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Abstract: The aim of this paper is to set framework for the repair rate in order to achieve required availability of a repairable system with alternating renewal process where 
the failure rate is Weibull distributed. In order to accomplish this goal, this paper proposes a novel model for a complete stochastic analysis of the repair rate. The resulting 
equation for probability density function of the repair rate enables precise modelling of the repair rate process for related values of availability and failure rate. The obtained 
results can be used for dynamic forecasting of system’s characteristics, planning of maintenance activities, inventory and servicing capacities.  
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1 INTRODUCTION 

 
This paper considers a repairable system with failure-

repair cycles modelled by renewal processes. Such system 
alternates from operational to failure state in a period of 
time [1]. In the moment of failure, the repairs or 
replacements of parts are conducted, after which this 
system returns to its operational state i.e. performs as brand 
new. If we denote the operational state as 1, then we can 
present the time intervals where the system is in the 
aforesaid condition as U = (U1, U2, U3, ...). Similarly, if we 
denote the condition where the system is in the failure state 
with 0 then we can present the time intervals for system 
repairs with D = (D1, D2, D3, …). Moreover, let us assume 
that T = ((U1, D1), (U2, D2),…) is a sequence of 
interdependent identically distributed intervals. Although 
these intervals are independent, Dn can be expressed with 
the use of Un(i.e. for n ∈ N+. Dn can be presented in 
function of Un), and vice versa. Therein E(U) represents the 
mean time to failure (MTTF) while E(D) represents the 
mean time required for the system to return to the 
operational state i.e. the mean time to repair (MTTR). 
Several important applications of the alternating renewal 
process are provided in papers [2] and [3]. 

The alternating renewal process is often used in order 
to determine the availability of a particular system, as the 
most common measure of efficiency of repairable systems 
[4, 5]. Numerous factors affect the availability, such as 
system’s reliability, spare parts’ availability, system’s 
maintenance etc. The availability is defined as a probability 
that the system will perform its function in a period of time 
[6]. The limiting availability or steady state availability is 
most commonly used to determine the long-run 
performance of a system [7]. 

 
lim ( )
t

A A t
→∞

=                 (1) 

 
If the key renewal theorem is applied, as presented in 

paper [8], the previous formula can be reduced as follows:  
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As stated previously E(U) is MTTF, while E(D) is MTTR, 
so the expression for availability can be reduced to the well 
known equation:  
 

MTTFA
MTTF MTTR

=
+

                     (3) 

 
Many papers dealing with the system’s availability 

assessments exist at present time. In papers [9, 10], the 
author determines the steady state availability and trust 
intervals in the case where repair time has a lognormal 
distribution. The steady state availability and methods to 
determine this parameter for repairable systems have been 
examined in papers [11-13]. Significant contributions 
concerning determining the availability in repairable 
systems which function under maintenance contracts were 
given in papers [14-18]. They acknowledged that the 
system’s availability primarily depends on the system’s 
reliability, MTTF, number of spare parts in inventory and 
mean time required to return the system to operational 
state. A similar problem was further examined in paper 
[19] concluding that the system’s repair time has the 
highest effect on system’s availability.  Due to that reason, 
we have decided to examine the system’s repair time as a 
stochastic process, with the aim to determine the repair rate 
without having the system’s availability level falling below 
the set limits. 

 
2 MATHEMATICAL MODEL FOR REPAIR RATE 

ANALYSIS 
 

The model presented in this paper is based on several 
assumptions. Firstly, the observed repairable system can be 
modelled with the alternating renewal process. Then, we 
are assuming that the system behaves like brand new, after 
the repairs had been made. Moreover, the failure rate has 
the Weibull distribution. In papers [20, 21] the failure rate 
was modelled by the Rayleigh distribution but according to 
[22-25] this parameter can also be modelled by using the 
Weibull distribution. Actually, according to [26], the 
failure rate of mechanical and electrical components has a 
bath-tub shape. It was shown that the Weibull distribution 
is very flexible in modelling various types of lifetime 
distributions so it can be used to model any of the three 
parts in a bath-tub curve (early "infant mortality" failure, 
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constant (random) failure and increasing ("wear out") 
failure. 

According to the aforementioned, if the system’s 
failure time is Weibull distributed, the MTTF can be 
determined with the following Eq. (4): 
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Let denote λ as a measure of failure rate as presented 

in [27]: 
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In the Eqs. (4) and (5), ω and β are parameters of the 

Weibull distribution −β denotes shape parameter while ω 
denotes characteristic life parameter. Since the system 
repair rate, denoted as µ, is equal to the reciprocal value of 
the mean time to repair (MTTR), the Eq. (3) can be 
presented as: 
 

.A µ
µ λ

=
+

                                                                                             (6) 

