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A Novel Mathematical Analysis for Electrical Specifications of Step-up Converter
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Abstract: This study presents a unique comprehensive mathematical model for both transient and steady states of the step-up power converter in order to structure physical
aspects evaluations. The main disadvantage of different existence mathematical models such as impedance, small signal analysis and steady space average models is that
they use numerical analysis methods or simplification solutions that lead to approximate analysis. Therefore, the physical behaviours of the system such as inductor current,
output voltage and physical effects of components will not be accurately predictable. This study presents very accurate equations and all aspects of the structure are
predictable. In our research, this issue is investigated in Laplace and Z domains using the output-to-input transfer function calculations, and the effect of converter circuit
elements is assessed using equations obtained. For extracting the transfer function, initial values are calculated in the Z domain and based on the final value theorem,
converter output voltage and input current have been calculated. Effects of converter components on capacitor voltage and input current ripples have been analysed and
reported. In the final step, results of the theoretical analysis were confirmed by simulation results obtained in MATLAB/SIMULINK environment and implementation on a
prototype in laboratory scales.
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1 INTRODUCTION

DC-DC power boost structure is one of the most
important types of converters. This converter increases the
input DC voltage to a higher value. Based on the wide use
of this converter in industry, renewable energy sources
such as photovoltaic panels, hybrid resources, and wind
turbines, studying this converter is important in order to get
an optimal and stable designing and acceptable limited
range of ripples for output voltage and input current and
proper efficiency [1], [2]. Having a general and plenary
mathematical pattern for a system leads to an accurate
prediction of structure behaviors. In literature different
mathematical models are investigated, in which impedance
mode [3], small signal analysis mode [4]-[6] and steady
space average model [7], [8] are the most famous ones. The
main disadvantage of the above mentioned models is that
they use numerical analysis method or simplification
solutions that lead to approximate analysis. For example,
based on Impedance models, the order of transfer function
will increase for the complex DC-DC power boost
converters, so order reduction methods should be used that
reduce the accuracy of the results [9].

Another method for the mathematical modeling of the
converter is applying the small signal analysis method. In
this method, the large signal model of the converter is
initially plotted based on the ac and DC small signal
analysis. The large signal model can be separated into
linearized ac and dc models and by removing the DC
components of the model, the equivalent circuit of the ac
signal is obtained. Then, using the equivalent ac small
signal, the ratio of output parameters of the converter to
each of the input parameters is extracted. In this model, to
derive the system transfer function, assuming that the
converter parameters have small variations around the
fixed DC value, it is neglected from the DC part and by
drawing the equivalent circuit of the ac small signal, the
system transfer function is obtained [10], [11]. If the
parameters of the system have great variations around the
DC value, then by neglecting from the DC part, the
accuracy of the extracted mathematical model will be
reduced [12].

The average state space model is another method for
modeling the DC-DC converters. By this method, in the
first step, the state equations are extracted in both ON and
OFF switching intervals and then the average of each set of
equations is obtained by using the duty cycle value, which
is a weight coefficient. Finally, two sets of extraction
equations are combined with each other and converted into
a single equation set [13], [14].

The resulting equation set contains two ac and DC
parts. In this method, as in the small signal method,
assuming that the converter parameters have small
variations, the DC part is neglected and the small ac part is
analyzed by the Laplace transform and the transfer function
of the system is extracted. So, this method can be useful if
the converter parameters have small changes; otherwise,
this method would not have the proper accuracy for the
analysis of the system. Therefore, the physical behaviors of
the system such as inductor current, output voltage and
physical effects of components will not be accurately
predictable.

The operating modes of the power converters are
divided into two: Discontinuous Conduction Mode (DCM)
and Continuous Conduction Mode (CCM). In the case of
CCM, the input inductor current is always continuous and
exits in all time intervals, but in the case of DCM, this value
is zero for a time interval and non-zero for another interval.
We will analyze converter performance in CCM. It should
be considered that the method suggested in this study is
also applicable to DCM [15]-[18] and all types of DC-DC
Buck and Buck-Boost converters [19], [20].

An exact modeling method should be able to analyze
all the operational modes of a system in both transient and
steady states. In this study, the object is to present a
modeling method based on the mathematics, for analyzing
all operational modes of DC-DC power boost converter
such as the converter stability, the steady states, and the
transient responses. The proposed method is based on two
Laplace and Z transforms. In the proposed method, the
Laplace transform is used for obtaining the related relations
to the inductor current and the output voltage. The Z
transform is used as a tool for determining the initial values
of the inductor current and the output voltage in each
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switching interval. In this research, by applying the
presented mathematical model, the effect of the converter
components and the load resistance on the electrical
parameters of the converter such as output voltage ripple,
inductor current ripple, stability, and transient response is
analyzed. Finally, the results of the theoretical analysis are
compared with the simulation through
MATLAB/SIMULINK  and PSCAD/EMTDC and
experimental results. The proposed method can be a
suitable model for designing the circuit elements of the
converter and also developing the suitable control methods
for controlling the DC-DC converters.

