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ABSTRACT

This work deals with a physical one- and two-dimensional (1D and 2D) parameters estimation of
afiltration process of slurry, the second stage of phosphoric acid manufacture. This study focuses
on recursive least square and instrumental variable techniques applied to the (1D) and (2D) mod-
els. The model of the rotary drum filter is based on different physical laws involved in the filtration
phase in order to get a simulator of the filtration process. Besides, many physical parameters rise
in the system model and effect enormously the efficiency which should be modelled with preci-
sion such as permeability, porosity and viscosity. We use a constructive realization procedure for
(2D) systems which may lead to a Fornasini-Marchesini local state-space model to describe the

dynamic of the system states.

1. Introduction

In recent years, membrane filtration technology and
particularly low pressure membrane technology have
been widely applied in liquid aspiration fields more and
more [1].

For some time, it is well known that membrane
separation processes are considered very beneficial,
advanced and efficient technologies to use in factories.
These methods are used to separate suspended parti-
cles. The filtration technique is classified according to
the size of the pores. So, there are four types of filtra-
tion: macrofiltration, microfiltration, ultrafiltration and
nanofiltration [2]. Filtration processes can be classified
into two categories:

e Discontinuous: The press filter and the Nutshe filter
are most common.

e Continuous: The rotary drum filter and the pass
band filter are most common.

In our case, we are interested in the rotary drum filter
which ensures the separation between the phosphoric
acid and the phosphogypsum. Few works are dealt with
the modelling of the filtration phases due to its com-
plexity and the number of parameters interfering in the
filtration process. The problem is therefore to model the
system to be studied so that the model is as faithful as
possible to the actual behaviour of the system.

Modelling filter is essentially based on the Darcy’s
law treated by [3] that applies to an homogeneous and
isotropic porous environment traversed by a flow at low
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speed in order to calculate the rate of phosphoric acid
produced. Darcy’s law is processed also by [4], a similar
strategy has been discussed by [5]. Then a relationship
frequently quoted was proposed by [6] and modified
by [7].

In this research, we describe the dynamic behaviour
of a rotary drum filter by an homogeneous two-
dimensional (2D) model. Fornasini and Marchesini (8]
focus on the importance of (2D) systems. (2D) sys-
tems have attracted attention because of their wide
range of practical projects and significant significance.
(2D) system theory can be used efficiently in many
fields such as digital filtering and batch processes [9,
10]. For instance, investigations on (2D) systems have
been related to state-space model realization and stabil-
ity [11], estimation and observers [12-14] and filtering
[15-17].

More recently, many other interesting contexts
where (2D) systems prove to be the appropriate setting
for carrying on a thorough and successful analysis have
been illuminated [18, 19]. Indeed, in the (1D) context,
there has been a long stream of research, which origi-
nated in the 70s and flourished in the 80s [20, 21], but
still represents a very important research topic. During
the last years, research focused on the (2D) system the-
ory and it have been interested in most of the classical
topics already investigated in the (1D) setting [22-25].
Generally, the main interesting point of the (2D) sys-
tems is its dependence on two variables which are the
time and the space. However, there are many (2D) sys-
tems such that none of their variables is time or spatial
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[26-29]. Moreover, one of the fundamental issues in the
(2D) systems theory is the realization of a given transfer
function or transfer matrix by a certain kind of the (2D)
local state-space model, typically by Roesser model or
Fornasini-Marchesini second (FM-II) model.

Our contribution is mainly based on the modelling
of a rotary drum filter using physical laws and particu-
larly concerned with the realization problem for a given
(2D) MIMO system by the (FM-II) model. As well as a
(2D) least squares identification is applied and it has a
great importance in a huge range of applications [30].
However, the special structure of the (2D) data set gives
rise to the development of cost-effective algorithms for
the sequential determination of parameters [31, 32].

This paper is organized as follows: Section 2 pro-
vides the characteristics of the rotary drum filter subject
of steady with its different running modes. Section 3
describes the (1D) nonlinear modelling of the filter
using several laws. Section 4 presents the linearization
ofthe (1D) system. Section 5 describes the implementa-
tion of (FM-II) model on our system and the algorithms
used. Section 6 represents parameter estimation with
the recursive least square (RLS) method in the case
(1D) and (2D ). Finally, concluding remarks are made
in Section 7.

2. The rotary drum filter

There are mainly two vacuum-operated devices that are
rotary drum filters and band filters. They have the same
applications but the band filters deal thicker slurries
(50% solids). Among the continuous filters which are
considered, we find the rotary drum filter. The rotary
drum filter is constituted by two coaxial cylindrical
drum and a outer drum carries a filter canvas.

2.1. Characteristics

Our filter has a huge toric surface which has a value
close to 262 m?. This filter (Figure 1) is composed by
36 flat cells covered by 36 membranes with 36 tubes.
Each tube is connected to a cell, a vacuum box and a
driving motor which is responsible for the transition of
the slurry by five sectors which are: the pre-sector, the
strong acid sector, the acid medium sector, the weak
acid sector and the sector of wash canvases. Figure 2
shows a sketch [33] of the filter. The outputs of the filter
are the strong acid which goes to storage, the gypsum
which goes to outer area and the medium acid which
returns to the reactor [34]. Tables 1 and 2 gathers the
different characteristics of the filter.

The cake (slurry) reaches a certain thickness and by
the end of the cycle, the gypsum is removed from the fil-
ter by scraping system. A cycle of wash and spin is often
assistant. These filters provide greater investment but
they have a lower cost of operation: they are therefore
suitable for large productions.
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Figure 1. Photo of the rotary drum filter.

‘Weak sector

Wash canvas Medium sector

Strong acid Weak acid

Figure 2. Functional block of the rotary drum filter.

Table 1. Nomenclature of parameters.

