the trace theorem based on the characterization via differences, following
the approach by Jonsson and Wallin in [18] for classical Besov spaces. In
order to obtain the trace theorem, we use several representation results and
interpolation theorems, which are direct generalizations of the corresponding
results for classical Besov spaces from [18, 24, 25].

In the following two chapters, we give a complete proof of the trace theo-
rem for spaces HY>*(R") (see Definition 2.2) on d-sets, where the trace space
is defined by means of differences.

DEFINITION 1.1. Let D be a non-empty Borel subset of R™ and 0 < d < n.
A positive Borel measure i on D is called a d-measure if there exist positive
constants ¢y and ca such that for all x € D and r € (0,1],

crr? < p(B(x,r)) < cor.
A non-empty Borel set D is called a d-set if there exists a d-measure p on D.
Note that, by definition, all d-measures on D are equivalent to the re-

striction of the d-dimensional Hausdorff measure to D. For a d-set D in R"
with d-measure p, we define the trace space as

HYY(D,p) = {u e L*(D,p) : |[ullay,p,. < o0},

¢ Ix—yl ?
o = Il + | [ 1@ —uP S i
lz—y|<1

Following the classical approach from [18], the proof of the trace theorem is
divided into three parts; the restriction theorem, the extension theorem for
d < n and finally, the extension theorem when d = n. The following theorem
is a direct consequence of the main results of this paper, i.e. Theorem 3.2,
Theorem 4.2 and Theorem 4.4 for traces of spaces H¥>*(R™) on d-sets in R™.
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THEOREM 1.2. Let D be a n-set in R™ and 1 a radial function defined by
(1.2) such that (H1) and (H2) hold. There exists a continuous
(i) restriction operator R : HY*(R") — HY}(D, ),
(ii) extension operator E : HY"Y(D, u) — HYY(R"), such that REu = u,
p-a.e. on D, for allu € HY"Y(D, p).

The trace theorem for i-Bessel-type potential spaces is motivated by
the analysis of the boundary behaviour of the censored symmetric Lévy-type
process on a n-set D C R"™ associated with the Dirichlet space Hg’ ’I(D),
considered in [3, 26]. Here H"'(D) is the closure of the space C2°(D) with
respect to the norm | - [|(1),p,x, and Ap is the Lebesgue measure on D. By
showing that the extended space H¥:!(D) := H¥"}(D, \p) is the trace space
on a n-set D of HY'(R"), we can relate the question of the equivalence
of spaces H¥"!(D) and HSZ”I(D) to the capacity of the boundary 9D with
respect to the norm on H¥>'(R"). An immediate consequence of this result is
the characterization of the finite time approach of the censored process on D
to the boundary 0D in terms of the polarity of the boundary with respect to
the Lévy-type process in R™ associated with the Dirichlet space HY*!(R"), for
example see [26, Theorem 1.1, Corollary 2.9]. Here we present this result on
the correspondence of spaces H¥1(D) and H"'(D) in terms of the Hausdorff
dimension of the boundary 0D. For an equivalent result in the case of the
classical Bessel potential space see [3, Corollary 2.8].

COROLLARY 1.3. Suppose that D C R™ is an open n-set, ¢ is a complete
Bernstein function such that (H1) and (H2) hold and () = ¢(|¢|?).

(1) Suppose that 262 < n and that Hy(0D N K,,) < co for an increasing
sequence of Borel sets K, such that UpenK,, D 0D, where h(r) =
=292 if 269 < n and h(r) = max{logr,0} when 20, = n = 1, then
H"'(D) = Hy"!(D).

(i) If 2(01 A 63) > n =1 or H{OD) > 0 for some d > n — 25, > 0 then
Hy"'(D) ¢ HV\(D).

For easier notation, we write f =< g if there exists a constant ¢ > 1 such
that for all z, c7tg(z) < f(x) < cg(x). Equivalently, f < g if there exists a
constant ¢ > 0 such that for all z, f(z) < cg(x). By A we denote the Lebesgue
measure on R™.

2. BESOV-TYPE SPACES OF GENERALIZED SMOOTHNESS AND EQUIVALENT
NORMS

The aforementioned v-Bessel-type potential space is a type of a much
more general class of function spaces called Besov-type spaces of generalized
smoothness, see [5, 6, 16]. First we recall these spaces in their most general
form.
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DEFINITION 2.1. A sequence (7;)jen, of positive real numbers is called
(1) almost increasing if there exists dy > 0 such that doy; < g, for all
J <k
(ii) strongly increasing if it is almost increasing and in addition there exists
a ko € N such that 2ry; <y, for j <k — Ko;
(iii) of bounded growth if there are positive constants dy and Jy € Ny such
that vj41 < divy;, for all j > Jo;
(iv) an admissible sequence if both (7;);en, and (’yj_l)jeNO are of bounded
growth and Jo = 0, i.e. there exist positive constants dy and dy such
that dovj < 7vj+1 < di7y;, for all j € No.

