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Abstract. By using some reorganized ideas combined with a successive approximation
technique we establish conditions for the existence of positive entire radially symmetric
solutions for a modified Schrédinger system

Aut 4+ A(ud [2) Jur [P ur = a1 (J2))¥1 (u1) Fi(uz) in RY,
Aug 4+ AJua?2) Jua |27 % ug = ao(|z])¥s (u2) Fo(u1) in RY,

where 1,72 € (%, oo)7 N > 3, and the functions a1, a2, V1, Vo, Fi, F» are suitably chosen.
Our results improve and extend some previous works and have applications in several areas
of mathematics and various applied sciences including the study of nonreactive scattering
of atoms and molecules.
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1. Introduction

This paper deals with the study of positive ground state solutions of the following
coupled nonlinear system of differential equations:

= (1)

{Au1 + A(lua 2 Jur " "% uy = a1 (|2]) 0y (ur) Fi(uz) in RN (N > 3),
Aug + A(|u2|272) |uQ|2”’272 ug = as(|z])Wsq (ug) Fo(uq) in RN(N > 3),

where 71,72 € (3,00), ¥; (u;) = \/1 +2v |Uz‘\2(2%_1) (i = 1,2), and the functions
a1, ag, F1, Fy are suitably chosen.
System (1) will be considered together with one of the following conditions:

e both components (u,us) are bounded, that is,

lm wu (Jz]) < 0o, lim wug(|z]) < 0o, (2)
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e both components (uy,us) are large, that is,

lim w (Jz]) =00, lim ws (Jz]) = oo, (3)

e one of the components is bounded, while the other is large, that is,

lim w (Jz]) < 0o, lUm wug(|z]) = oo, (4)
or
lim wy (Jz]) =00, lim ws(|z]) < 0. (5)
|z] =00 |z]—o00

Definition 1. A function (u1,us) € C*([0,00)) x C1([0,00)) satisfying system (1)
is called an entire bounded solution if condition (2) holds; it is called an entire large
solution if condition (3) holds; it is called a semifinite entire large solution when (4)

or (5) holds.

As one knows, the issue regarding the existence of solutions to problem (1) is
very delicate and interesting to many mathematicians over the last few decades. We
refer to [14] for more details on the results. Usually, we still call problem (1) a
modified Schrédinger system.

The motivation for working on system (1) goes back to a recent paper [6], where
we give an affirmative answer for the following open problem proposed by Zhang,
Liu, Wu and Cui [14, p. 1105]:

Open problem. Can we establish existence results on system (1) with functions
Fy, F5 whose growth rate is faster than power functions?

Surprisingly, we could not find any answer to the question of establishing neces-
sary and sufficient conditions on a; and as such that system (1) has a nonnegative
entire large radial solution, by looking through the literature on this topic including
[6]. The purpose of this paper is to give a positive answer to this question.

Problems such as (1) can arise more naturally in mathematical physics such as
superfluid film equation, in the theory of Heisenberg ferromagnets and magnons, in
dissipative quantum mechanics, in condensed matter theory among other applica-
tions — for more details, see e.g. Colin [1, 2], Grosse and Martin [7], Luthey [9] and
Smooke [12].

The approach to prove our main results are, up to details, adaptations of the
original works of [3, 4, 5, 6] and most of them refer the reader for certain parts of the
reasoning to the original paper [4], where systems of the type (1) are studied, but that
does not contain the quasilinear and nonconvex diffusion term A (Jug|2%) [u; |27 ™% u;,
called in the literature non-square diffusion for -; # 1 and square diffusion for v; = 1.

Finally, we would like to mention that the method presented here also yields
much more precise information on the behavior of solutions that other works.

The paper is structured as follows. In the forthcoming section reformulation of
system (1) is given. Next, Section 3 contains the settings and notations of this paper.
In Section 4, we formulate our main results regarding system (1). In the main body
of this section, we shall devote to proving our theorems.
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2. Reformulation of the system by the dual approach

To go into detail, let f; (i = 1,2) be a solution to the following ordinary differential
equations;

o= 1 on t €[0,00),

\/1+2’Yi\fi(t)\2(2%*1)
fi(t)=—fi(=t) ont e (—,0), (6)
fi (0) =0.