Symbol Designation Value (IS)
So Peripheral filter surface 262.314 m?2
S Internal filter surface 42.754 m?
Do Overall filter diameter 18.280m
D Internal filter diameter 7.380m
Sn Surface of one nacelle 6.098 m2
Sk Surface of the fort compartment 24,395 m?
Sm Surface of the medium compartment 48,784 m?
Srw Surface of the fabric wash compartment 24.395 m?
Sw Surface of the weak compartment 60.98 m?
Se Surface of the gypsum compartment 60.98 m?

In continuous filtration, a cake stand (or filter media)
moves slowly to the suspension. When the cake is thick
enough (or clogging of the mass is large enough), we
shall remove the cake with, where appropriate, an inter-
mediate steps of washing and dewatering of the cake.

2.2. Running modes

The membrane filtration can be used in two main oper-
ations: frontal filtration (dead end) and tangential flow
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PERMEATE

Tangential (Cross) Flow Filtration
(high permeate rale)

Figure 3. Operating principle of frontal and tangential filtration.

Table 2. Nomenclature of parameters.

Symbol Designation Unit

Qe Flow of strong acid m3. s

z vertical displacement m
along the height of the cake

P Loss of pressure Pa

P Solid pressure Pa

P Liquid pressure Pa

% filter Speed RPMn

S Surface of the strong acid m?2
compartment

v Volume flow filtration m3

K Permeability m?

h Height of the cake m

m Liquid viscosity Pas---s

U Viscosity Pas - s

¥ filtration Speed m-s~!

Vp Volume of slurry m3

t Time s

L Length of the portion of the cake m

r Radial displacement m

ab Flow rate of slurry m3.s7!

€ Porosity of particles of phosphate Dimensionless

[% Opening angle of the R
nacelle of the filter

6o Initial opening angle of the R
nacelle of the filter

E ratio of lateral and normal stress Dimensionless

filtration (cross flow) (see figure 3). These two modes
are very important and correspond to two technologies
and two completely different approaches to filtration.
In our case, we have a frontal filtration because the
slurry is injected in a perpendicular way in the filter.
For this mode of running, the fluid flows vertical to the
membrane by causing a shear which allows the accu-
mulation of material. All the material retained accu-
mulates on the membrane. Nevertheless, this type of
filtration increases a little the occurrence of clogging
phenomenon. The frontal filtration is the best solution
but it requires a washing step to avoid the phenomenon
of clogging. In general, the filtration can be operated

NN

Dead-End Filtration
(low permeate rate)

at constant pressure or constant flow. In our case, we
have a constant pressure. The pressure gradient may be
generated by the operation of a pump that circulates
the liquid above the membrane. When the pressure of
the vacuum pump decreases, the thickness of the cake
increases along the axis of the membrane [35]. Due to
the coriolis effect, the thickness of the cake has tendency
to move to the outer edge which decreases the height
of the edge. This phenomenon is neglected in our case
because the speed of the rotation of the filter is so low.

3. (1D) nonlinear modelling of the filter

The literature distinguishes two types of approach to
model filtration: macroscopic models based on the
material conservation equations and a filtration rate
determined empirically as well as a microscopic models
describing the grain transportation process. Concern-
ing macroscopic models, these types are not based on a
physical modelling of particle deposition mechanisms.
The parameters of these models do not necessarily have
a clear physical meaning but its results are usually close
to the experimental results.

Developing a model requires first to write mathe-
matical equations that relate state variables descriptive
of physical process. Compared to other procedures,
fixed cultures, the filtration system has the comple-
mentary particularity to include an additional model
of physical filtration, which increases the difficulty of
resolution and integration of system equations. For
activated sludge processes like the filter, the problem
of the complexity of the models make them control
possibilities in practice very limited cases [36].

The model we are looking for is a model for a control
objective. So we will look for the physical equations that
contain the state variables X and control variables U.
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Figure 4. Decomposition of a filter cell.

The state variables are the height of the slurry in the
filter which denoted & and the volume of the filtrate acid
denoted V . The two actuators involved in the process
are the pump providing slurry which is regulated to a
prescribed volumetric flow g;, and the motor for rotat-
ing the filter which is regulated to the described angular
speed wy.

3.1. The state variable calculation

3.1.1. The height of the cake h

According to the mass balance, the quantity of the
slurry in the filter is equal to the difference between the
quantity of slurry injected in the filter and the quantity
of acid gotten from the slurry:

My = Mgiter + Ma, (1)

where M), is the mass of the slurry injected into the filter,
Migjier is the mass of the slurry after filtration and My is
the mass of the phosphoric acid filtrated.

The mass of the slurry M}, injected from the reactor
to the filter is modelled by the volume of the slurry V;
injected into the filter:

My = pp Vi, (2)

where py, is the volumetric density of the slurry and V},
is the volume of slurry filled the nacelle.

The mass of the slurry Mgy, after filtration is mod-
elled by the height of the cake / and the surface S of the
nacelle:

Miiter = puSh. (3)

The mass of the filtrated acid M, is modelled by the
volume of this acid V':

My = PA v, (4)

where p4 is the volumetric density of the phosphoric
acid Pz O5.

Replacing (2), (3) and (4) into (1), we get
PpVy = ppSh+ paV. (5)

If we divide (5) by p, and we suppose that
pa/py = my, we find the following formula:

Vi = Sh+m,V. (6)
Then the filter has the shape of a ring with external

radius R; and internal radius R; as shown in Figure 4.
So the surface S of the nacelle is modelled by the angle 6:

1
S= 5(JR{ — R3)6. (7)
If we introduce (7) into (6), we obtain
[ 2
Vy, = E(Rl —R5)0h+m,V. (8)

If we derivate (8) with respect to time, we obtain

v, 1, L, dh 1, , do dv
— 2 = (R —RHO— + (R —RHh— —.