DEFINITION 2.2. Let N = (N;)jen, be a strongly increasing sequence and
define

QY ={z €R": x| < No} and QY ={z € R": N;_1 < |z| < Njy1}, j €N

Let ®N be a collection of all partitions of unity of C°(R™) functions asso-
ciated with this decomposition. Let ¢ = (0;)jen, be an admissible sequence
respectively and ((pj»v)jeNo € ®N. The Besov space of generalized smoothness
associated with N and o is defined by

ByN = {g € S'(®") : |gllpoy = (056} (D)g)enolla(La(R™)]| < o},
where ¢(D)g(x) = F~1(o() Fg)(x) and

1Cf)sem PELAR DI = [ D 1ill72gen
j=0

By [5, Remark 10.1.2.] the space Bg’N is independent of the choice of
system ((pjv )jen, in the sense of equivalent norms. We will restrict ourselves

to a special subclass of spaces By N associated with an admissible symbol.

DEFINITION 2.3. A non-negative function a € C*(R™) is an admissible
symbol if

(z) hm a(z) = oo,

(m) a is almost increasing in |x|, i.e. there exist constants 69 > 1 and R > 0
such that a(z) < dpa(y) if R < |z| < |yl,

(i) there exists an m > 0 such that x — [;(ll,z

(iv) for every multi-index oo € Nij there exist constants co, > 0 and R > 0
such that

is almost decreasing in |x|,

o a(z)
|D%a(z)| < Cama Vlz| > R.

The family of all admissible functions will be denoted by A.
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Note that for every Bernstein function ¢ such that lim ¢(r) = oo, the
r—>00

function & — ¢(|¢[?) is an admissible symbol, see [6, Lemma 3.1.13].

REMARK 2.4. By [6, Lemma 3.1.17, Remark 3.1.18], the sequence N;*" =
sup{|z| : a(z) < 277}, j € Ny, where a € A and r > 0, is strongly increasing.

For a € A we define the Besov space of generalized smoothness associ-

ated with a as Bg’NGQ(R”), where o = {27} jen, is an admissible sequence.
These spaces have two useful representations in the sense of equivalent norms;
one given by the Littlewood-Paley-type theorem and the other by means of
differences.

PROPOSITION 2.5. [6, Theorem 3.1.20, Corollary 3.1.21] Let a € A, N =
N%2 the strongly increasing sequence associated with a, o > 0 and 0% =
{299} jen, an admissible sequence. Then the space (H**(R™), || |la.a), defined
by

H**(R") = {u € L*(R") : ||ul

a0 < 00},
(2.1)

[ul

o = (i + (D)) .y = ( [+ a(&))am(en?de) °

]R'n.
. . o,a Na,?
is equivalent to (B " (R™),|| - || B,oo,Na2)-

Proposition 2.5 implies that Besov-type spaces of generalized smoothness
associated with 1) can be characterized as

HY(R") = {u € §'(R™) : 3f € L*(R") such that Fu = (1 + w)*a/fo} .

Since the function z + (1 4 2)~%/2 is completely monotone for every a > 0,
by [22, Theorem 3.7] the function (1+¢)~*/? is also completely monotone. By
Schoenberg’s theorem, [23, Theorem 2] it follows that the function (1 + v)~/2
is a positive definite function and therefore a Fourier transforms of an inte-
grable function, [22, Theorem 4.14], called the Bessel-type potential Ky q.
This means that the space HY**(R™) defined by (2.1) can be characterized as
a convolution space via the ¢-Bessel convolution kernel Ky  i.e.

(22) HY*R") = {Kypaxf:fe L’ R}, [[Kpa*floa=flr2@n-

For similar calculations we refer the reader to [8, 9].

From now on we assume that the function 1 satisfies conditions (H1)
and (H2). The following estimates for the kernels Ky, , were obtained in [20,
Remark 33, Remark 34] and [28].