 
Now, knowing that the second moment of Weibull 

distribution is:  
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we can determine the distribution parameteras: 
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By replacing ω in the Eq. (5) the failure rate transforms 

into: 
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Using the Eq. (9) we can calculate the value of x as in 

the Eq. (10) 
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Determining the system’s failure rate is a complex 

process and due to its stochastic nature the random variable 
x can be considered as random variable that changes at 
significantly slower rate than random variable t described 
with the Weibull model. As is known from the theory of 
stochastic processes [28] in the case where 2≈x t and 
random variable t is described with the Weibull model, 
then the slow changes of the random variable x can be 
presented as a stochastic process with exponential 
distribution as in the Eq. (11) 
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The probability density function (PDF) of failure rate 

can now be presented with the following transformation: 
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where xd
dλ

can be determined as in (13) 
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Now, by replacing the Eq. (12) and (13) into (11), we 

get the following equation failure rate PDF: 
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Based on the Eq. (6), the failure rate is 1 A
A

λ µ−
=  with 

the Jacobian transformation 1d A
d Aµ

λ −
=  while the repair 

rate can be expressed as 
1
A

A
λµ =

−
with PDF: 
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( ) .
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According to the previous equations we can now 

determine the PDF repair rate as in (16) 
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At the same time, the Eq. (16) presents one of the 

major contributions stated in this paper. It provides a 
precise mathematical characterization of a stochastic 
process that describes the repair time. The PDF expression 
for the repair rate enables precise modelling of the repair 
rate process for related values of availability. This can be 
used for dynamic forecasting of system’s characteristics 
through simulation of the repair rate process by generating 
samples.  

In order to further analyze the repair rate, the 
cumulative distribution function (CDF) is provided: 
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By solving the integral in the previous equation, the 

expression for the CDF function can be presented as:  
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In order to obtain more precise data on the repair rate 

we can now apply the inverse sampling method.  If we state 
that ( )y F µ=  where y is uniformly distributed in interval 

[0,1] then the inverse CDF is 1 1( )F yµ− −= . Having this in 
mind, we can transform the previous equation into: 
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and determine the repair rate samples as in (20) 
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3 NUMERICAL RESULTS 
 

In order to verify the mathematical model from the 
previous section we have used data from the case study 
presented in paper [29]. The MTTF data for the following 
subsystems for railway signalling are provided in this 
study: 
- Interlocking: As input, receives data from different 

systems and calculates output which is then used to 
improve traffic safety  

- Track circuit: Used to locate trains 
- Balise group: Sends data on speed limits, driving 

limitations etc. from tracks to signalization system  
- Level crossing: Coordinates railway traffic 
- Signalling board: Provides timely information 

regarding tunnels, bridges, speed limits etc.  
 

 
Figure 1 PDF of failure rate for Balise group 

 

 
Figure 2 PDF of failure rate for Interlocking 

 
It was determined that the MTTF for subsystem 

Interlocking is 2.8581 years, for Balise group 4.767,  for 
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Level crossing 2.286, for Signal 2,4663 and for Track 
circuit 2.004. 

 

 
Figure 3 PDF of Level crossing 

 

 
Figure 4 PDF of Signal 

 

 
Figure 5 PDF of failure Track circuit 

 
Based on the previous model, the PDF function 

depending on the required availability was presented for 
each sub-system.  

Fig. 1 represents the PDF for the sub-system of Balise 
group for randomly selected values of sub-system 

availability. The system’s availability in this specific 
example is 80%, 90% and 98% in proportion to time the 
system is in operational condition. It is possible to take into 
consideration other values of availability depending on the 
observed system and previously set demands. Likewise, 
Figs. 2, 3, 4 and 5 represent the PDF of failure rates for 
other sub-systems: Interlocking, Level crossing, Signal and 
Track circuit.   

Based on the previously presented figures we can 
determine the probability that the repair rate will take one 
of the offered values. That information, together with the 
CDF inverse sampling, can be useful for planning the 
system’s maintenance activities, number of service 
stations, spare parts and manpower required for 
maintenance.  
 
5 CONCLUSION 
 

Related researches of repairable systems’ maintenance 
processes showed that both reliability and repair rate have 
significant impact on availability of such systems. In this 
paper we studied a system which can be modelled with the 
alternating renewal process. We assumed that the failure 
rate is Weibull distributed and that the MTTF is a 
predetermined value. Also, after repairs, the system 
returned to its original state and performed as new. In 
accordance with these assumptions, a novel model for 
determining the characteristics of the repair rate was 
formulated. We determined the expression for the repair 
rate‘s PDF and CDF which represents a precise 
mathematical characterization of the repair rate as a 
stochastic process. Using this expression can result in exact 
repair rate sample values for corresponding values of 
availability. In this way, by simulating the repair rate 
process through generating its samples, we can predict the 
system‘s dynamic characteristics. In Numerical result 
section, the previously described model was applied to a 
specific example i.e. five sub-systems of Railway 
Signalling System and graphical presentation of the PDF 
for each sub-system was provided. This model can be 
applied in the same manner to other repairable systems 
which can be modelled with the alternating renewal 
process. In addition, other values can be selected for 
availability. The obtained results can be further utilized in 
planning the maintenance activities, inventory, service 
systems and number of required employees, in the process 
of system maintenance.  
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