In fact, the angular deviation with respect to time
df/dt is equivalent to the angular speed of the filter wy,
and the slurry volume deviation with respect to time
dV,,/dtis equivalent to the volumetric flow of the slurry
qp> s0 we obtain from (9) the following equation:

w2 LR - Ry m, Y
T = 5" 27 TRV 2)1MWf LT
(10)
We take dV /dt = gap. From (10), we can get the height
deviation with respect to time dh/dt:

dh 2 h 2m,
— = b — ~Wf — 55—+ JAE-
&~ R-r)eT 8T (R -r)e ™
(11)
Finally, we get
dh

where X = [h gar]’ and U = [gp wy]".
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3.1.2. Volume flow rate of the phosphoric acid qar
To describe the flow of a fluid through a porous
medium, we use the Navier Stokes law and the Darcy’s
law. The Darcy’s law is a relation between the flow of a
fluid and the pressure. Permeability is a physical char-
acteristic that represents the ease of a material to allow
the transfer of fluid through a connected network. The
Darcy’s law makes it possible to connect a flow rate
to a pressure gradient applied to the fluid thanks to a
characteristic parameter of the crossed place: the per-
meability k. The mass conservation equation coupled
to the fluid motion equation yields the incompressible
Navier Stokes equations and the main unknown param-
eters in this equation are the mass density, the velocity,
the pressure and the temperature, but this list could
be longer depending on the case being studied. The
purpose of this part is to describe the corresponding
fundamental solution for the equations that model an
incompressible fluid in the exterior of a rigid body that
is rotating at a constant velocity and rotation [37]. The
Navier Stokes equation is:

b
,OE—F,O(I?-A)l?:—VP—FM'Al? (13)

V-9 =0 (14)

with ¢ is the velocity field, P is the pressure, p is the
fluid density, p is the kinematic viscosity, ¢ is the time
and A is Laplace operator. A = Zjl:l 32/ szz stands for
the Laplace operator.

If we multiply (13) by S, we obtain

09-S 5 89S _ 9P %9 - S
P 77 0z ez a2
(15)

If we take ¥ - S = gaF, so we find

09aF _ o 99aF S

= . 16
ot 0z p 0z p 072 (16)

Now we should calculate the following two terms:
dqar/0z, 32 qarp/02*.

To find these two terms, Darcy’s law is used which
has the following formula:

> KAPS
0= .
uz

The strong acid flow (28%P,O5) is characterized by
a?, according to the Darcy’s law, is proportional to
the pressure AP and the permeability K and inversely
proportional to the dynamic viscosity u of the fluid.

First, we will express the pressure drop across the
filter. The term is derived from the Darcy’s law.

K(Py — P(2))S

qar(z) =
n-z
_KPy-S  KSP(2)
T uz ooz
P
— B _ ﬁzﬁ (17)
z z

with 81 = (K-Py-S)/u and B, = K-S/ are two
constants.
If we derivate the previous equation, we obtain

dP(2)

dqar B 9z P(2)
= - 1
9z z2 & z z2 (18)
If we derivate (18), we get (19)
qar _ 281 ny e _,P@
022 z3 >y z2
92P(z)z  9P(2)
— — . 19
B2 ( 922 Py ) (19)

Replacing (18) and (19) in (16), we find

0qAF _ 0P(z) (U -po S  u-po
ot 0z

n +M-_ﬁz>
z P p-z P

)
zZ zZ

p \ 23 z2
(20)

The overall pressure P in the slurry mixture is the sum
of the pressure of the solid particles Ps and the pressure
of the fluid P; such as

P=P,+P.

The differential of the pressure with respect to the z
axis:
oP 9Py 9P
—_— =4+ —. 21
0z 0z * 0z (21)

The expressions of Ps and Pj are given by the follow-
ing relations:

0P Qe P )
— = 1—E)= + (ps — ,
97— K2 ( ) - (ps = pDwsz
P Qe >

9. Kk M

where Q. is the speed of strong acid (ms™!); p; is the
solid density (dimensionless); o is the liquid density
(dimensionless); 1 is the liquid viscosity (Pas.s ); E is
the ratio of lateral and normal stress (dimensionless ).



So, the overall pressure is the sum of the liquid and
solid pressure:

aP Qe Ps 2
— = 1—E)— —
Py 271K22( ) " + (ps — pOWrz
- MISC + mwfz. (22)

If we replace dP(z)/dz by its expression, we obtain

1i aQAF 1 Qe-Ps-S(1—-E)
im = —
z—h Ot h* 2w - K
Pe-in-B(1—E
+Qe s - Ba( ))
2r -K-p
1 _Qe‘Ps‘ﬁ’,BZ(l_E)
+ 5
h3 2 -K-p
Qe-Ps-Br- (1 —E) 2.1 B
+ )
2 -K-p o

1 u-P
+ s @ fr— - py P2
o

l(_Qe'ﬂl'ﬁ',BZ__Qe'MI'MUBZ)

+h K K-p

"
+ we*(ps — p1 + 1) Ba (P + ;)

s : e’ S
+ we? - h(m)(u By —8) + %,
P
(23)
finally, we get
dqar
—5 = LEO.UO). (24)

3.2. The (1D) nonlinear model

The nonlinear model obtained from (12) and (24) is as
follows:

dh

T =AU,
‘ 23)
S = px, U,

For controlling such systems, it is quite necessary to
take into account the nonlinear phenomena. The sim-
ulation of the nonlinear system gives the two following
outputs:

e The height of the cake, h (cm).
e The volume flow rate of the strong acid, gar (m? -

h™1).