LEMMA 2.6. Let o > 0 and assume (H1) and (H2) hold. If a(d2Vd4) < n
then there exist constants ¢; = ¢;(¢,,n) > 0,1 = 1,2, such that for allz € R™
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and 0 < j<n
C1
< a2
(Ko@), | < e
Pt a2y

[ Ky,al@)

Next, we consider the characterization of spaces H 1Z”‘X(R”) via differences.
First note that by applying (1.2) and the Parseval’s identity (see for example
[17, Lemma 3.1] or [10, Example 1.4.1]), it easily follows that

I € I R R

for all u € H¥}(R™). We also introduce an equivalent norm on H¥:!(R"),
which we later use in the proof of the trace theorem,

(2:3)  ul

¢ (lx—y[™?)
fulloy = ey + | [ tuto) —unPEE S dsay |
|[z—y|<1
with the equivalence of norms || - |1y and || - [[,1 following from (2.3), (1.4)

and the fact that v is a Lévy measure. We would like to point out that
a similar equivalence of seminorms for absolutely continuous Lévy measures
with completely monotone radial densities was obtained in [17].

In the remainder of this chapter we prove an analogous equivalence of
norms for spaces H"*(R"), following the approach in [24] for Besov spaces.

DEFINITION 2.7. For a function f on R™, h € R™ and k € N, the k-
th difference of function f is defined by (AFf)(z) = AL(AF 1 f)(2), = €
R™, where A} f(x) = f(z + h) — f(x). Neat, define the k-th modulus of
continuity of a function f € L*(R") as wi(f,t) = SUP|p) < AR fll L2@ny, t >
0. Furthermore, for an admissible sequence (7;)jen, let 7; = sup,, -

and
Tk

v =infy, ZZEE - and let s(y) := lim j~llogy. and 3(vy) := lim j~'log¥. be
~j Yk j—o0 —J J—00 J
the lower and upper Boyd index, respectively.

Since vjyitr < 7;vi+k for all 4,5,k € No it follows that 7;,;, < 7,7;,
so the sequence log7; is subadditive. By Fekete’s subadditive lemma the
f IOng

J

sequence <1°gjf)' converges to in , so the upper index 35(y) is well
j

J
defined. The analogous conclusion follows for the lower index s(v), since

10g1j = —log (FJ
THEOREM 2.8. [21, Theorem 4.1] Let o and N be admissible sequences

and N, = inf Netr S 1 gnd _§(—U) > 0. Let k be an integer such that
L gz0 M 5(N)
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k> . Then the norm || - |p.o.n on BN is equivalent to

2

(oo}
llull 2 mny + Zafwk(u,]\fj—l)z

For a similar result see also [20, Theorem 16]. Note that for every a € A
the sequence N7 satisfies the assumption N > 1. Furthermore, recall that
o% = (2%9) jenN, is an admissible sequence and by Remark 2.4 the sequence
N¥2 is strongly increasing. One can easily show that N¥2 is also admissible.
Furthermore,

s(o?%) o 5(0%) alog?2
———— > —>0and < = g,
s(ve2) =2 70 MOy S Tioga 4%
so Theorem 2.8 holds for k > «ds. Furthermore,
(o)
Z 2%7  sup ] HA]f_IuH%z(Rn)
=0 \H\<1/NJ’¥”
> 1
(2.4) = Z tea SUP HA%“H%%R”)dt

= H|<1/N??
J_O2*(j+1)§t<27j |H|<1/N;

1
1
[N S A e

since by 2-U+D <t < 277 implies ¢~ (t72) < N;[”Q. By change of variable
t=2 = ¢(|h|71) it follows that (2.4) is comparable to

() (1hI71)
/ TR \;\uj\)m |AFul|F 2 gnydh.

X

[h|<1
Since (%)’ (t) < M it follows that the last line is comparable to
a h 1
(2.5) / Lal( T|l sup HAZMH%z(Rn)dh.
Ihl™  |H1<|nl
|h|<1

REMARK 2.9. (i) By applying a straightforward generalization of [24,
Theorem 2.6.1] to (2.5), Theorem 2.8, Theorem 2.5 and the calculation above
imply that the norms

v(h™Y)
(2.6) lullwy,ar = llullL2@ny + / T 1A ul|E2 gy dh
h|<1

are equivalent to || - ||y, for all & > ads.
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(ii) Since the function % is continuous and [|A¥ul|z2 < c(k)|jul| L2
the norms || - H(l ok
1
2
) ()
Iy = Nz + | [ Al gy |

h‘<h0

are equivalent for all hy > 0.

