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GENERATORS AND INTEGRAL POINTS ON CERTAIN
QUARTIC CURVES

YASUTSUGU FuJitA AND TADAHISA NARA
Nihon University, Japan and Tohoku-Gakuin University, Japan

ABSTRACT. In this paper, we study integral points and generators on
quartic curves of the forms u? +v* = m for a nonzero integer m. The main
results assert that certain integral points on the curves can be extended
to bases for the Mordell-Weil groups of the elliptic curves attached to the
quartic curves in the cases where the Mordell-Weil ranks are at most two.
As corollaries, we explicitly describe the integral points on the quartic
curves in each case where the ranks are one and two.

1. INTRODUCTION

Let m be a nonzero integer. Denote by C. and C; the quartic curves
defined by

and

respectively.
Consider first the curve C,,, which is birationally equivalent to the elliptic

curve £ defined by

y? =23 — dma.

In fact, a birational map ¢~ from C}, to E,, is defined by
(1.1) o (u,0) = (2(u + v?), dv(u +v?))
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and its inverse ¢~ from £, to C,, is defined by

(12) e = (5L,

42 2z

Note that there are two points at infinity on C, corresponding to the
points (£1,0) on the “dual” model of C;, defined by u? = mw? + 1, via the
map ¢~ one of the points at infinity maps to the identity element O~ on E,,
and the other maps to the torsion point T~ = (0,0) on E, .. Denote by T the
point at infinity on C,, corresponding to T~ on E, . So we regard C, (Q)
as a group consisting of the rational points with the two points at infinity,
isomorphic to E,.(Q).

THEOREM 1.1. Let m be a fourth-power-free integer. If Py = (a1,b1) is
an integral point on C,. with a1by # 0, then Py can be extended to a basis for
C,.(Q) modulo C;,(Q)tors-

COROLLARY 1.2. Let m be a fourth-power-free integer. Assume that the
rank of C,,(Q) is one. If m is a non-square, then C,. has at most four integral
points, which can be expressed as (a1, +by1), (—ay,+b1), and if m is a square
of some positive integer mq, then C,, has at most siz integral points, which
can be expressed as (a1, £b1), (—a1,£b1), (£mo,0) for some integers a1 and
by.

THEOREM 1.3. Let m be a square-free integer. Assume that Py and P
are integral points on C,. such that (|z(Py)|, |y(P1)]) # (|x(P2)], |ly(P2)]). If
neither Py + Py nor Py — Py has a 3-division point in C, (Q), then {Py, P2}
can be extended to a basis for C,. (Q) modulo C,(Q)tors-

Using the identity
(1.3) (252 + st + 2t%)? — (s + 1) = (257 — st 4 2t%)* — (s — t)*,
we can give an explicit example of an infinite family of m satisfying the as-
sumption of Theorem 1.3.

COROLLARY 1.4. Let m be a square-free integer expressed as m = 3 (s* +
s2t2 + 1) with coprime integers s,t. Put
(1.4) Py= (st+2(s* +1%),s+1), Py=(st—2(s*+1%),s—1).

Then, {P1, Py} can be extended to a basis for C,.(Q) modulo C;,(Q)tors-
If we assume that the rank of C,,(Q) is two, then the integral points

can be explicitly described without the assumption on 3-division points as in
Theorem 1.3.

THEOREM 1.5. Let m be a square-free integer. Assume that the rank of
C(Q) is two. Then, C,, has at most eight integral points, which can be
expressed as

(15) (al,:I:bl), (—al,:I:bl), (ag,ﬂ:bQ), (—ag,ﬂ:bQ)
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for some integers a1, by, ag and by. In particular, if C,, has two integral points
(a1,b1) and (ag,ba) with (|a1],]b1]) # (laz],|b2]), then the integral points on
C- are exactly given by (1.5).

m

Consider next the curve Ct. Let Py = (ag, 1) be a point in C}f(Q), and
E;} the elliptic curve defined by

y? = 23 + dma.

Then, there exists a birational map @™ from C;} to E, defined by
(1.6)

ot (u,v) = ((u+a1)2+(v2 —b2)? 4{(u+a1)m+b1v(alvz+b%u)}>7

(v+b1)? ’ (v+b1)3

with the inverse map 1™ defined by

(1.7)
o (2 y) adx® — 12a1b3ma® — 4a$ma + 8b1(a? + 2b3)my — 16a1b3m?
xr =
Y (ar1y — 2b3x — 4bym)? ’
2mx — arbry — 4b%m>

ary — 2b3z — 4bym

Note that
¢t (a1, —b1) = 0", ¢ (—ay,b1) =(0,0) =T,
a? ai(a? + 2b7)
e = (2520 e
4b? 4by(a? + 2b4
ot (—ay, —by) = ( al2m7_ 1(a1a‘|; 1)m> — P T,
1 1

The latter two equalities follow from
u+ay (by —v)(b3 +v?)

v+ b U —a ’
biu—av  (by —v)(m+ biv?)
v+b biu + aiv

by u? +v* = a? + b}. Thus, C;; can be regarded as an elliptic curve with
the identity element O = (a1, —by), the 2-torsion point T = (—aq,b1) and the
non-torsion point P; = (ay, by).