We note that the thickness of the cake increases over
time until it reaches 6 cm. The volume flow of the filtrate
increases to a value close to 74 m> - h™!. These results
are close to the real system.
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4, Linearization of the (1D) model

In this section, we make linearization around an oper-
ating point (X, U).
We will linearize the terms: 1/h, 1/h%,1/h® and 1/h*.
We make for / a linear approximation with the first-
order Taylor’s formula:

1
p

— — — —

Skl =
Ul =

1
" b3

U=

1
" 12

S o=
| =

with hy is a small variation of the height of the cake. So,
we obtain

Qe - Ps - -

a[]AF _ Q- Ps-S(1—E) ,82(1 — E)
at Zn-K.hg 2n~K~p-h8
Qe'Ps',BZ'

—Qe - Ps -0 - f2(1 —E) n(l — E)

+ 27 -K-p-hi 27 -K-p-ht
Py T p -y
2-p-B2 0B O-Bo-P wu-P
L )+ B R om
Ly 0 0 p-hy
<_Qe'ﬂl'79',82 —Qe~w-u~ﬂz>>
+ 5 - 5 h

K.hj K - phj

+ (05 — o1+ 1) B2 (19 + %) w

— Q.- S
+(w>(u.lg2_s)wﬁ.h+&
P K-p

(26)

We suppose that:

_ Qe'Ps'S(l_E)
a_(< Zn.K.hg +

Qe'Ps'l’L',BZ(l_E))

271-K.,0‘h(5)
Qe'Ps',B2'
—Qe¢ - Ps -9 - B2(1 —E) u(l —E)
+ 27 -K-p-hi 27 -K-p-hi
P hy 44 p - hy
2. - o - S B,-P .P
n Mfz)+ 3/32_ ,332 LK .
p - hy h h p-hy
Qe 0B —Qe i B
+ 2 B 2 :
K.hj K- phj
(27)

So the linear model of the rotary drum filter is given
by the two following equations:

dh
HhEX®,U®) = I

2 pg h 2

=5 g S — 28
®_r)e" 0" T worge W
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d
HEWD, Ut) = %

=a‘h+(ps_Pl+Ml)ﬂ2<ﬁ+%)W]%

n (ps—pzﬂu)
P

.0, -S
x(u-,Bz—S)wf-h—i-&.

X o (29)
The equations of the model contains the product of a
state variable and a control variable. In order to linearize
the model, we must use the Jacobian linearization. We
will select an operating point at steady-state P(X, U)
suchas f (X(t), U(t)) = 0. Moreover, if we suppose that
U = 0, so the operating point is:

m1QeS

o | [
pa |
0 0

The model is as follows:

X = F.X + B,U

Y = GuX, (30)

where Fy, B, are the Jacobian matrices of the partial
derivatives of f (X, U) with respect to X and U, the state
and the input variable of the system, respectively, which
measured at point P(X, U). The two matrices F, and B,
change according to the operating point.

At steady-state, we have

—:< h+ 8h ) U:<éb+5qh)
gar +8qar)’ wr + dwy
o o
Fo— | 90 Oqar | _ (Bxin Fan
*T 192 9k | \Far Fx
oh  0qar
oo
aqy  Ow Buir  Buiz
B = =

dqy  Owr

10
=0 1)

with  Fy1 = 8f1/8h = —1/_Vf/9; Fip = 8f1/anF =
—2m,/((R? —R%) - 0) ; Fo1 = 3f2/0h = o + ((os —
pr+ 1D/ p)(1 - Bo — )W Faap = 3f,/0qar = 03By
= 9f1/0qp =2~ pg/ (R} — R3)0); Buiz = df1/0ws =
—h/0; By = 0f2/dqp, = 0; By = 2(ps — p1 + (1)
Ba(P + w1/ p)wr

+2((ps — pr + /) (- B2 — S)ywy - h

\ !Mﬂ

ki
Rl

| th hr N ]
| B jf) |
h)

Flow rate of the slurry u1 (m3/h)
n w B [6)]
D ———a|
—
_
-

0 200 400 600 800 1000 1200
Time(
<18 ‘ ; : :
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Figure 5. Evolution of the inputs of the filter.

So, the final Jacobian matrices of the state-space are
_ (Fa1 Faz _ (Bui1 Bunz
F, = , B, =
Fao1 Fun Bia1 Bux

1 0
)

Validation of the model is the process of determining
the degree to which a simulation model and its asso-
ciated data are an accurate representation of the real
world from the perspective of the intended uses of the
model.

In order to investigate the filter and its changing
states, our system was modelled and simulated by
“MATLAB” which is among the most developed soft-
ware for the simulation of production systems. We
suppose that the rotary filter on the TCG factory
is a multi-input multi-output nonlinear system (See
Figure 5), which has as inputs U1 flow rate of the slurry
and U2 speed of the filter, and outputs Y1 height of the
cake and Y2 the volume of the filtrate.

Also we have

X Y Ui
=) =) =)

The Figure 6 has the output Y; = Y,, which corre-
sponds to the thickness of the cake as well as the output
of the model Y,,, are almost constant. The relative error
between the output of the real system Y, and the output
of the model Y, belongs to £20% (see Figure 8)

The mean squared error is MSE = 0.4%.

The Figure 7 describes the output Y, = Y;, which
corresponds to the flow rate of the filtrate and the out-
put of the model Y, are almost constant. The relative
error between the output of the real system Y, and the
model Y, belongs to -0, 47%, see Figure 9. The mean
squared error is MSE = 0.313%. We note that there is
a gap between the real output and the output of the
model, this difference is due to the variation of the
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Figure 7. Calculated and estimated output of the flow rate of
the filtrate.

physical parameters of the system during the filtration
phase.

5. 2D modelling of the rotary drum filter
based on (FM-11) method

Consider the linear 2D system described by the follow-
ing (FM-II) model:

X(d+1Lk+1)=A1X(d,k+ 1)+ A X(h+ 1,k)
+ B U(d,k+ 1)+ BU(d + 1,k)

Y(d, k) = CX(d, k), (31)

where X(d, k) € R", U(d, k) € R'and Y(d, k) € R™ are,
respectively, the local state, input and output vectors, d
isthe time t and kis the angle 1 /0 and A}, A3, B, By and
C are real system matrices of suitable sizes. The system
is also conventionally denoted by (A1, A3, By, By, C).
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Figure 9. The relative error between the calculated and esti-
mated values of the flow rate of the filtrate.