(iii) Let ¢ > 0, N € Z and k > adz. The norm || - || é) on HY*(R")

defined by

1) Wl as = Wil + | v )2 [
J=N

|h|<c2—d

||AZU||2L2(]Rn)dh

is equivalent to the norm || - [[(1). This follows by applying (1.5) to the norm

in (ii) for hg = 27,

@ h —1
|h|<c2-N
= (Il
- [ skl
=N

J c2-i=1<|h|<c2-3

= Z P (27) 2 / |\A§ju|\§2(Rn)dh

c2=I=1<|h|<c277

c2=I=1<|h|<c277

=S @2 [ IAfulandh.

|h|<c2—7

3. THE RESTRICTION THEOREM

J
= Z Z Ch (21) 2" / ||AIEUH%2(Rn)dh

In this section we provide a detailed proof of the continuity of the restric-
tion operator, as a generalization of [18, Section V.1.2]. The same approach
is used in [20, Appendix III]. Before we start with the proof, we show the
following useful consequence of the estimates on Bessel-type potentials from

Lemma 2.6.
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LEMMA 3.1. Let d <n, D a d-set in R"™ and p the d-measure on D. Let
¥ be a function such that (1.2), (H1) and (H2) hold and o > 0 such that

n_d<a(51§a(5g\/64)<n%d+1.

(3.1)

Then there exists a constant ¢ > 0 such that for all r < % and [ € LQ(R”)
2d—n

r
J[ ax 1(@) = K 1)) ) ) < e ey
|lz—y|<r ¢ (T )
PRrOOF. Note that for every constant 0 < a < 1

(Kyp.a* f(2) = Ky * f(y)* < / [Kyale —t) = Kyaly — 1) f(t)dt

: / |Kypa(z —1t) — Kyoly — )2t

Let |z —y| < r. By Lemma 2.6 it follows that

/ o il =) = Koaly — 00~
y—t|<2r

Sa) 1 2(1—a)
< | Ky a(2))* 7 dz§/ <g7) dz
/ v si<sr \|2["0% (]2]72)

(H1) p—2adi(1-a) 1 2(1-a)
S / (7) dz
(92 (r=2))20-9) [, <30 \ |20

n

(3.2)

~ r
ror )

for some ¢; > 0 and a such that

(3.3) 2(1-a)(n —ad1) <n.
Analogously, if
(3.4) 2a(n —adr) <d
then for all ¢ € R™ there exists a constant ¢ > 0
N 2d
| 1Koale =)= Kooty = 0P nlde) n(dy) < .
o2yl )
ly—t|<2r

Therefore, it follows that

// —yl< </| —t]<2 (Kw’o‘(x B t) - K¢7a(y - t))f(t)dt> M(dI) u(dy)

2d—n

. 9
< ClcQWHfHLz(]R")'
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For the second part, note that the mean value theorem and Lemma 2.6 imply
that

] 1t =0~ Koaly - 0P i) i)

|z—y|<r
ly—t|>2r
1 2a
2a
o)z [] (i) )
|z—y|<r ’ 7
ly—t|>2r

where 2,y =y —t + 0, (xz — y) for some 6, , € (0,1) and |z, | > @ Let
d =62V ds4. By (H1) and (H2) there exists a constant ¢3 > 0 such that the
last line in (3.5) is comparably less then

r2at+d / ( 1 >2a () = 3 r2d
S o, _on2a o ntl—ao plaz) = 354
(retgB ()™ g, R (o )"
if
(3.6) 2a(n+1—ad) > d.
Similarly, if
(3.7) 2l —a)(n+1—ad)>n
then there exists a constant ¢4 > 0 such that |z — y| < r implies

7,.,7’7,

|Kyoly —t) — Kypolz—t))2Ydt <& —
(rme2(r=2))

2(1—a)”
2r<|y—t|

Therefore, it follows that

// —yl<r </| _ppar Cpe® ) _vaa(y—t))f(t)dt> pldz) pi(dy)

o ,r2d—n )
< C3C4W|‘f“w(w)-

Since ”—2d <ah <ad < ”—gd + 1 it follows that

d 1- r nf1--—= d A0
2(n+1—ad)’ 2(n+1— ad) 2(n — ady)’ 2(n — ady) ’
so we can choose a such that (3.3), (3.4), (3.6) and (3.7) hold. O
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For a d-set D in R"™ with d-measure p and o > 0 such that (3.1) holds,
we define the trace space in terms of differences