2 DC-DC BOOST CONVERTER ANALYSIS IN CCM

A classical boost converter is illustrated in Fig. 1. As
can be seen, there is a power switch in the structure, S, that
will work in ON and OFF modes.

B
—1i RL L D lcl 1‘1
+ +
VDC Ve==CV,
- > R

Figure 1 Boost converter

According to Kirchhoff laws, we can write Eq. (1) and
(2) based on first order derivations of inductor current and
capacitor voltage.

Y +Ryi, = f(ty, —V, (1)
dr
dv. v

cZe X _ iy, 2
o Tz QL (2)

The most important subject in a mathematical model
for a power converter is the power switch modeling. f{7) is
the switching function and is modeling the power switch,
S. This function is used to determine the converter's
equations in different time intervals in which the key is
being switched on and off as follows:

@)= [ult=t, = pT)~u(e =T - pT)], A3)

p=0

In this equation, p is switching intervals number and T
is period of switching. A switching interval is the total of
ON and OFF time. f{(¢) is the pulses that reach to gate-
source or base-emitter pins in order to activate or
deactivate the power switches in On and OFF intervals.
Fig. 2 shows the f{#) waveform and as can be seen in (0, #1)
time interval, it is equal to zero, so in this condition the
power switch will be deactivated and is open circuit in
boost converter structure and for (t;,T) the switch is active
and short-circuit. So Eq. (1) and (2) can be written in two
different modes according to switch conditions. So f{?) is
the total of difference between the two-step functions for p
switching intervals.

f(t)

o] t ti+T ti+pT
Figure 2 £(r) Waveform

In order to be able to make a mathematical model and
do the converter analysis in the discrete time domain, we
can apply a variable change by this equation:

t=(p+q)T for p=0,1,2,L 0<g<lI, 4)

By replacing variable above, f{f) converts to p discrete
functions with ¢ variable and we will have a single time
system. By replacing this variable change in Eq. (3), f(¥)
can be written as below:

0

f@&) =Y [u(pT +4qT —t, = pT)—u(pT +qT —T - pT)] =

p0 5)
= 2 [u(aT ) ~u(qT -T)] = pf (),
p=0
In Eq. (5), fig) will be equal to:
J(@) =u(qT —1)—u(qT -T), (6)

Also, u(qT — t1) and u(qT — T) can be calculated as
below:

. t
1 qT -1, 20 if qz?l
u(gT —t,) = . (7)
0 qT—t<0if q<F1

1 qT-T =0 if g=>1
u(gT -T) = 3

0 ¢qT-T<0if g<I

In these equations D is the converter’s duty cycle and
can be written as:
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t
D=2, 9
T ©)
By applying this value to Eq. (7), we can rewrite it as:
Fm) 0 for 0<m<D (10)
m) = ,
1 for D<m<1
flq) is zero for [0, D], so:
dip, T TR
P L -
e A i, 11
dq L i L L,p ( )
dv
_%P _ _i Vo ps (12)
dg RC ™
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By considering Eq. (10), it can be illustrated that the
[0, 1] interval can be divided to two [0, D] (when the switch
turns ON) and [D, 1] (when the switch turns off). Fig. 3
shows the states of the converter when the switch is turned
on and off.

—ic RL L

vVDC

Figure 3 Equivalent circuit of the boost converter, (a) in [0, D], when the switch
is turned on, (b) in [D, 1] when the switch is turned off

So, equations can be rewritten in the following matrix
form for the time the switch is on:

dip R,T .
d - i il
g |_ L L.p Tl 3
dv, , 0 T vy 0 if 0Sq<D,( )
dg RC

iL,p (0) = iLO,p > vo,p (0) = VDO,p

irop and v, are initial values of input current and
capacitor voltage and in [0, D] interval.

When the switch is turned off, equations for [D, 1] will
be:

di, , T TR T

. :—V — Ll -V s 14
dg L' L oL (14)
dv T T

o,p .
—_—=—, ——V ., 15
dg C*™" RC (1

And these can be written in a matrix form as shown
below:

di,, RT T
d a R -
9 |_ L Lol e |, L (16)
dv,, T T [V 0 if D<g<l,
dq C RC

id_p(D)ziL],p s Vo,p(D):Vol,p

3 OBTAINING THE INPUT CURRENT AND CAPACITOR
VOLTAGE EQUATIONS USING LAPLACE TRANSFORM

In Eq. (13) and (16), ir1, and v, respectively are
primary values of input current and capacitor voltage in [0,
D] and [D, 1] intervals respectively. By applying Laplace-
Transform for these equations, we will have:

TR, , T
(S+TJIL,P(S):ILO7P+EV[ if 0§q<D, (17)
T .
(R—CJVU if 0<g<D, (%)