Definition 5.1: The (2D) linear system (31) is said to
be asymptotically stable if:

ll_l)f& x@®I =0
under
sup [x(0)]| < o0
where x(i) = {X(d,k),d+ k=i and |x()| =

SUPyex(i) IXII-

The following lemma gives a sufficient condition for
the asymptotic stability of the (2D) system in term of an
LMI.
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Lemma 5.2 ([38]): The (2D) system is asymptotically
linear if there exist matrices P > 0 and Q > 0. Thus, we
introduce the equation of “Bézout” in matrices P(z, z2)
and Q(z1, zp) such that:

IX — A121 — A222

Ix = [Q(z1,22) P(z1,22)] |: C ] (32)

where

Lemma 5.3 ([39]): The (2D) system is asymptotically
stable if there exist matrices P > 0, Q > 0, R = RT >=
0,]] > 0, F € R*"" and G € R"" such that:

_ TT TAT
[]+FA+ATF F+A GT co (33)
* P-G-G

where
_(P—-Q—-2R R Fe F
1_[ - RT Q) o F,

T
and A = (ﬁ; ) The different stages of the (2D) mod-

elling are:

(1) The transfer matrix of the previous model is:

1/f = diag{wlw '-)wl}

where Vr; is the column vector defined as:

k

1/fi = |:Z2i> Z

2
221,21, 22,71

ki—1 ki—1 ki
521 222) 52 5.

and diag is a diagonal matrix.
(2) Write D(z1,z2) and N(z1, z2) in the form of:

D(ZI)ZZ) - DHT ° 1//) (34)
N(z1,22) = Nur - ¥, (35)
where:
Dy ... Dy
Dy -+ Dy
N1 ... Ny
Npr=1| + . ‘[,
N1 -+ Nu

We have F(z1,z3) = (II\D]EZZD where Dyt and

Nyt are real matrices with sizes conformable to .

(3) Construct the matrices Ajo, Bi; i = 1,2 such that:
¥ = (I — Az — Awz) ' (Biz1 + Baza) (36)
(4) The realization is finally obtained as:

A; = Aj + B;Dnur,
C = Nyr.

B, i=1,2 and

By thoroughly investigating the structural proper-
ties of (FM-II) model, using the relations (34), (35)
and (36), a realization can be obtained.

¥ has to satisfy the following conditions:

(1) Condition 1: v; contains all the power products
occurring in the polynomial entries of the iy, col-
umn of F(z1, 25).

(2) Condition 2: v; contains z; or z;, or both z; and
22.

(3) Condition 3: Let nj(i=1,...,]) be the dimen-
sion of ;. For every entry v¥;(j) (je 1,...,n;)
except for the entry that is either z; or z,, there
exists another entry ¥;(d) (d € 1,.. ., n;) such that

Vi(j) = z1¥i(d) or ¥i(j) = 22¥i(d).

The above realization procedure produces a state-space
description (A1, Az, By, B, C) which have the following
properties:

o [I—Ay1z1 — AyzyB1z1 + Byzp] is full rank in c?
o det(I — Ayz1 — Ayzp) = det D(z1,22)

Starting from the initial ¥; (i = 1,. .., ), the following
algorithm is given below for constructing the final
(i =1,...,1) which has to satisfy the conditions of (2)
and (3).

Once Y,...,Y; are constructed by Algorithm 1,
Y = diag{y - - - ¥}, can be readily obtained. v is now
of size n x I, where n = 2521 n;. Note that n will be
smaller than »” if some power products are absent in the
polynomial entries of F(z1,22). This will be illustrated
by a non-trivial example in the next section. Next,
express D(z1,z2) and N(zy, z3) in the form D(z;1,22) =
Dury, N(z1,22) = Ny, with D;; € R™ and D;, €
R are row vectors whose entries are the coefficients
of the (i,j)— indexed polynomial in D(z;,2;) and
N(z1,z), respectively. The system matrices Ay, Ay, By,
B; and C can then be constructed by the Algorithm 2.

Calculation of the transfer matrix M

The state vector of the rotary drum filter has the
following form:

F, = <Fx11 Fxlz) (37)

Fuo1  Fyo



AUTOMATIKA 113

Algorithm 1 Calculation of the matrix: ¥

Algorithm 2 Calculation of parameters: A;, b;, ¢;

:i=0

2 i=1i4 1;j = 0.Ifi > [, exit. Otherwise, proceed to
Step 3.

3 j=j4 1, r = 1. Check whether there exists an
entry ¥ (h) (j < h < n;) such that condition (3) is
satisfied. If yes, repeat Step 3. Otherwise, proceed
to Step 4.

4. :Ifj = n(i — 1), check whether ¥ (j) = z,

s: If j = n(i), check whether ¥ (j) = z; or ¥ (j) = z,.
If the answer is yes, return to Step 2, and if the
answer is no, go to Step 7. If j # n;, proceed to Step
6.

6: r =r+ 1. Check whether there exists an entry
Y (k) for j < k < n; that satisfies either v;(j) =
Z1¥i(k) or ¥i(j) = Z5yi(k). If the answer is yes,
insert either z] *yi(k) or 2, (k) at an appro-
priate position according to the descending order
of power products in ¢ for s=1,..,r — 1. Let
ni =n;+ (r —1) and return to Step 3. In the
case that the answer is no, check whether r <
deg {1//(]')2}. If yes, repeat Step 6. Otherwise, pro-
ceed to Step 7.

7. Check whether steps 1 and 2 and that
degz, {v ()} = deg., {v()}. If yes, insert
zl_lwi(k), while if no, insert z; Lyi(k), into
according to the descending order of power
products. n; = nj4q.