H¢7Q(D’u) = {u € L2(D,‘LL) : HUH(I),D,H < OO},

v (Jlz—y|t
lull1y,p.u = llullzz + / ez |Q%M(d$)u(dw

lz—y|<1

Note that, similarly as in Remark 2.9(iii), one can easily show that the norms

Il - l1),p,u and || - ||((2’2])\{D7/-14 are comparable, where
3
8,0~ Il | 3 ety [ 1ute) — ) i)t
j=N |x yl<e2-7

Next we define the restriction operator. Let Ru be the pointwise restriction
on D of the strictly defined function corresponding to u € H¥**(R"), i.e

1
Ru:c:hmi/ vt e b
( ) r—0 )\(B(I';T)) B(xz,r) ( )

whenever the limit exists. Here, instead of u one can a take a quasi continuous
modification @ of u, see for example [5, Theorem 3.5.7]. Recall that a function
u is quasi continuous if for every ¢ > 0 there exists an open set G such that
). is continuous, Cap, ,(G:) < ¢ and u = u a.e. This means that outside
of set N = N.>oG: function u can be strictly defined and therefore Ru=u
on N¢. To show that pu(N) = 0, note that by the definition of capacity, for
every ¢ > 0 there exists a function v € H¥**(R") such that v > 1 on N and
[[v|la,1 < €, so

p(N) < </N Iv(fE)IQAL(dy)>é <afvllya <ére

and therefore p(IN) = 0. Here the second inequality follows from calculations
analogous to ones in the proof of Lemma 3.1.

THEOREM 3.2. Let d < n, D a d-set in R"™ and p the d-measure on D.
Let o be a function such that (1.2), (H1) and (H2) hold and o > 0 satis-
fying (3.1). There exists a continuous restriction operator R : H¥>*(R") —
HY*(D, ).

PRrOOF. Using the classical interpolation theorem for a special class of
spaces associated with H¥''(R") we will show that there exists a constant
¢1 > 0 such that for all u € H¥*(R")

(3.8) IRulllsl < @llullg.o.
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Denote by a;(z,y) = |Ru(z) — Ru(y)|1{js—y|<2-7}, J € No and let T be an
operator on L*(R") such that Tu = (a;)jen,. Since Ru = u p-a.e. on D, by
Lemma 3.1 there exists a constant ¢ > 0 such that

J€No — I R
|3" y|<2 J

forall u= Ky o * f, f € L*(R"). Let L = L*(D x D, x p). It follows that
(a5); € 1%5(L) = {(&)); : & € L €l g0 1) = Sup ¢* (2%) 277|117 < oo}
j€No

and that the operator 7" is bounded from HY*(R") to I£;%(L), i.e.
[(a;)jemo llizo () < C2ll Ko * flly,a = C2ll fllL2@n)-
Let (X1, X2)p2 := {a € X1+ X2 : [lal[(x,,x,),., < o0} be the K-interpolation

space of Banach spaces X1 and Xo and [|a|[(x,,x,)y ., = (JoS K (t, a))Q%) 2
where the Peetre K-functional is defined by

K(t,a) = _inf ([la1]x, +t[lazlx.),
as

a=ai+

see [25, Section 1.3, p.23]. Choose ap < o < 1 such that

n—d

(3.9)

—d
< d1ag < (52\/(54)041 < nT—l—l

and let § = =% € (0,1). By [25, Theorem 1.3.3(a)] and [2, Lemma 4.1],
since T is bounded from HY»*(R") to [%;% (L), i = 0,1, it is also bounded
from (H¥»20 (R™), HY*1(R"))g.2 to (12;%0(L),12:%1(L))g.2. By a version of [25,

Theorem 1.18.2], (12:20(L),1$:*1(L))p.2 = 1$"*(L), where

N

15°(L) = S (&)jer : &5 € Ly [€llgpy = | Do ¢* (2¥) 271Ig013 | < o0
J€Ng

Furthermore, (13" (L2(R™)), 1$°** (L2(R™)))g.2 = 19°*(L*(R™)) and H¥:*(R™)
is a retract of the space I$°*(L2(R™)), [4, Theorem 2.5 and Theorem 3.4].
Therefore, the interpolation identity (HY»®0(R™), H¥:*1(R"))g o = HY*(R")
follows by [4, Theorem 5.3]. Combining these results we get (3.8). O

4. EXTENSION THEOREM

The proof of the extension theorem is divided into two parts: case d < n
and case d = n. In the first case we define the extension operator E by (4.3),
using the Whitney decomposition of D¢ and the approach as in [18, V.1.3],
which deals with the classical Besov spaces. The assumption d < n is crucial
in order to prove boundedness of the operator E: L?(D,u) — L*(R™), see
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the calculation prior to (4.6). The case d = n follows then by interpreting the
n-set D in R™ as a n-subset of R™*!. The extension operator is then defined
as a composition of the extension operator to R”*! and restriction operator
to R™.