Let us give some properties of f; that we need to prove our main results. The readers
can also find its proof in works of Santos and Zhou [11] and Vieira [13], however, for
the convenience of the reader we will write its proof.

Lemma 1. The function f; (i =1,2) and its derivative satisfy the following prop-
erties:

(i) fi is uniquely determined, of class C* (R,R) and invertible on all R;
(i) 0< f1(¢t) <1,VteR;

(ii)) LY <tf! () < fi (1), ¥t € Ry

() |fi )] < [t], vt € R;

(v) fi(st) <sfi(t), Vt € Ry and s >1;

(vi) fi(t)/t = 1, whent — 0;

(vid) |f; (O] /1117 = (29:) 7 , when [t] — o0;

vitd) setting o; = 1 if [t| <1 and 0; = 5= if |t| > 1, there exists a positive constant
g 2~ ) p
0; > 0 such that | f; (t)| > 0; [t|”*;

(iz) |f; ()] < (V2% [t) ™7 , ¥t € R.

Proof. Hereafter, once that f; is an odd function, we can assume without loss of
generality, that ¢ > 0.

(i) It follows from theorem of the existence and uniqueness for the initial value
problem in ordinary differential equations that (6) has a unique solution, of class
C! (R,R), namely, f; (t) € C* (R,R). Besides this, f/ (t) > 0 for all t € R implies
that f; (¢) is invertible.

(ii) From the fact that

1
S
\/1 + 2 | fi (1) Y

there follows the conclusion f; () € (0, 1].
(iil) We claim that

(0,1],

L} (t) == fi (1) \/1 + 25 | f PPV —t >0,V € Ry
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Indeed,

29 2y = DI P Y
L} (0) =0 and (Ll1 (t)) = ( )| (2()2|%_71)
1+ 2v; |fi (1))

>0,Vt e R,

Thus, L; (t) > L; (0) = 0,¥t € R4, from where it follows that

! — (1) < i (1), VEE R,

\/1 + 29 | f; (1)) P27V

The second inequality is also shown in a similar way.
(iv) This follows by observing that

L (t):=fi(t) —t>0,Vt € R,.

Indeed,
fi(0)=0and f/(t) <1forallt>0,

from where there follows the inequality
(L2 (1)) = fl(t) =1 > 0,Vt € R4.

This L? (t) > L? (0) = 0Vt € R4, together with the fact that f; (¢) is an odd function
leads to a conclusion.

(v) We notice that, since f!’ (¢) < 01in [0, 00), we have that f! (¢) is non-increasing
in this interval. For any ¢t > 0 fixed we consider the function

L3 () := f; (st) — sfi (t) defined for s > 1.
As a consequence
(L3 ()" = £ (st) = i (6) < 1f7.(8) = fi (1) < 0,

by iii). Since L3 (1) = 0, we can consider that L3 (s) < 0 for any s > 1, that is,
fi(st) < sf;(t), Vt € Ry and s > 1. Thus the proof is complete.
(vi) To deduce vi), we start observing that

1
1+ 29 1 0P

can be written in the following way

HOE

V142915 QP Ddf; = at. (7)

Integrating in (7) we obtain

A 227 1)
ds = 14 2v; |y| dy.
0 0
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By L’Hospital’s rule, we obtain this information

i (¢ . i (¢

i, 0 = g, -

e — ; i—
OVt 23 Py

/

(T

= lim HY)

=0+ =1
I —
VUt 2 7 0P £ 1)

On the other hand, f; (t) = —f; (—t) on t € (—o0,0) implies that

lim L(t)

=1.
t—0 ¢

(vii) Since

(fi (t) )' _2ufi() - fi ()

t1/2vi 2ttt/ 2y

it follows from iii) that the map ¢t € (0,00) — t{/(z?l, t > 0 is non-decreasing and

then limy_, o t{/# exists. Repeating the same type of arguments explored in the
proof of vi), we have

lim f ( ) — lim (fz ( ))1/2% _ (hm fz ( ))1/2%‘
t—o0 t1/27: t—00 t t—ro0 t

(Jim 2, /777 (0) £ ()2

— (lim 27z’fi2%_1 (t) 1/27vi

O g P

2v;—1

= (lim 5 21%'f i (t) )L/

e | fi ()7 \/W + 27

: 27 1/27; 27i 1/2;
= (Jim = (e

t—o0 1 . 2 4

— \/lfi(t)‘2(2’yi71) + 2’71 Y

1 _ 1
= [(29:)2)"/%% = (23) ™7 ,
by L’Hospital’s rule.