8: return to Step 3.

with:
of1 wf
x11 9k 9
F N 8f1 _ 2mp .
T b R-R) -0
) Ps — p1+ [ .
Fx21=3—J2=Ol+<—S p (M'ﬂz—s)wf;
0
Fip = 8;; = 0.

The command vector of the rotary drum filter has the
following form:

Buii Buiz
B, = 38
! (BMZI Bu22> (38)
with:
B — ofi B 2 pg .
T g T (R —R6
qb ( 1 2)
i h
Byiz = _f = =7

owg 0’

1: Introduce n; x n; matrices Ag’g and Aglg, i=1,..,1
which are determined in the following way. Set
initially all entries of Ag’g and Ag’g to zero.
For k =1,...,n; , let only Agg(k, di) =1 if there
exists certain hy (k < di < n;) such that (k) =
z1Y¥ (dy), and let only A;’g (k, my) = 1 if condition
(1) step 7 does not hold and there exists certain
my (k < my < n;) such that (k) = zp9;(my). It
is obvious that A(lg and Agg are upper triangular
matrices and have at most only one entry equal to

1 in the same row of Ai’g and Agg.
2. For k = 1,2, construct column vector B,((’) € R" |

i =1,.., 1, by setting initially all the entries of B,(f)
to zero. If there exists some h such that ¥;(h) = z
, change the h — th entry of B,(j) to 1.

3: Construct the n x n matrices A9, Ayg and the n x
I matrices By, B, as follows.

. 1 2 1

Ay = dlag{Ago),AEO),...,A(lg}
. 1 2 1
By = diag(B\}),B'?, .., B

with k =1, 2.
4. To check the stability conditions of the (2D) sys-
tem, it is easy to see that

(I — Ayoz1 — A2022)¥ = (B121 + B222)
and it can be shown, in the same way of [40], that

WDy (z1,22) = (I — (A10 + BiDur)z1 — (Ao
+ ByDyr)z2) " 1 (Bi121 + Bazy)

Bpi=—=
u. aqb

Bz = 2(ps — p1 + 1) B2 (19 + %) wf

+2(ps—,01+m>

P
X (- B2 — S)iwy - h.
wf mp
det(p-L — F) =p*+ —= -p+ —5—2—— Fo
* 0 (RP—RY)-0

Throughout this part, we denote by p the Laplace
operator.
At first, we calculate the determinant of Fy:

P 0 Fxll Fx12>
L —F = -
P2 = (0 P) (Fx21 Fy22
f 2mp

w
detp- L —F) =p*+ 2L - p+——L . Fo.
etp- I )=p 0 P (R2—R3) -6 2
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Using the previous determinant, we calculate the
adjugate matrix of Fy to obtain the final transfer matrix
M(t,1/6).

Gx(com(p-I, — Fx)") - B,

:< P Bun P Buiz )
Fi1 - Buia + (p — Fx11)Bu2

Fo1 - Bunn
1 M, M,
M(p,—) = 39
(p 6) (M3 M4) (39)
with

1 ) ﬁ/f 2my,
Z) = . —— . Fo1),
Ml("’@) (P+9 PR 6 ”)

(40)
M Iy Fi1 - Bui (41)
3P>9 _P2+&‘P+2¢'F ’
0 (RR—R%)-0 21
M2 p l = = p i BulZ (42)
"6 P+Y oy P F ’
Z (R—R%)-0 21
M 1\ _ Fuu-Bua + (p — Fa1)Bu (43)
“\P 6 o 2 wf 2myp F ’
pr+p+ ®—ra a1
Wehavep =z and 1/0 = z,
S0,
b121Z2

Z% +a1z1z2 +anz
b3z,

Zf + a3z1z2 + a33z;

M(Z], 22) =

byz125

Z% + axz1z2 + a2z
by + baszy + baaszy

zf + a42122 + a4z
with by = By115 by = Bui12; b3 = Fxo1 - By11; ba = Fror
By12; bag = Fx11 - Buop; baaa = Bypp; a1 = ax = a3 =
as = wr /6. an = axp = as = ay = (2m,/
((R% — R%) - 0))Fx1.
From the transfer matrix, we can formulate the fol-
lowing matrices:

Dg(z1,22)
_ z% + a112122 + anzs 0
0 Z +anziz; + anz
biiz1z2 biaz122
Nr(z1,22) =
R(z1,22) ( byiza b0+ bz + binzy
N(z1,22)
F(z1,20) =
(@1, 22) (D(Zl,zz)
bi1z122 b1z
_ bz b0 + byzy + byrz
2+ anzizz + anz 0
0 Z% +anziza +anz

Thus the column degrees of columns 1 and 2 in
F(z1,2;) arek; = 1and k; = 2,and the power products
occurring in the polynomial entries of the columns with
non zero coeflicients are {z;,z1} and {zz,zl,zf,zzzl},
respectively. The initial column vectors v, and y, sat-
isfying condition (1) are: ¥ = (z122 22 )5 Yo =
(212222 2 2)T

Applying now the 1, ¥; and ¥, should satisfy condi-
tions (2) and (3).

So, for /1 a new term z? has to be inserted into vy,
so, Y1 = (2122 zf 2, z1)T. This new 1/; now satisfies
conditions (2) and (3); therefore, we have

¥ = diag{y1, Y2}
(7122 zf 2z 0 0O 0 O
“\0 0 0 O nz 2 oz oz

For ¢ constructed above, it is ready to calculate that

D(z1,25) = Dut¥;  N(z1,22) = NuTY

where
Do (0 0 an 1 0 0 0 0
HE=Y0 0 0 0 an 1 0 0

and
N (00 b 0 0 0 b 0
HE=X0 0 byy 0 0 0 by by

Since only v;(1) = z1¥1(3) holds for v, its follows
from Algorithm 2 that

0 0 1 O 0 0 0 O
w_ oo o0 o0 wm oo oo
A = 00 0 0f’ Aw = 0 0 0 O
0 0 0 O 0 0 0 O
Calculation of A; and B;
On the other hand, for (1) = 2z9,(4),
Algorithm 2 produces
0 0 0 1 0 0 0 O
@ |0 0 0 O @ |0 0 0 0
A = 00 0 0}’ Aw = 0 0 0 O
0 0 0 O 0 0 0 O

It is easy to obtain

B=0 0 1 0% BY=0 0 0o DT

B?=0 0 1 0% BM=0 0o o nT.