T T
Vi __Vo,p(s)a D<g< 1»(19)

TR;
s+—=1|1; (§)=+i; ,+—
[ I j L,p() BVANTS I

T T .
(”EjVo,pu)wLﬁg’L,p if D<g<l Q0)

By sorting Eq. (17) to Eq. (20), in the form of a matrix,
the relation between input current and capacitor voltage in
the Laplace domain can be written as:

s+(@-T\ 7 Ls

(11 ,(5)
BpAT if 0<q<D,21)
_Vo,p(s) VUO,P
s+(a+py)T
_[L,p(s) 1
= X
_Vo,p(s) s*+2aTs+T*(a* + o)
22
(a+y)T+s I . TV, (22)
L pt—5—1 .
X Ls | if D<g<],
T
E S+T((Z—}/) vol,p

In these equations, a, w and y can be calculated as
shown below:

(ILL+LJ (L_ILLJ
gL RC) L(&Hj_aa ,\RC_ L) (23)
2 LC\ R 2

By replacing Conversely Laplace function for Eq. (21)
and (22), the input current and capacitor voltage will be
obtained as follows in the ¢ domain:

) V. - .
iLO’pef(m/)qT +R—’[l—e (a ;/)mT:| if 0<g<D,
L

v 1-e7*U" cos (T - 1)
—— P -a +
R, +R s e T sin w(qT —1,)

ipp(q)= y+a)o (24)

+iu’p67“("T7” ) [cos o(gT —1)+ g sinw(qT -t )} -
e alaT=1)

~rT  sinw(gT-1) if D<g<l,
oL

Voo pe T if 0<g<D,

s e T cos (g T —1))
1

— +
A qn-aT) -

Ry +R| -Z =D sin gy(qT - 1,)
®

Vo.p (q) = ilje—a(qT—n) (25)

oC

+ sinw(qT —#) +
cosa(qT —t)+

4y, e*=aD) if D<g<l,
olp lsin w(t, —qT) 4
w

In Eq. (26) and (27), irop, Voop ir1p and voi, are
unknown parameters and for obtaining in a simpler state,
the number of unknown values should be reduced. For this
issue, we can calculate iz, and v,;p in terms of iz,, and
vo0,p- By considering continuity of functions iz(¢) and v,(f),
we can write:
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lim i, ()= lm (), (26)

1> +pT)t t—(t+pT)*
Eq. (25) in terms of m can be written as:

lim i ,(q)= lim i ,(q), 27)
¢—(D)” g—>(D)*

By replacing relation (24) into (27), i1, can be
obtained in terms of iz, in the following way:

(o V. (o
iLl,p :iLo,pe (a=y) +R_l|:1_e (a 7)t1:|’ (28)
L

For output voltage we can also write:

lim v,()= lim v, (), (29)
1> +pT)~ t>(q+pT)*t
lim v, ,(¢)= lim Vo (9), (30)
q—>(D) q—>(D)

And, v,1, based on v, can be calculated as:

v el , (31)

ol,p =V

00,p

In the final step, by replacing Eq. (28) and (31) in Eq.
(24) and (25), the relationship between input current and
capacitor voltage can be calculated in the following way:

(g Vir _(a- .
iro,p€ (@ ”qT——’[e (@ ”qT—lJ if 0<g<D,
I

” 1—e 97 cos (T —1,) -

2
R, +R| L %7 etaT1) i o(t, —qT)
o(a+y)

V. ) V.eetal-1)
i, (q)= {[&o,p—R‘je/’“’"TvL’eR % (32)
L L

+

x[cos w(qT —tl)—lsin ot - qT)} +
®

—yii—aqT
VoO,pe . .
+————sinw(y, —qT) if D<g<l,
oL

Voo pe T if 0<g<D,

RV r —e T cos (T — 1)) ?

A _a(er-n) -
Ry +R| Ze T gin go(t, —qT)
®

Vo‘p(CI)Z 1 V.
' (G, ——yxerrT 4
oC (LO‘p RL)

Lefa(qT*rl)

(33)
e
cosa(t, —qT)+

2 sin w(t,—qT)
[0)

xsinw(tl—qT)-#vao’peV"“"T{ } if D<g<l,

4 PRIMARY VALUES CALCULATIONS FOR INDUCTOR
CURRENT AND CAPACITOR VOLTAGE USING Z
FUNCTION

Due to the continuity condition of the input current and
capacitor voltage, these equations are always true in ¢ = pT:

lim i, ()= lim i,(¢), (34)
t—(pT)~ t—(pT)*

This equation can be used in terms of g as:

lim i, ,(m) = lim i; ,.,(q), (35)
g1 g0t

For capacitor voltage, we will have:

lim v,(1)= lim v,(¢), (36)
t—>(pT)~ t—>(pT)*

This equation can also be written in terms of g as:

lim v, ,(q) = lim+ Vo, p+1(4)s (37)
q—0

g1
By applying t, = T — ¢, the following relationships are

calculated for the initial values of the input current and
output voltage in the p + 1 interval:

1-e 2 cosat,

V.
i =—1t 2 +
PO R 4 R| —em —(a;/ a)) sin ot,
a+y)w
V. Ve
|| g~ |17+ S (38)
TR, Ry

v
. 00,p . -yti—aT
x lsmwtz +cosat, |———Lsinwt,e ",
w oL

RV, | . - a _
Voo pal = L_lsinot, | 1-e 2 cosmt, ——e 2 | |+
,p+1 2 2
R, +R w

. . g —at)
_sin wt, ire., a3 ool +Ke_ _ (39)
oC RL RL

_ ~r=aT |V _
Vp0,p€ Sin t, —cosat, |,

Eq. (38) and (39) are two differential equations. To
solve this kind of equations, we can use Z transform. To a
discrete time function, the following relationships can
establish:

Z{iLO,p} =1,(2), Z{Vo,p} =Vy(2), (40)

Using the time priority property of Z transform, Eq.
(41), always is true for izo.»+1 and voo,p+1:

Z domain

X[ p+1]«———zX(2) - zx(0) =
Z{iLo,p+1} =zl4(2)— ZiLO,07 (41)

Z{Vo,p+1} =zV,(2)— ZVo05

ir00 and vy are initial values of inductor current and
capacitor voltage in # = 0. By applying Z-transform in
relations (38) and (39) and writing equations in the form of
matrices, according to Eq. (42) the equations /;o(Z) and
Voo(z) can establish:
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= s 42
" (2) *2)

z

Lb +zi
)|

b, + Vo0
z—1

In this equation X, b; and b, can be gained as shown
below:

COS Wt
+-—sin wt Lo
Yo > 2 .(43)
—al—yl : 1
o cosensZinon, |
oC @
Ry | @-ay
b ={R LRLlnth—ye 2 —e "2 cosawt, +1 |+
+ (o +
) (a+y) (44)
— — 3 V
+(e™2 —grmaT) lslna)t2 +cosmt, |p—,
@ R,
R ( A
"R R[e “2 cosat, +—e " sinwt, +1 |+
+ 0]
R an
i (_EYfI_O‘T +e %2 )sin wt,
oR; C

By solving Eq. (42), I:0(Z) and V,o(z) values will be
equal to:

- s

z
2100 +b—

|:1L0(Z):|_X—1X z—1 (46)

V,0(2)

z
ZVUO’0 +b, —
z—1

In this equation, the value of X! can be obtained as:

V. Tyt -
Z_[—wsm wot, +]60T711 e " sin wt,
oL
4 1 +cos wt,
X =rx ,(46a)
‘X‘ —aT+7t) cos o,
e " sinat, —aT+r
= z—e v .
wC +-—sinwt,
@
And |X] is:
|X|=e?*" —2ze" cosgT +2°, (47)
cos¢gT = 2 sin wt, sinh yt, + cos wt, cosh yt;, (48)
0]

By replacing X! in Eq. (45), I.0(Z) and V,0(z) can be
calculated as:

V4

x
22 —2z¢7 cosgT +e 27

—al—yt :
—aT— . . V400.0€ sin wt,
x{|}e al=rm +z(cos oty —Lsin ar, ]:|1L0 ————————+ (49)
P X

I10(2) =

oL

T . bye ™" sin oot 1
+ z=e 7 | cosoty - Lsinort, |[p—2— 2L 2 L
@ oL z-1

z

x
22 =2z¢ T cos T + e 2T

x {—e_“”m +z (l sin @t, + cos wt, ﬂ Voo T
e :

. —aT . _ .
irg0e © sinot, [T sin o,
+— + b

oC oC

- . 1
w{z—e al+rt (cos oty +Lsin o, ﬂbz}—},
w z-1

In order to obtain the initial values of capacitor voltage
and input current in a steady state, we can use the final
value theorem in Z domain.

Voo(Z) =

50)

1

I10.5s = éiﬁ(z—l)lw (2), (51)
Vo0,ss = lim (Z - I)V()O (Z), (52)
? Z—1

So, these values can be obtained in a steady state by:

e T sin oot

—e™ T cos oty —Lsin ot ]+1 -b
bl[e [ 27 Sneh R (53a)

e 2T 4 27T cos T +1

lLO,s.r -

—aTl+yt :
e sinwt _ .
2 i py |z (cos ot, +Lsin a)tzj

wC o (53b)

2T 267 cosgT +1

by

voO,ss =

By defining Eq. (53a) and Eq. (53b), one can write the
relationship (49) and (50) in terms of steady-state values.
By summarizing Eq. (49) and Eq. (50) using relations (53a)
and (53b) and extending them and using the partial fraction
method, Eq. (54a) and Eq. (54b) are obtained as follows:

[ 2= cos(@T)+ ke ™ iy,

1,,(z)=
40 22 =2z cos(¢T) +e 2T
—aT-yt :

_ ze sin wt, V()_,o + (54a)

22 =2z cos(¢T) +e 2T oL
. oo z[id(mz —2i 008”7 COS(BT) +i 0., — by ]

z-1 22 =2z cos(pT) +e 2T ’
—aT— . .
Vo(2) = ze ™ Msinar 10,0
22 —2z¢ T cos(¢T) +e T wC

z| z—e " cos(¢T)—ke ™ |v,

+ [ Jr (54b)

22 —2z¢ T cos(pT) +e 2T

—aT
vy 2 [voﬂz —2vye  cos(PT) + vy —b, J

+
z—1 22 —2z¢ T cos(gpT) +e 2T

>

Using a Reverse Z transform, values of the initial input
current and output voltage are obtained in the time domain.
To find inverse relations of Eq. (54a) and Eq. (54b), two
coupling relations of Z transform are used as follows:
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1-[rcosay]z™ Z To»
l—[2rcosa)0]z_1 +riz? [r o a)op] u[p],
(55a)
[rsina)o]z_l 7 "
5 [r sma)op]u[p],

1-[2rcos a)o]z_l +riz”

Using Eq. (55a) and separating the fractions of Eq.
(53a) and (53b) and writing them in the form of two
equations based on Eq. (54), relations between the initial
conditions of the input current and output voltage in the
discrete time domain can be gained as Eq. (56) and Eq.
(57):

. . . . —, T
130,p = Ldoss + (40,0 ~l40ss )€ “P" cos(¢pT)+

e sinot,

(e singgpn)| 0Tt 6)
sin(¢T') + idosseiaT cos(PT') —igo4 +b;
e—aT

Vo,p = Voss T (V0.0 =Voss Je 7" cos(ppT) +
[ sin ot,
L singpD)| oL

sin(¢T') . v, cos(¢T) = vy, + by

—aT
ea

Vo0 — k"o,o (57)

5 INDUCTOR CURRENT AND CAPACITOR VOLTAGE
RIPPLES ANALYSIS

Initial values of input current izos and capacitor
voltage vy in steady-state can be obtained by using the
final value of Z transform as follows:

—aT+yt) :

e S wt. . .

p &S gy e | Lsin oty +cos e,
oC (2]

(58)

v =
00,s5 _ —
e 2aT —2¢ af COS¢T+1

—al-yt :
—aT- . e sin wt
b [l—e ar=ri (—Zsma)t2 +cosa)t2ﬂ—b272
12

oL ,(59)

i =
L0,ss = —
e 2T 267 cos¢T +1

Fig. 4 illustrates the average values of inductor and
capacitor voltages and currents in a steady-state situation.

To obtain the value of the capacitor voltage, we can
use the following equation:

In the above relation v,o,(q) is the output voltage value
in a steady-state condition, which is obtained by replacing
Eq. (29) in Eq. (32):

voo,sse’(uw)ﬂ if 0<¢<D
_ pomalqT-1) —tH)—
2, l—e cosa(qT —t)
Ry +R| & emeWT=1) in (T —1,)
@
Vouss (@) = 4 v 2
+L i40,5s _d | eriadql | 7d malqT-n) sin(oqT - wf)+
oC TRy R
cosw(qT —1))
4y e rn-adl if D<g<l,
00,55 ~Lsinw(qgT -1) !
®
VL T
S -,
t1 ! t2 |
@ - — ’:1— _____ >
Vi t
0 I»
Vi-Vo !
. iL ' | |
1L1,ss A : \ I |
I | ! i
iL0,ss ! : !
! |
0 | | : i
|
Vo | . : L
V00,ss | / \ ! /
|
Vo \:/ : I :
! |
VO01,ss X I
| A— -
0 ! | ! |
|
Aic : i :
| |
| Lot
0 I g
|
-lo I
| | ' !

Figure 4 Input voltage and current, output current and voltage waveforms of
Boost converter in CCM

By replacing Eq. (62) into Eq. (61) in one switching
interval, the mean value of the capacitor voltage can be
calculated as shown in equation below:

%

v, =("(’7~5~‘)T(1—{“”*””)+ul [l—ao (al —gazj—Za@ —D}+
a+y ®

(63)

D3 1,58

oC

+

(agay + @az) +v,; {ao (al —gaz ] —ay(y - 05)} s

In Eq. (63) the values of u1, @ until a3 can be illustrated
as follows:

1 t'+T
Vo= [ o, (60)
) RV,
! u = L, (64)
R, +R
In this equation, #' is any desired moment of time. )
By applying the change of the variable presented in Eq. ay=—5—5—>, (65)
(4) in Eq. (60), the result can be written as: (" +ao")T
a, =T(wcoswt, —asinat,), (66)
1 .
a, =T (wsinwt, + ax cos wx, ), 67
V, = [V (@), (61) 2= e 2) (€7)
0
ay = , (68)
’ (@* +*)T
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Figure 5 Variation curve of average capacitor voltage to input voltage ratio in
terms of duty cycles for a boost converter in Continuous Conduction Mode

Fig. 5 shows the variation curve of capacitor voltage’s
mean value to input voltage ratio in a steady-state mode in
terms of duty cycle. This curve is obtained for two lossless
(R = 0) and with loss (R; # 0) states by considering V; =
10 VDC, R =35 Q, C=0.33 mF, L =4 mH, and /= 10
kHz. The figure shows that the average value of capacitor
voltage increases by increasing the duty cycle. As can be
seen, for larger duty cycles, the lossless curve is different
from lossy state, and in this case with larger values of duty
cycles, the average value of the capacitor voltage decreases
and for D = 1, this value is equal to zero.

In Fig. 5 I, is the average value of inductor current in
steady-state mode. To calculate the value of this parameter,
like the output voltage, the following equation can be used:

1

I, = fiL,m (9)dq, (69)
0

In the above relation i i(g) is the output voltage value
in steady-state, which is obtained by replacing Eq. (34) in
(31):

iLO,sse_(a_;/)qT +
v o .
+—’[1—e(a WT] if 0<q<D,
RL
- 1—e 9T cos (g T —1,)
: o —ay T +
R, +R +ﬁe*“<q D sinaw(gT —1,)
. w(a +
iy, (9)= g (70)

+ iLOsx _ﬁ e}/ll*amT_’_Le—a(mT—tl) <
, R, R,

x[cosw(qT -1) +ZLsin a)(qT—tl)} -
@

—yt|—oaqT

V,0.55€
— 00 sinw(qT —t;) if D<g<],

oL

By calculating the integral value in one switching
interval, the mean value of input current can be obtained
as:

) ss —(a—-y V;
[ =10 [l-e (a ')t1]+—’{D+ 1

_ (e,(a,y),l -1 |+
’ (a=-nT Ry (=T

i g {ao (‘11 +1azj—a3 (7 —0‘)} Lol (aga, + way) + (71)
’ @ oL

+uy[1-ay(a; —uza,) +ay(ou; —a)— D],

In this equation, u> and u3 can be obtained by:

v, 2
Uy =——, 4y =L (72)
R, +R o(a+y)

One of the influential parameters in the performance
of converters which should be considered in the designing
is the value of capacitor voltage ripple. Therefore, the
circuit components should be designed in a way that output
has a minimum value of ripple. In this section, this
parameter is calculated and the effect of each circuit
component and duty cycle on capacitor voltage ripple is
investigated. With respect to Fig. 4, it can be seen that the
output voltage ripple in CCM will be equal to:

AVo =Y50,ss ~ Vol ss> (73)

In this equation, vy is the maximum output voltage
and can be written as:

—al+yt)
e sin ot _ .
— 2 b+ [z —e ol (cos oty + 7 sin oty ﬂ b,
_ Co @ ) (74)

Vv =
00,ss _ _
e 2677 cos ¢T +1

And v, 1s the minimum value of capacitor voltage
ripple in steady-state and will be obtained as below:

—aT+y o

e sin wt T+ .

¢ SO p i z—e | cosat, + Lsinar, | |by
oC 3}

Vol,ss = X (75)

2T _267T cos T +1

xe (@n

So by replacing this Eq. in (73), output voltage ripple
can be calculated as:

—al+y o

e sin ot o .

7C2b1 + {z —eeT (cos oty +Lsin o, ﬂ b,
@ )

AVMS = X (76)

2T 2677 cosgT +1
X(I,e—(aw)tl ),

Another effective parameter in the performance of
converters is the inductance current. Given that during the
switch-on-and-off moments, the inductor current passes
through the switch and the load current is charged through
the inductor, calculation of the input current ripple and
evaluation of the effect of converter elements on this value
is one of the most important issues. By considering Fig. 5,
it can be seen that the value of the input current ripple in
the steady-state situation can be calculated from the
difference between the minimum and maximum values of
the inductor current:

AIL,SS = iLl,ss _iLO,ss’ (77)

In this equation, izos and iz;s are minimum and
maximum values of the input current in steady-state mode
respectively. Thus, it can be calculated as:
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(o V. (e
iLl,ss = iLO,ne (@ +_l|:1_e (e :|’ (78)
RL

So, the value of the current ripple in the inductor will
be equal to:

—al—yt .:

T . e sin ot

1—e 77| cos t, —lsma)t2 b —————"2h,
1 oL

X
e —2e™7 cosgT +1 (79)

V.
_ =y i|q1_ (@
x(1—e )+RL [1 e }

AILs.v =

6 CIRCUITS COMPONENTS EFFECT ON CAPACITOR’S
VOLTAGE AND INDUCTOR’S CURRENT

To make theoretical analysis, the curves have been
obtained based on the current of the inductor, output
voltage, and their ripples. In order to plot output voltage
ripple curves in terms of converter parameters, the values
of converter elements should be chosen in a way that
converter stays in CCM.