(viii) This is a consequence of limits vi) and vii).
(ix) Integrating

L1+ 27 2270 (1) =1

we obtain

/t fi(s) \/1 + 29, 22D (5)ds = .

0
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After changing variables y = f; (s), we find

fi(t) A0
t = V14 272@0=Ddy > (2;)2 / Y2 dy
0 0

_ (271') 27v; _
= B g =

[N

1
VB

which proves ix), and the proof of Lemma 1 is complete.

£ ),

Next, we consider the following semilinear elliptic problem:

{Auuxo = a1 (Ja]) Fy (f2 (v (J2]))) in RY,
Av (Jo]) = az (|]) B> (fr (u (|2])) in RY,

(®)

we call it the dual problem of (1). From the monotonicity of f;, we know that f;

has an inverse f[l. Moreover, the inverse function of f; is given by

t
A OES /o 1+ 27;y2@vi—Ddy for all t > 0.

As to asymptotic behaviours on the unique solution f; (i = 1,2) of (6), we have

the following:

Lemma 2. Fizing the change of variables

wy = fl_l (ul) and wy = f2_1 (UQ),

(u1,us) is a positive solution of (1) if and only if (w1, ws) is a positive solution of

(8).

Proof. From w; = f; ' (u;) (i = 1,2) we have

YV, = (7Y (w) Va,

K2

and
Aw; = (f;71)" (w) [Vl + (7 () Ay,

Moreover, direct calculations yield

_ v
FF

_ % (4y; — 2) |t|2(2%71)*2t

(7" 0 —
V1 23 227

Using these information, we have

Aw; = i (i =) i |27 Dy
\/1+2%|u1'\2(2w71)

V’U,i|2 + \/1 + 2’}/2 |Ui|2(2%71)A'LLZ’

\/ 1+2’yi\ui|2(27i71)

t)) = \/1 + 27; ’fl (flfl (t))‘2(2'ﬁ—1) _ \/1 + 2y, ‘t|2(27i71)

=Ly 4y = 2) PP P g [V P4 (1427 PP ) A
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On the other hand, it follows that

A(lwiP) = div 2y i) 2w V)
= 2 |ui|2%72 w;Au; + Vu; - V(2 |u2|2% u;)
= 2 w7 T w Ay + Vg - (29i(2i — 1) w77 V)
= 29, Jui | T s Ay + 275 (29 — 1) | T |V,

and as a consequence,

A7) P72 g = 29 | a2 A + 29295 — 1) g g Vg
= 2 [us *® Y Awy + 29:(29; — 1) Jug 23D 0y [V

Hence, we obtain

1 _
Aw; = [Au; + A <|u1|271) \ul\%l 2u1]
VUt 23 [ PO
= ay (|z]) F1 (f2 (w2)),
and
1 _
Aws = Ay + A (Jua 2 722 o]
V1 292 22D
= az (|z]) F2 (f1 (w1)),

which shows that (wq,ws2) is a solution to (8). Notice that the above process is in-
vertible, so the quasilinear Schrédinger elliptic system (1) and the semilinear elliptic
system (8) are equivalent, concluding the proof of the lemma. O

3. Mathematical statement and notations

In order to establish the existence of solutions to system (8) it is helpful to keep in
mind the following mathematical settings of the paper:

a,f € (0,00), M7 > max{1, B( >} My > max{1, 1(6)}’
o1 =1ifa e (0,1] and o7 = %lfQE( 00),

oo =1if 8 €(0,1) and o2 = E1fﬂe(1 ,00),
91§f;7§?)and _fégﬂ)

my € (0,min {3, F» (61a7")}) and my € (0,min {a, Fy (6257%)}).
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In the statement of the theorems, it will be convenient to use the following
notations:

r: = |z| is the Euclidean norm in RY,

Ag, (r) : = / =N 2N lai(2)dzds, i = 1,2,
0 0

Ag, (00) = = lggo Ag, (1), C;r = Aq, (00), (i=1,2),
i — Y 1
ALQ (7") L= Cl/ yliN/ tNilal(t)Fl((]. + Aa2 (t))m)dtdy,