Since ¥1(3) = 22, ¥1(4) = 21, ¥2(3) = 22, ¥2(4) = 21
Ay = {A%),A%)}
0 O

S O O O O o O

S O O O O o O

[=elNeloNe=R-n
[=NeNelBoNeoR=E«X=]
[=NeNelBoNoReBRoX=]
[=NelNelBoNoNeEoNe]
[=leNelol el ==l
SO O O = O O O O

A1y = Ay + B1Dyr

00 1 0 0 020 0
00 0 0 0 00 0
00 a; 1 0 0 0 0
loo 0o 0 0o 00 0
“loo 0o o 0o 0 0 1
00 0 0 0 00 0
0000022100
00 0 0 0 00 0

Ay = Ay + BoDyr

0000 0 00 0
0000 0 00 0
0000 0 000
oo oo 0o 00 0
“looo0oo0 0o 00 o0
0000 0 00 0
0000 0 00 0
0000 ap 1 0 0

C=NHT=<OOb“O 0 0 bp O)T

0 0 by O 0 0 by by

6. RLS identification: study case (1D) and (2D)
6.1. RLS for the (1D) system

RLS algorithms for parameter estimation are usually
described in relation to the batch-type least squares
algorithms, minimizing a quadratic error criterion.
This error is the difference between the estimated and
the observed values of the process output [41]. Con-
sider the following linear process with slowly time-
varying parameters, described by the following differ-
ence equation:

N M
Z aiyk—i = Z bixy_j,ao = 1. (44)
i—0 =0
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The signal yj is the process output and xi is the
input. For a notation most practical a parameter vector
is defined: ®f = (by,by,..., by, —a1, —az, ..., —an)
and asignal vector:u’ = (X, . . ., Xk—M> Vk—1 - - - » Vk—N)
U, ® € RP,p =M+ N+ 1 (44) can be rewritten as
follow:

Yk = u,i@. (45)

The parameter vector of the filter is estimated by an m-
vector ®. An error criterion is established:

k
J(©,k) = n(Or = ©0) + ) 0"~ — uOR?,
i=1
(46)
where 1 is an exponential forgetting factor n €]0, 1] and
®¢ contains initial values of (:)0. Q € R™ is a pos-
itive definite matrix. Note that usually in the normal
RLS algorithms the first term on the right-hand side
of equation (51) is omitted By setting 9]/9® = 0 it is
readily calculated that

-1

k
O = (n"Q‘1 +> n"_iuiuf)

i=1

k
X (UkQ_l(% +y Uk_i”i}’i) . (47

i=1

In this equation, a matrix Py is introduced where

k—1
=7 (nkQ_l + Z nk_l_’uiuf) + g,
i=1
= r;Pk_JIukuf< (48)

which is a recursive algorithm; Py = Q

1 Pk,lukuth,l
Po=— P, - L (49)
n n + u; Prug

Py = Q using Py defined in (48), (50) can be written as
follows:

k
Ok = Py (nkQ_l(% +y T]k_iui)’i>

i=1
= O + (Px — Pr_y)
k—1
« (nkQ—1®0 Z nk—l—zuiyi)
i=1

+ Prugyx (50)
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U, Y,
M1 R
U;
M2
Y2
M3 >
N M4

Figure 10. Transfer matrix of the model.

with Py = Q, it is seen that (:)0 = . Substituting (50)
yields
A A Proqur(ulOr_1 — y0)
Ok = Oy — k (51)
N+ u Pr—yug
By =6

6.1.1. Simulation results for the (1D) linear system
At the end of the modelling, we obtained a transfer
matrix consisting of four transfer functions M;, M,
M3 and My. These transfer functions are arranged as
in Figure 10.

From the filter-state representation, we got a transfer
matrix which is as follows:

_ (Mi(p) Ma(p)
M(p) = (M3(P) M4(P)> ' (52)

with
B
Mi(p) = P ”lzlmp (53)
—(RﬁfR%)-Q . Fx21
B
My(p) = £ “fmp (54)
W : FXZI
F B
M3(p) Wf x21 * Dyll (55)
Ma(p) = Fi1 '_Bulz + (p — Fx11)Bu22 (56)

2m,

2,
p +7'P+W'Fx21

The performance of the RLS method was tested by
computer simulation. Now, we want to look for the
estimation vectors él, éz, 53 and 54 which correspond
respectively to the transfer functions M (p), M2 (p),

Table 3. Estimation vector of §1.

0y Calculated parameters Estimated parameters
a —0.2501 —0.2331
c:ln —0.4500 —0.4344
b, —0.0133 —0.0034

Table 4. Estimation vector of éz.

6, Calculated parameters Estimated parameters
a; —0.2501 —0.2090
axn —0.4500 —0.3899
by —0.1535 —0.0015

Table 5. Estimation vector of ég.

6, Calculated parameters Estimated parameters
as —0.2501 —0.1771
(:233 —0.4500 —0.7584
b3 —0.1155 —0.0187

Table 6. Estimation vector of 9.

6, Calculated parameters Estimated parameters
ay —0.2501 —0.1425
(:144 —0.4500 —0.7754
by —1.6004 —2.2350
baa —0.1955 —0.0226

M3 (p) and My (p). The calculated parameters are found
directly from the physical parameters of the rotary fil-
ter with a tolerance of £10%. In the following, we will
apply the RLS estimation method on the rotary drum
filter. So we obtain four estimation vectors, which are
cited in Tables 3, 4, 5 and 6:

Using these tables, we notice that 0 and 6 are close,
which validates the performance of the (1D) RLS iden-
tification method.