In the DC-DC boost converter, the division of working
modes can be done based on parameters such as input
voltage, duty cycle, and value of the converter's load
resistance. Given the small amount of R;, we can neglect
the amount of this resistance in our calculations and by
using the critical inductance relationship presented in [21],
the boundary between two modes of CCM and DCM is
determined:

Lo = %D(l - D)?, (80)

In this equation, Lc is the critical value of the
inductance between two continuous and discontinuous
conduction working modes. This means that DC-DC boost
converter for L < L¢ will be in DCM case and will stay in
CCM for L > Lc. To perform theoretical analysis, converter
elements are chosen as follows: V; = 10-15 VDC, R = 10-
50 Q, f=10kHz, R, = 0.5 Q, C=0.33 mF and D = 0.68.
Regarding the selected values, using the Eq. (80), the
critical inductance value between two modes of CCM and
DCM will be equal to L = 1.2 mH. To perform theoretical
analysis, the value is considered as L = 6 mH, due to the
fact that this value is larger than its critical, the converter
will be in the DCM. Capacity voltage and input current
ripples in steady-state mode are shown as a percentage of
the mean value of the capacitor voltage and input current
in terms of load resistance, inductance, capacitance and
converter duty cycles in Fig. 6, 7 and 8.

Fig. 6 shows the capacitor voltage and input current
ripples in terms of load resistance and different duty
cycles. As shown in Fig. 6a, for a heavy amount of loads,
where current is high and the resistance value is small,
output voltage ripple is maximum. This value is also
reduced by increasing the load resistance. As can be seen,
for a given value of load resistance, as the amount of duty
cycle increases, the value of the output voltage ripple also
increases. As shown in Fig. 6b, unlike the output voltage
ripples, the value of the inductor current ripple for high
load resistance is maximum and with an increase in load

resistance, the value of ripple of inductor current also
increases. According to the figure, it can be seen that the
converter duty cycle has a nonlinear relation with the value
of the inductor current and for a given value of load
resistance, the value of the inductor current ripple rises as
the duty cycle increases to a specified value, which is
between 0.2 and 0.4, and after that as the duty cycles of
converter increase, the amount of ripple in inductor current
decreases.

0

- 3
D 0 R

30
0 50 0 50 4 R[Q

Figure 6 Change percentage curve for (a) capacitor voltage ripple; (b) input
current ripple, in terms of load and duty cycle

AT [%]40

0.0050

0.01 3 X
. D 0.015
0 002 " 1pm) 0 0.0 LIH]

(a) (b)
Figure 7 Change percentage curve for (a) output voltage ripple; (b) inductor
current ripple, in terms of inductor value and duty cycle

Fig. 7 shows the effect of inductance and duty cycle of
the converter on capacitor voltage and input current
ripples. As shown in Fig. 7a, the output voltage is
independent of inductance in CCM, so the voltage remains
constant by changing the value of inductance. But,
according to Fig. 7b, the amount of inductance affects the
amount of input current ripple, and with a change in
inductance, the value of the ripple also changes and the
inductance current decreases as the inductance increases.

0
0.001
0.002
0 0003 " C[F]

(a)
Figure 8 Change percentage curve for (a) output voltage ripple; (b) inductor
current ripple, in terms of capacitance and duty cycle

Fig. 8 illustrates the effect of the capacitance and duty
cycle of the converter on capacitor voltage and input
current ripples. The effect of the capacitance on values of
the output voltage and the current of the inductor is in
contrast to the effect of inductance. Contrary to the
inductance, this does not affect the output voltage ripples.
The change in the capacitance causes changes in the value
of capacitor voltage ripples and by increasing the
capacitance value, voltage ripples decrease. It can be seen
in detail in Fig. 8b that the capacitance does not affect the
amount of the input current ripple. The effect of the duty
cycle on the output voltage ripple is linear and this effect is
significant only in small values of capacitances.
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7 EXPERIMENTAL RESULTS AND DISCUSSION

To evaluate the performance of the proposed structure
and accuracy of the theoretical analysis, a laboratory
prototype is implemented. Tab. 1 presents the value of the
parameters in our simulation and Tab. 2 illustrates the

components values in the prototype.