Y 1
N ag (8) Fo((1+ Aq, (1)) )dtdy,

&
=
I

Ql
B}

@)—‘

|

2
S—

0
r y
Aia)i= € [ [N @ (4 A (0)7) dtdy,
0 0
r y
Ay ()5 =Cy [y [T e OF (14 Auy () ded,
0 0
ZLQ (OO) L= Tli_}HoloZLQ (’I“) s Zg’l (OO) = TlLH()lQZQJ (T) s 61,62 S (0, OO) s
A5 (00): = rh_{IOlOALz (1), Ay (00) := TILH;OAM (r), Cy,C5 € (0,00).

Next, we define the following functions and limits:

T 1
Fl’g (?“) L= / L dt, Flyg (OO) = 511>Holo FLQ (S),
* Fi((Miy2y2) 22 Fy 2 (1))
T 1
Fyq(r): =/ ————dt, Fy 1 (0) := lim Fy, (s),
B Fy(May/271) 7 Fy (1)
~ r 1 - ) -
F172 (T) L= / FRp dt, F172 (OO) = gILHTL F172 (S),
o Fi([v2y: (B+ F2 (t) CF)]72) sTree

~ r 1 ~ ~
F271 ). = 1 dt, F271 o0) := lim F271 S).
) /ﬁ By([V271 (a+ Fy (£) CF)]77) (00) = Jirg, o (5)

Note that
Fio(r) = ! — >0 for r > a,
Fi(Miy/272) %2 Fy™ (1)
and
1

Fé)l(r): >0 for r > .

EI
Fy((Mayy/270) 77 7 (1))
Then F o has the inverse function Ff21 on [0, Fy 2(00)) and Fb; has the inverse

function F2_11 on [0, F» 1(c0)). The same can be done for }7”172 and ﬁ2,1~
To begin, we first state some assumptions on aq, as, F; and F5 that will be used
throughout the remainder of this paper:

(A) a1, a2 : [0,00) = [0,00) are continuous functions;
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(C1) Fy, F»:[0,00) — [0,00) are continuous, non-decreasing and F (s) - F5 (s) >0
whenever s > 0;

(C2) there are parameters C'1,Cy € (0,00) such that

(C3) there are parameters C;,C5 € (0,00) such that
F1 (92m<172w1) 2 QlFl (wl), V w1 Z ]., (1].)
F2 (legl’LUQ) Z Q2F2 (wg), V w2 Z 1. (12)

It is easily seen that the following functions satisfy hypotheses (C1)-(C3):
Fi(ug) = ugl and Fy(u1) = ulfz with 91, 95 € (0,00).
It is important to note that:

Remark 1. Assumptions (C2) and (C3) are further discussed in Krasnosel’skii and
Rutickii [8] (see also Rao and Ren [10]).

4. The main results

Our first substantial result is now the following.

Theorem 1. Assume that (A) and Fy 2 (00) = Fy1 (00) = oo hold. Furthermore,
suppose that Fy and Fy satisfy the hypotheses (C1) and (C2). Then system (8) has
one positive radial solution

(u,v) € C*([0,00)) x C* ([0,00)) with u (0) = a and v (0) = B.

If in addition, F\ and Fy satisfy the hypothesis (C3), Ay 5 (00) = 00 and Ay 4 (00) =
00, then lim, o u(r) = 0o and lim, v (r) = oco. Conversely, if (C1), (C2),
(C3) hold true, and (u,v) is a nonnegative entire large solution to (8) such that
u(0) = a and v (0) = B, then a1 and ay satisfy A, 5(00) = A1 (00) = o0 and
Ay 1 (00) = Az (00) = o0.

Our Theorem 1 significantly improves the well-known results about the large
solutions to (8) and therefore gives an answer to our main goal.