6.2. RLS for the (2D) system

This section is concerned with a basic spatial RLS
algorithm for a second Fornasini-Marchesini (2D)
model. Either, x(d, k) is the input and y(d, k) is the
output of the system.

ydkh=— > agpyd—ik—j
(i)el|il+]j|#0
> bix(d— ik —j). (57)

(ij)elx

I’ and L* denote the support region for the ARX
model. Given an input (2D) signal x(d, k) and a desired
response x(d, k), (h, k) € [0,0].[N1, N;], the optimal
least square (2D ) filter is obtained by minimizing the



cost function.

h—1 N,

2d )y =y Y TNt (1 1)

t1=0t,=0
k
+y %P, ), (58)

t,=0

where e(t), t;) = x(t1, t2, k) — y(t1, 1) is the instanta-
neous error and 7 € [0,1] is the so called forgetting
factor. In this section, (2D) support region of gen-
eral shapes are considered for both L” and L*. More
precisely, L consists of a union of intervals

5]
L= 1.

i=ky

Using the previous notation, equation (49) takes the
form

1G) = {(5,)) : k(i) <j < 52(i)}
s1 = max{i: (i,j) € L}
k; = max{j: (i,j) € L}
sy = max{j : (i,j) € I(i)}
ky = max{j : (i,j) € (i)}
s 50

yd k==Y

i=K, i=k, (i) il + | £0

a,-,jy(d — i,k —])
55 (1)

B>

i=ky i=k3 (i)li]+|j] £0

b,‘,jx(d —i,k—7j). (59)

Let us define the row-wise data vectors and the system
parameters that are attached to the support regions L”
and L*. We use the following notation k)z' =1

(1) Output data corresponding to L

Vie [k],s)]

Y k) = [)’(d — ik _j)]jzk{(i)--~s{(i)
K (0)=1

av) () = (a0
K (0)=1

(2) Input data corresponding to L*:

Vi € [ky, 7]

XIx (i) (d, k) = [x(d — ik _j)]j:k)z((i)"'sg(i)
k%(()):l

biey (1) = [bij iz -5
K (0)=1
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Then (59) can be expressed as a linear regression
y(d, k) = —d'(h, k)©
The regressor vector ®(h, k) is defined in terms of

input-output data

Xix(d, k)
where
Yo(d k) =[r®]_p.g
Xpx(d, k) = [xp (D] izgr..s

1

—

The parameter vector ® carries the system coefficients

_|Av
o=[3]

where Ay = [ap(i)] and BA;x = [bi(i)]
The least square algorithm is as follows:
2D parameter update

O(d, k+ 1) = ©(d, k) + w(d, k + De(d, k + 1),
e(dk+1) =e(d k+1)/p(d, k+ 1),
e(d,k + 1) = x(d, k)®'(d, k) O (d, k),
B(dk+1)=1—&(dk+ DHw(d k+1).

2D Kalman gain update

w(d,k+1) = = 'P(d, k)®(d, k + 1),

w(d, k+ Dw'(d, k+1)

1
P(d,k+1) = n~'P(d, k) + BakED

6.2.1. Simulation results for the (2D) linear system
We consider that él(ZD), éz(zD), 53(2D), éfD) are the esti-
mated vectors, respectively, of the transfer functions
M, M, M3 and My. We apply the (2D) identification
algorithm in order to obtain the following tables:

From the simulation results presented in Tables 7, 8,9
and 10, we note that the estimated parameters tend to
the calculated parameters with a tolerance of £10%.
The parameters in (2D) model are closer to calculated
values than those given by a (1D) model. Since the con-
vergence of the parameters is done, we note that the
(2D) (RLS) identification method is more efficient than
the (1D) identification. For example for the (1D) model
we have a; = —0.2331 whether for the (2D) model
agw) = —0.2530. So, we note that agw) is closer to the
calculated value equal to —0.2501. So the convergence
of parameters is performed and the (RLS) identification
method is so effective in the (2D ) case.

Table 7. Estimation vector of éfZD).

éfZD) Calculated parameters Estimated parameters
a” —0.2501 —0.2530
aEﬁD) —0.4500 —0.4344
b —0.0133 —0.0134
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Table 8. Estimation vector of éZ(ZD).

éZ(ZD) Calculated parameters Estimated parameters
a@> —0.2501 —0.2805

ag’) —0.4500 —04515

by —0.1535 —0.1553

Table 9. Estimation vector of 93(20) .

53(2D) Calculated parameters Estimated parameters
a@? —0.2501 —0.1574
a%?,f’) —0.4500 —0.4504
i —0.1155 —0.1187

Table 10. Estimation vector oféfD).

GYD) Calculated parameters Estimated parameters
a%m —0.2501 —0.2019
a?i[’) —0.4500 —0.4561
b —1.6004 —1.6382
bz —0.1955 ~0.1975

7. Conclusion

In this paper, (2D) model was proposed to describe
the dynamic behaviour of a rotary filter, which is dedi-
cated to the aspiration of various types of acid: strong,
medium and weak.

Therefore, its study requires a deep research in order
to know all the parameters that have an influence on
the normal operation of the filter. Using the parame-
ters that characterize the “AOUSTIN-UCEGO” filter,
we get to find a two dimensions model for the filter. A
constructive state-space realization procedure has been
used for (2D) systems which may produce (FM-II) local
state-space model. An RLS identification is made in
both cases (1D) and (2D) and from which it is noticed
that the results of simulation are near to the real values.
The RLS identification for the (2D) system is more effi-
cient since the parameters in this case depend on the
temporal and spatial variables.
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