Before proving the extension theorem for d < n, we recall the definition
of the Whitney decomposition of a set.

DEFINITION 4.1. A Whitney decomposition of an open set A is a collection
of closed cubes {Q;}ien with disjoint interiors and sides parallel to the azes
such that A = J; Qi, where each cube Q; has side length s; = 2=M: for some
M; € Z and diameter l; such that [; < d(Q;, A°) < 4l;.

Denote by x; the center of the cube Q; and let ¢ € (0, %) Denote by
QF = (1+¢)Q; the cube with center x; expanded by factor 14+-¢. If z € Q,NQ}
then

1
(4.1) 15k < s < sy

and @; and @ touch each other. This implies that every point in A is
covered by at most Ny cubes QF, where Ny € N depends only on n. By [18,
Section 1.2.3] we can associate with decomposition {QI} a partition of unity
{@i}ien C C°(R™), i.e. a family of non-negative functions with the following
properties:

(4.2) supp ¢; C Q7 Z%‘ =1lon D% |Dig]< a;‘j‘ for some ¢ > 0.

If D is a d-set in R™ then by [18, Proposition VIII.1.1] the closure D of D is
also a d-set and p(D \ D) = 0 for every d-measure p. Therefore, it is enough
to prove the theorem for a closed d-set D.

Next, we define the extension operator E from HY*%(D, ) to HY>*(R"),
when d < n. Let w; = u(B(z,60;))" " < I;%and I = {i € N:s; < 1}. For
HY2(D, 1) define

u(z), reD,
@3) @) =3 g o, "Wy, w2 D.
icl y—x;|<6l;

THEOREM 4.2. Let D be a closed d-set in R™ and d < n. Let ¥ be a
function such that (1.2), (H1) and (H2) hold and o > 0 such that (3.1) holds.
There exists a continuous extension operator E: HV*(D,u) — H¥Y*(R"),
given by (4.3), such that Eu = u p-a.e. on D for all u € HY*(D, ).

PrOOF. We will show that for some ¢ > 0, N € N and kg > «ads there
exists a constant ¢; such that

h ~ c,N e
(4.4) VBl o <@l Va€ HY (D, ).
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Here we can choose the smallest ky € N satisfying the given condition, see
Theorem 2.8 and Remark 2.9. Since D is of Lebesgue measure zero in R" it
is enough to prove (4.4) for Eulp.. For every x € D¢ there exists a k such
that © € Q. If s > 4 then by (4.2) x € QF for all i € I and Fu(x) = 0.
Therefore it is enough to consider the case when s < 4. Also note that
Yo iwi(r) = >, cp wi(r) when s, < 1/4.

Let z € Q) and let 7 € T be such that ¢;(x) # 0. Then for ally € B(a;, 61;)
we have

(4.5) ly —xp| < |ly — @i + o — x| + |2 — x| <60+ 1+ I < 29,

which implies that

Bu(@)] < Y pila)wn / ()] (ly)

icl |[y—xi|<6l;
SY et [ u(y)] pldy)
icl |[y—xp | <291
(a.1) »
S D i) -l / |u(y)| p(dy)
icl ly—a | <291k

1/2
< l;d/ wy) pldy) |-
ly—a | <291k

For j € N define A; := U{k:skZQ,j} Q1. Note that there exists an integer Ny
depending only on n such that every point y € R™ is covered by at most Ny
balls B(xg,29l;) where Qi C Aj. This follows from the fact that |z, — x| >
277 and Iy = /n277, for all Qp, Qr C Aj. By the previous calculation it
follows that

/Dc |Eu(z)?dx = i > /Qk | Eu(z)|da

j=-2 QkCAj

sy ¥ k(lkd /lmdglku%y)u(dy)) o

j=-2 QkCAj

SRS / u?(y) p(dy)
ly—a | <2904

Jj=— QrCA;