Proof. It is the purpose of the present theorem to demonstrate that radially sym-
metric settings (8) always admit a radially symmetric solution. On the other hand,
if we look for a radially symmetric solution, system (8) becomes ordinary differential
equations system

Nlay(r)Fy (f2 (v (r))) on [0,00),

NLay(r)Ey (fy (u (1)) on [0,00), (13)

——
—
3
i
-
SR
—
=
=
S—
Il
=03
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subject to the initial conditions u (0) = a, v (0) = 8, «’ (0) = 0 and v’ (0) = 0. The
approach that we will use for solving this problem (13) is the following. Integrating
(13) from 0 to r, we obtain

W' (r) = x=r Jy s~ ta1 (s) Fi (f2 (v (s))) ds, on [0,00),
{ v'(r) = TNl_l gsN’lag (s) Fo (f1 (u(s)))ds, on [0,00). (14)

From integral equations (14), it is easy to see that u (r) is an increasing function
on [0,00) of the radial variable r, and the same conclusion holds for v (r). Thus,
for radial solutions of system (13) we seek for solutions of the system of integral
equations

(15)

u(r) =a+ [j 17N ft sN=Llay (s)Fy (f2 (v (s)))dsdt, r >0,
v(r) =B+ [gt17N 5 5N raz(s) Py (fi (u(s))) dsdt, 7> 0.

To solve (15), we inductively define a sequence of collections of functions {wm, }m>0
and {vpm tm>o0 on [0,00) as follows:

’U/O(T) = Q, UO(T> = 57

um(r) = a+ f07 ti-N ft sN=tay(8)Fy (f2 (Vm—1(s)))dsdt, r >0,

Om(r) =B+ [5 "N [ sV aa(s)Fe (fi (um—1 (5))) dsdt, r > 0.
In the first stage, for all » > 0 and m € N it holds that

U (1) 2 0, U (1) > B and v < vy.

In the second stage, our assumptions yield

up(r) < wus(r), for all r >0,

SO

v1(r) < wg(r), for all r > 0.
Then a simple induction completes the proof of
{tm }m and {v,, }m are increasing on [0, 00).
Next, we shall show that the monotonically increasing sequences
{tm }m and {vm,}m

are bounded above whenever 7 is bounded, and hence converge on RY.
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Thanks to item iv) of Lemma 1, for any m € N, one has
n=p+ [0 N/ Nay()Fy (f1 (1 (5))) dsdt
< B+/0 Fo (fi (um (£))) 17 N/Ot 2N ay(2)dzdt
< 5+/TF2 (um(t))tl_N/tzN_l o(2)dzdt
< B+ Fy (up(r / - N/ N=Yay(2)dzdt (16)

< Fy (um(r)) ( + Aq, (1)

m
< (1) (7 + Ao (1)

< My Fp (um (7)) (14 Aq, (1)),

where M7 > max{l, (Q)}
One shows, like in the proof of (16), that

U (1)

a+/ - N/ N=La1(s)Fy (fa (Um—1 (5))) dsdt

IN

a+/ " N/ N0y (5)Fy (v (s)) dsdt (a7)
M2F1 (’Um( 1+~’4a1( ))7

IN

where My > max{1, %}
Moreover, using (9), (16) and item ix) of Lemma 1, by an elementary computation
it follows that

() < 1 N/T Ny ()P (fa (v (5)) ds
- N/ N Lay (5)Fy (V2720 (5)) 77 )ds

PN [ N ()R (/B30 P (g (1) (14 Agy (7)) 77 )ds (18)

o

Fy((My \/E) =3 FMQ (m (7 )))rlN/OTSNla1(S)F1((1 + A, (S))ﬁ)ds
< Fi((Myy/292) 75 B (n(r) A 5 ().