Table 1 Main parameters in simulation

Parameter Value
Vin 10 VDC
Capacitor 1 mfand 1.6 mF
Inductor 4 mH and 15 mH
Duty Cycle 0.68
Power MOSFET IRFP450
Power Diode MURS880
Frequency 10 kHz
Rioap 10 and 60 Q

Table 2 Main parameters

of implemented prototype

Parameter Value
Vin 10 VDC
Capacitor 0.33 mF
Inductor 4 mH
Duty Cycle 0.5
Power MOSFET IRFP450
Power Diode MURS880
Frequency 10 kHz
Rioap 50 and 100 Q
Inductor Current (RL=60 ohm) B
Output Voltage (n(fzsn ohm) Output Vohagr (RL=10 ohm)
09 n
08
s
Powe oW ows 0w o B T o
‘Time (seconds) Time (seconds)
(© (d)

Figure 9 Inductor current ripples when (a): R = 10 Q, (b): 60 €, and output

voltage ripples when (c) R
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286 | I

28.4 \

282
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©

=10 Qand (d): R=60 Q

Inductor Current (L=4mH)
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(b)

Output Voltgae (L=4mH)
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28
0.09 0.097 0.098 0.099 0.
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(d)

Figure 10 Inductor current and capacitor voltage changes when inductor
changes

As can be seen in Fig. 9, for a higher amount of loads
inductor current ripple increases and output voltage
decreases. Also, simulation results in an incensement for
capacitor voltage ripple for a lower amount of load while
we can see a decrement for inductor current ripple. Fig. 9a

and 9b illustrate inductor current change and Fig. 9¢ and
9d show the capacitor voltage ripples.

Inductor Current (C=1mF)
Inductor Current (C=1.6mF) 35

urrent (A)
Current (A)

c
C

15 15
0.096 0097 0.098 0.099 0.096 0.097 0.098 0.099 [

Time (seconds) Time (seconds)

(@) (b)

Output Voltage (C=1mF)

Output Voltage (C=1.6mF)

Voltage (V)

......

() (d
Figure 11(a) and (b), Inductor current ripples are fixed for different values of
capacitors, but capacitor voltage ripples are changing. This ripple is smaller for
(c) higher values of the capacitor and higher for (d) smaller capacitors.

Fig. 10 illustrates the input current and output voltage
ripples for different values of the inductor. As we expected,
higher values of ripples are reported for small inductances
and output voltage ripple is completely independent
inductance.

The same condition can be seen for different
capacitance values in Fig. 11 and by changing in the
amount of capacitance value, only output ripples are
changing and for this ripple the value is smaller for higher
values of the capacitor. So, simulation results completely
confirm our theoretical results.

Fig. 12 illustrates our implemented prototype results.
19.8 VDC for output voltage has obtained for a 50 Q
resistive load and 20.1 VDC for 100 Q while current value
is 0.82 A and 0.41 A for 50 Q and 100 Q output load
respectively. As the figure illustrates, all experimental
results are confirming the theoretical and simulation
outcomes with a high reliability.

Inductor Current Inductor Current
2. 0.02A

0.82A 0.41A 0.02A
T . 4 T
I N
0.01V 0.01_|y
‘ a Tl :
T IED \Vid A

198V Qutput Voltage 201V Qutput Voltage

(@) (b)
Figure 12 Inductor current and capacitor voltage waveforms when (a) Ry oap =
50 Qand (b) Rioap = 100 Q

8 CONCLUSION

In different references, by assuming the small changes
for DC components of power boost converter, only the ac
small signal part is analyzed, therefore the results cannot
be accurate and with higher changes in DC values, all of
the calculations cannot be valid and especially input
inductor current and output capacitor voltage and ripples
values are not predictable.

Unlike all existing models, our proposed method is
more comprehensive and accurate, thus it can help us to
evaluate all specifications and behaviors of the circuit. Our
study is based on two Laplace and Z transforms. In
converter modeling, Laplace transform is considered to
determine the inductor current and the capacitor voltage
equations, and Z transform was applied as a tool for finding
the initial values of these current and voltage signals. It was
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also shown that Z transform is applicable for transient and
permanent state responses analysis. The effects of DC-DC
converter elements on electrical parameters such as output
voltage and inductor current ripples were analyzed
mathematically and it has been proved that output voltage
ripple value is in a direct relation with the amount of load
and duty cycle, but inductor current is depending directly
on load value but it has a nonlinear relation with duty cycle
value and for 0.5 of duty cycle current ripple value is the
maximum. Also, results show that inductor current and
capacitor voltage ripples have no connection with capacitor
and inductor values respectively while voltage directly
increases for small values of capacitors and decreases for
higher amounts of capacitors and current ripples is high for
small inductor and is less for higher inductor values.

A group of simulations based on theoretical analysis
has been done by MATLAB/SIMULINK and
PSCAD/EMTDC and also a laboratory scaled prototype
has been implemented and results confirming all
mathematical calculations. Results indicate that the value
output voltage is more for higher values of load. For
example, for 50 Q of load, we reached 19.8 VDC while for
100 Q, 20.1 VDC has been gained.
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