<20 S [ i) )

j=—2
which implies that

(4.6) | EullL2mny S llwllz2(p,pu)-
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Next, for x € A;, y € A; and |z — y| < 27%/2 we have
279Vn <d(A;, D) < d(y, D) < |z —y| +d(z, D) < 6v/n27",

so j > i — 2. Analogously, \/n27% < 5\/n277 +27""1 50 j < i+ 2. Therefore,
i+2
(4.7) zel;, lr—yl<2/2=ye (] A
j=i—2
Since Eu(z) = 0 for for x € A;, i < —3 it follows that Fu(y) = 0 when
|z —y| < 2771 for some o € A;, i < —5. Analogously, A} (Eu)(z) = 0 if
|h| < 27°/kq. Therefore, for h; := 2771 [k,

feY 1
At an
D¢ |h|<hgo
- bo () (a2 L)
Si; /A/|A (Bu)(x |Wdhd$
ﬁi\ih’;
()
Ape P——~— 2dhdr =1 A+ B.
+Z /A/ A (B ) T dhdr = A+

h,,-<\h|<2 5 ko

First we asses the term B. Let F; := UJO; Aj. Note that

B Zi / % / | Ak (Bu)(2)2dx dh

1=5 m=4h

7n+1§|h‘<h7n TEA;
00 «@ h—l
-y / v URT) |(}|L|l ) / AR (Bu)(2) [2de dh
m:4hm+1<|h\<hm rE€EF 41
(15) o
Zw (2m) 2mn // | AR (Bu)(x)|*dx dh.
=4

TEFm 41
hm+1<|h‘<hm

Similarly as in (4.7), for = € F; 1 and |h| < h; it follows that « + ¢h € F;_o,
for all £ € {0,1,...ko}. Since

AR (Bu)@)? S |Bu(@) = Bu(@+h) 4+ Bu(w+(ko—1)h) — Bu(a-+koh)
it follows that

(4.8) B < Z P (2m) 2mn / (Bu(z) — Bu(y))*dz dy.

T,YEFm_2
|lz—y|<hm
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For k,m > 2 and x € Ay and y € A,, it follows that

Bute) = Bu)] < 32 30 J] 1ot = wto) wtas) utao.

|s—x;|<6l;
[t—x;|<6l;
From
1
(4.9) T €Ay, 4,01-(30) #0= §Z’“ < l; < 64l

it follows that

|Bu(z) - ZZ% DIt [ [ ()~ ule) ntas)

|s—xp, | <291
[t—zpm | <290,

1/2

<|wid [ @ - u)? uo us)

|s—xp, | <291
[t—xm <290,

Here xy, 2, are the centres and l,!,, diameters of cubes @, C Aj and
Q. C A,, containing x and y respectively. Now it follows that for i € N;
y €A, and k,m > 2

|Bu(z) — Eu(y)|*dx

rEA,

lo—y|<27?

S [a B[] @O - u)? utdo plds)da
lo—y|<27* |s—a | <2914

[t—xm | <290y,

<Nttt [ o - ulo) aaas)

[s—y|<e27k 4278
[t—2m | <290,

where ¢ = 304/n. Analogously, we get

|Bu(z) — Buy)*dady

TEAL, YEA,
lz—y|<27"

SNz kg emdm [ ) < u(e) (s aute).

[t—s|<27i4c2 k4 c2—m
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This implies that for i > 4

[e )

J[ e - papisay = Y [ iBu@) - But)Pasdy
z,yeF;_2 k7m:i_21€Ak7y€Am
lo—yl<27’ lo—y|<27*
s|oX aemrom ) L ) - () uds) (e
k,m=i—2

[t—s|<(8c+1)2—7

and by applying this to (4.8) we get that

(410) B< Zwa ) 21@d=m) // (u(t) — u(s))? u(ds) p(dt).
[t—s|<(8c+1)2—7
Next, let

-y // /|h|2ko|DJ (Bu)(@ + (t1 + oo + b)) 2dtr ..y, da.

l71=ko

By the mean value theorem

L v (Ih7Y)
Agz /F T

=4 <h;
(an & b (|h]7Y) ,
(4.11) <> |h§n 7 dh > / | DY (Bu)(2)[*dz
= h<h; lil=kop, _,\Fiss
(H1)
< 52 QQW Z/ | D7 (Bu)(2)|*dz.
1==2 [71=Fko

In the last line we also used that D7 (Eu)(z) = 0if z € A; and i < —3. To find
an upper bound for |D’(Eu)(z)|, 2 € A;, we distinguish two cases; i > 2 and

i < 2. First, take z,y € Q, C Ay, 1 > 2 and |j| = ko. Since Zngoi(z) =0,
i
by similar calculations as before, we get

PEEI= Pk [ () - Bul) )

|[s—x;|<6l;