Proceeding as above, but now with the second inequality (17), one can show that

() = PN / "Ny (5)Fy (i (s (5)) ds (19)

—/

< Fy(Marn/200) 75 FF (0 (1)) A ()



256 D.-P. COVEI

_1
Consequently, dividing inequality (18) by Fl((Mp/Z’yg)ﬁ(F;”2 (um (1)), we de-
duce that

(um (1)) _ <L 0. (20)
Fy(Miy/272) ™2 (B (um(r)))
One shows similarly that
(vm (1)) -
Fo((May/ ) TT ™ (0 (1)))

Integrating inequalities (20) and (21) from 0 to r yields that

a(r). (21)

N~

"m(r) 1
/ et < A (1), (22)
@ Fi((Myy/2792) %2 Fy 2 (1))

Um (7) 1
/ ————dt < Ay (r). (23)
b B((May271) 5 Fy™ (1))
Also, going back to the setting of Fi o and F5 1 we rewrite (22) and (23) as
Fio(um(r)) < A1 (r) and Foq (vp(r)) < Aaq (r). (24)

Since Fi o (resp. Fh1) is a bijection with the inverse function F1_21 (resp. F2_11)
strictly increasing on [0, 00), inequalities (24) can be reformulated as

U (1) < F;21 (A12(r)) and vy (r) < F2_711 (A21(r)). (25)
Inequalities in (25) imply that
{um(r)},>0 and {om(r)},,>0
are bounded whenever r is bounded. Indeed, we prove that the sequences
{um (1)} =0 and {vm(r)},>0
are bounded on [0, ¢p] for arbitrary ¢g > 0. To do this, we take
Ky = Fy, (A12(co)) and Ky = Fy | (A2 (co))

and since

’

(um(r)) =0 and (v (r)) >0,
it follows that

U (1) < um (co) < Ky and vy, (1) < vy (c0) < Ko, (26)

from which, since ¢y > 0 was arbitrary, we conclude that {u,,(r)},,~, and
{vm(7)},,>0 are bounded from above on bounded sets. That is the conclusion we are
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looking for. Consequently, because of (26) and taking into account the monotonicity
of the sequences, we can define

u(r) = Y&l_r)lloo U, () and v (r) = "}gnoc Uy ()

as a radially symmetric solution to problem (13). Moreover, Dini’s theorem shows
that the sequence {(w, (1), vm (7)) },,> converges uniformly to (u,v) on any compact
subinterval of [0, c0). -

It is clear that (u (r),v (r)) is continuous. By standard elliptic regularity theory
it can be shown that (u,v) € C1[0,00) x C![0,00). Going back to system (8), the
radial solutions of (13) are solutions of the ordinary differential equations system

(8).

We conclude that radial solutions of (8) with u (0) = «, v (0) = § satisfy

—a+/ - N/ N=va1(s)Fy (f2 (v (s))) dsdt,r >0, (27)
,3+/ - N/ N=1g,(5)Fy (fy (u(s))) dsdt, 1 > 0. (28)

From (27)-(28) and item viii) of Lemma 1 we obtain

5+/t1N/ Ny ()Fy (fi (u(s))) dsdt

>B+/ IN/ N<Lay(5)Fy (f1 () dsdz

ﬁ‘f’FQ 9104 (’I“)

>
> mi(1+ Ag, (7 ))~

With the previous argument, one also shows that

u(r):a+/ e N/ N=1q(s)Fy (fo (v (s))) dsdt
> ma(l 4+ Ag, (r

Using item viii) of Lemma 1, we observe that

uuo=a+/t1N/ N-lay (), (fa (0 (5))) ddt

> a ]/ 1 Nl/ N L0y (1) F (fa (ma (1 + A, (1)) didy
>a+Ay1NAZN1 HE (B (11 Ao, (1)) didy (29)
Sat [ - N/ Nl (0, Fy (1 4+ A, (£)°2) dtdy

[}
o

+
:+A
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By the same proof, we can also obtain

ﬁ+/ . N/ N1ay(s)Fy (fi (u(s))) dsdt
>5+A21(

Hence, we can pass to the limit as » — oo in (29) and in the above inequality to
conclude that

i (r) = Ji () = o

which yields the result for A, 5 (00) = A, ; (00) = oc. In order to prove the converse,
let (u,v) be an entire large radial solution to (8) such that (u,v) = (e, 8). Then, u
and v satisfy

—a+/t1N/ N=1q(s)Fy (o (v (s))) dsdt, 7 > 0,
B+/t1 N/ N=Lay(s)Fa (f1 (u(s)))dsdt, 7 > 0.