N

< ZZ'D]% )er(y wzwk// lu(s) — u(t)|? p(ds) p(dt)

|s—x;|<6l;
[t—x ) |<6ly
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Recall that there are at most Ny indices i for which z € QF and D7p;(z) # 0.
By (4.1) and (4.2), z € Q; implies w; =< I;¢ and [Dig;(z)| < 1771 < 1,170,
Also, by (4.9) wy < ¢ for k such that o (y) # 0. Therefore,

=

. 4.5)
DI(Bu)(z)| £ Lo | 152 L[/ fu(s) — u(t) ? p(ds) pdt)

|s—@m |<290m
[t =0 | <291,

Applying this inequality to (4.11) we arrive to

e}

153 G X [ [ ) - o s

lil=ko Qm CAi 5= | <290
[t—xm <290,

and since every s € D¢ is covered by at most Ny balls B(x,,,291,,) it follows
that

(1.12) A,waﬂwm J[ - 1uts) = o wias) uta)

|s—t|<60y/n2"

For the remaining part in A, take z € Ay, k > —2. By the same arguments
as before,

DB < 3 P /|mmm>

|[s—x;|<6l;
2
(4.2) L 2
< Z 177 | wi / |u(s)[” u(ds)
(pi(z)yéo ‘sfafi‘<6[i

s |2 [ )P )

|s—xp | <291

and therefore Z§=_2 fAi |D(Eu)(2)|?dz < |lullr2(p,y- This inequality to-
gether with (4.6), (4.10) and (4.12) implies (4.4).

That E is truly the extension operator for R, i.e. that REu = u p-a.e.,
follows from calculation similar to the calculation above. One first shows that
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for every tp € D and r > 0 small enough

/|t - (Bu(z) — u(t))?dx

re 2 (1t —tol ™)

S W /tto|<30r(U(t) —u(tp)) W wu(dt),

where the integral is finite for p-almost all ¢y and decreasing as r goes to 0.

1
Since }gr(l) W = 0, it follows that for p almost all ¢

x—to|<r

1/2
|REu(to) — u(ts)| S lim <r_" /| (Bu(z) — u(to))2dx> 0.

O

REMARK 4.3. Let o € (3,00). Note that for a n-set D in R", D = Dx{0}
is a n-set in R**+! and that every function u € HY**(D, i) can be represented
as a function @ in HY®(D, 1), where

& =20, P(IE]) = ¢2(E)IEIF, (A x {0}) := p(A)

u(z,0) ;== u(z), € D and ||5H(1),5,,7 = llull 1), D0

By [22, Theorem 7.13.] the function & — ¢2 (|€])|¢|2= is a complete Bern-
stein function and v satisfies conditions (H1) and (H2) with ¢; := % + &
Analogously, the space HY>®(R™) can be represented as HY>*(R" x {0}, i),
where i is the restriction of the n-dimensional Hausdorff measure in R"*! to
R™ x {0}.

THEOREM 4.4. Theorem 4.2 holds true as well in the case of d = n and
a € (3,00).

PROOF. Take u € HY**(D, ;1) and let @ be the corresponding function in
H 1Zva(f), i) from Remark 4.3. By Theorem 4.2 function @ can be extended
to a function Eu € H ‘Zv&(R”‘H), which can then be restricted to a function
in H 1Z’&(]R” x {0}, 1) by applying the continuous restriction operator R from
Theorem 3.2. Again using Remark 4.3, we can define the extension operator
E as

(Bu)(z) = (RET)(x,0), 2 € R,

The continuity of E follows from the continuity of the extension and restriction

operators E/ and R and REu = u almost everywhere on D, where R is the
restriction operator from HY**(R") to H¥**(D, ). O

PrROOF OF COROLLARY 1.3: By applying Theorem 1.2, the proof is an
immediate consequence of [26, Theorem 1.1, Corollary 2.9]. By [26, Corollary
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2.9], Héb’l(D) = HY%1(D) if and only if the capacity of the boundary 0D with
respect to the Lévy process with the characteristic exponent 1 is equal 0, i.e.

Cap,,(0D) < inf{||ul[y,1: uw > 1 on U, U open and 9D C U} = 0.

Using the scaling condition (H1) we can relate this capacity to the Riesz
capacities of order n — 2§;, i = 1, 2,

Cap,,_o5,(0D) < Cap,(9D) < Cap,,_15,(9D).

By using the well known connection of the Riesz capacity and the Hausdorff
dimension of a set (see e.g. [1]) wee conclude, similarly as in [26, Theorem
L1.1], that conditions on dy in (i) imply that Cap,(0D) = 0. Analogously,
conditions in (i) imply that Cap,(9D) = 0. o
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