Before ending the proof, let us point that

FLQ (u (’I“)) < ZLQ (’I“) and F271 (’U (’I“)) < Zg,l (’/‘) . (30)
By passing to the limit as r — oo in (30) we find that a; and a, satisfy A; 5 (00) =
Az (00) = o0, since (u,v) is large and Fj o (00) = Fh; (0c0) = oco. Hence, the
theorem holds true. O

Our second substantial result is related to the entire bounded radial solutions to
system (1).

Theorem 2. Suppose that (A), (C1) and Fy3(00) = Fay(0) = oo, Cf,CF
(0,00) hold. Then, the system (8) has one positive radial solution

(u,v) € C*([0,00)) x C*([0,00)) with u (0) = a and v (0) = 3,
such that lim, o u (r) < oo and lim, . v (1) < 0.
Proof. Following the approach in Theorem 1 we write (8) in the following form:
{u(r) =a+ [N [ sNlay(s)Fy (f2 (v(s))) dsdt, >0,
o(r) =B+ [ "N [ sNlag(s)Fy (f1 (u(s)) dsdt, >0,

with boundary conditions «(0) = «, v(0) = 8, v/(0) = 0 and v'(0) = 0.
At this point, we are going to start the iteration procedure by considering the
sequence {Um tm>0 and {vm, }m>0 on [0, 00) as follows:

UQ(T) = @, UO(T) = ﬁ7
U (1) = a + for ti-N ft SN_lal(s)Fl (f2 (Wm—1(8)))dsdt, r >0,
v(r) = B+ fOT ti-N ft N=Llay(8)Fy (f1 (um (8))) dsdt, 7 > 0.
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Obviously, for all » > 0 and m € N it holds that {um}m>0 and {vy,}m>0 are
increasing on [0, co).

Next, we establish bounds for the increasing sequences {t, b and {vg, }m. We
can now use the same strategy of the previous theorem to obtain the following
inequalities:

ﬂ—’_/ " N/ Nlag(s) Fa (f1 (um—1 (s))) dsdt

0

< B+ /T By (um () ' /t 2N lay (2)dzdt
0 0
< B+ Fy (um(r) Oy

and

um(r):a—i—/ - N/ N=Ya1(8)Fy (fa (vm-1 (s))) dsdt

IN

a+/ $- N/ N=1g.(5)Fy (vm (5)) dsdt (31)
a+ Fy (v, (r) O .

Moreover, using (16) and item ix) of Lemma 1, by an elementary computation it
follows that

INCETEY | "Ny (3)F) (fa (o (5))) ds
0
<N / N Lay (5)Fy (V2720 (5)) P2 )ds

0

<N /0 N ar ()P (V22 (B+ P (um(s) )72 )ds (32)

IN

< Fi((V23 (B + Fa () CF )) 7 e / "N (s)ds,

Arguing as above, but now with the second inequality (31), one can show that

() = P [N 5) B (s (s () (33)
0
< Bo((v/27 (0 + Fy (0 () CF ) PN / N Lay(s)ds.

In the proof that follows, it will be convenient to write previous relations (32) and
(33) as follows

(U (1)) — < A, (r), (34)
Fi((vV272 (B4 F2 (um(r) C5)) 72
('Um (7“)) < A;2 (7") . (35)

Fy(V271 (@ + Fi (v (r)) C)) 1)
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After integration of (34)-(35) from 0 to r, we find the estimates

Jrn ) 1 ——dt < Aq, (1),
Fi((V2z (B+F2(H)CF ) 272
f;mm 1 —dt < Aq, (1),

Fa((vVami (a+Fi ()07 ) 21
which are equivalent to
Fi o (um(r) < Aa, (r) and Foq (v (1)) < A, (7). (36)

With the above inequalities in hand, the proof is now an obvious modification of
the proof of Theorem 1. Indeed, since Fio (resp. F:) is a bijection with the

inverse function ﬁl_ 5 (resp. ﬁ{ll) strictly increasing on [0, 00), inequalities (36) can
be reformulated as

U (r) € F3 (Ag, () and vy (r) < Fy i (A, (7). (37)

So, we have found upper bounds for {um(r)},,5 and {vn(r)},,, depending only

on r. Finally, if Cf' < 0o and C’;‘ < 00, then using the same arguments as in (27)
and (28), we can see from (37) that

u(r) < ﬁ1—21 (C) <ocoand v (r) < f‘z_ll (C5) < oo for all r > 0.
Hence (u,v) is bounded. This concludes the proof. O

Our next task is to give an existence result for (8) such that one of the components
is bounded, while the other is large.

Theorem 3. Assume that (A), (C1), Fy 5 (00) = Fa 1 (00) = o0, C;f € (0,00) and
A, 1 (00) = oo hold. Furthermore, if fo satisfies hypotheses (10), then the system
(8) has one positive radial solution

(u,v) € C*([0,00)) x C* ([0,00)) with u(0) = a and v (0) = 3,
such that lim, o u (1) < 00 and lim, o v (1) = oo.

Proof. Since the proof of Theorem 4 borrows the ideas from the proofs of Theorem 1
and Theorem 2, we have included just the estimates

u(r) < f‘l_Zl (C’{") < oo and v (r) > b+AQ,1(r).
Assuming that
Cf < oo and 4, (00) = o0
holds, we have

lim u(r) <ooand lim v(r) = cc.
r—00 r—00

This completes the proof. O

It remains to proceed to
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Theorem 4. Assume that (4), (C1), ﬁg’l (00) = Fy 2 (00) = 00, Ay 2 (00) = 00 and
Cy € (0,00) hold. Furthermore, if fi satisfies hypotheses (9), then the system (8)
has one positive radial solution

(u,v) € C*(]0,00)) x C*([0,00)) with u(0) = a and v (0) = 3,
such that lim, o u (1) = 0o and lim, - v (1) < 0.

Proof. Since the proof is an obvious modification of the proof of the preceding
theorems 1 and 2, we only mention one detail. We first establish the existence and
later we have that

u(r) >« + A, (r) and v (r) < ﬁ2—11 (C’;‘) . (38)
Passing to the limit as r goes to infinity in (38), we obtain the desired conclusion. [

The following theorems are an immediate consequence of the above results.

Theorem 5. Assume that conditions (A) and (C1) hold. If Cf < Fy4(00) < 00
and Cf < Fy (00) < 0o are satisfied, then system (8) has one positive bounded
radial solution

(u,v) € C*(]0,00)) x C ([0,00)) with u (0) = a and v (0) = f3,

such that

Theorem 6. Assume that conditions (A) and (C1) hold. If (9), (11), Fi 2 (c0) =
A5 (00) = 00 and Cf < Fy(00) < oo are satisfied, then system (8) has one
positive radial solution

(u,v) € C*(]0,00)) x C* ([0,00)) with u (0) = a and v (0) = f3,
such that lim, o u (r) = 0o and lim, . v (1) < 0.

Theorem 7. Assume that condition (A) holds. If (10), (12), Cf < 13172 (00) < 0
and Ay 1 (00) = Fy 1 (00) = oo are satisfied, then system (8) has one positive radial
solution

(u,v) € C*(]0,00)) x C* ([0,00)) with u (0) = a and v (0) = 3,

such that lim,_, o u (r) < 0o and lim,_, . v (1) = co.

4.1. Proof of theorems 5 — 7
Proof of Theorem 5. Using the idea in the proof of (36) and the conditions of the

theorem it follows that
2 (i () < Agy (r) < OF < Fi2(00) < o0,
F271 (’Um (’I")) < Aag (’I") < Cf_ < Fg’l (OO) < 00.
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On the other hand, since ﬁl}l and ﬁ{ll are strictly increasing on [0, c0), we find out
that

U (1) < ﬁ1721 (C1) < oo and vy, (1) < ﬁ2711 (Cy7) < o0,

and then the non-decreasing sequences {un, ()},,~o and {vy, (r)},,~, are bounded
from above for all 7 > 0 and all m. Putting these two facts together yields

(U, (1) ;0 (1) = (uw(r),v (1)) as m — oo

and the limit functions v and v are positive entire bounded radial solutions to system
(8). The proof is complete. O

We are then lead to the proof of theorems 6 and 7, which are not difficult to
establish, and so, we omit their proofs.
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