THEOREM 1.6. Let m be a fourth-power-free integer. If Py = (a1,b1) is
an integral point on C with a1by # 0, then Py can be extended to a basis for

CH(Q) modulo C,(Q)tors-

COROLLARY 1.7. Let m be a fourth-power-free integer. Assume that the
rank of C;t(Q) is one. If m is a non-square, then C\. has at most four integral
points, which can be expressed as (a1, +b1), (—a1,=£b1), and if m is a square
of some positive integer mg, then CL has at most six integral points, which
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can be expressed as (a1, =+b1), (—ay,+b1), (£mo,0) for some integers a1 and
by.

THEOREM 1.8. Let m be a non-square, fourth-power-free integer. Assume
that P1 = (a1,b1) and Py = (aa,bs) are integral points on C. such that
{la1|,b3} # {|az|,b3}. Assume further that either of the following holds:

(i) m is square-free.

(i) Neither (a1 + az)? + (b% — b3)? nor (a1 — az)? + (b3 — b3)? is a square.
If neither Py nor Py — Py has a 3-division point in C;}(Q), then {Py, P2} can
be extended to a basis for C;}(Q) modulo Cf,(Q)tors-

Identity (1.3) also gives an explicit example satisfying assumption (i) of
Theorem 1.8.

COROLLARY 1.9. Let m be a square-free integer expressed as m =5 (s* +
35%t2 + t*) with coprime integers s,t. Put
(1.8) Py=(st+2(s* +1%),s—t), Py=(st—2(s*+1%),s+1).
Then, {P1, Py} can be extended to a basis for C(Q) modulo C;(Q)sors-

THEOREM 1.10. Let m be a square-free integer. If the rank of C}(Q) is
two, then C has at most eight integral points, which can be expressed as

(19) (al, :l:bl), (—al, :l:bl), (CLQ, :l:bQ), (—CLQ, :l:bQ)

for some integers a1, by, az and be. In particular, if C.} has two integral points
(a1,b1) and (az,be) with (|a1],]b1]) # (lazl,|b2]), then the integral points on
Ct are exactly given by (1.9).

Let Q} be the quartic curve defined by u* + v* = m. For a point P =
(u,v) in Q;(Q), denote by P the “dual” point (v,u) of P and denote by P,
and Pq the images of P and P, respectively, in CH(Q) via the natural map
(u,v) = (u?,v).

Let (a,b) be an integral point on Q.. When we take (a1,b1) = (a?,b)
and regard C;I as an elliptic curve via the map ¢, we obtain the following,
which is an immediate consequence of [5, Theorem 1.5 (1)].

THEOREM 1.11. Let m be a fourth-power-free integer. Assume that Q,
has an integral point P = (a,b). Then, {P,, Py} can be extended to a basis

for C1(Q) modulo C;f(Q)tors-

The final result of this paper asserts that the integral points on @ can
be completely described under the assumptions that the rank of C;}(Q) is
two and m is fourth-power-free (not necessarily square-free, unlike Theorem
1.10).

THEOREM 1.12. Let m be a fourth-power-free integer. If the rank of
CH(Q) is two, then Q) has at most eight integral points, which can be ex-
pressed as (a,+b), (—a,=£b), (b,+a), (—=b,+xa) for some integers a and b.
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Note that the main strategy of the proofs is similar to that of the proofs
of theorems and corollaries in [3]; after transforming a given model into the
Weierstrass form, we combine divisibility considerations with height estimates.
However, we need other devices than those used in [3]. In fact, in the cases
of C;f, we often use another map ¢’ from C,, to E} defined by ¢ (u,v) =
(—v2, uv), and the proof of Theorem 1.10 needs an argument over Q(7) instead
of Q.

The organization of this paper is as follows. In Section 2, we refer to two
lemmas, one of which will be used to show that some rational points on an
elliptic curve are not divisible by 2 over @, and the other of which will be
needed for determining the integral points on an elliptic curve. In Section
3, we show that some rational points on an elliptic curve are not divisible
by 2 over Q. Some of the results (Lemmas 3.2 and 3.3) imply that certain
two points are independent modulo torsion (see Remark 3.4). In Section 4,
we quote the work of Voutier and Yabuta ([11, Theorem 1.2]), which gives a
uniform lower bound for canonical heights, and bound canonical heights from
above by computing local heights. Finally, in Section 5, we give the proofs of
theorems and corollaries.

We now fix the notation. Throughout this paper, let m be a fourth-
power-free integer. Let C., C:;t be the quartic curves defined by u? —v* = m,
u? +v* = m, respectively, and E,., E the elliptic curves defined by 3? =
23 —4dmax, y? = 23 +4max, respectively. Note that C.. and E,, are birationally
equivalent via ¢~ and ¢~ defined by (1.1) and (1.2), respectively, and that
C;t and E}f are birationally equivalent via ¢t and 9" defined by (1.6) and
(1.7), respectively, under the assumption that C;} has a rational point P, =
(a1,b1). For a point P in C,,(Q) or in C}}(Q), denote by P~ = ¢~ (P) or
Pt = ¢t (P) the corresponding point in E, (Q) or in E7(Q), respectively.
Let T~ = (0,0) be the torsion point in E,,(Q), which is the image by ¢~ of
one of the points at infinity 7" on C,,, whereas let T+ = (0,0) be the torsion
point in E;f (Q), which is the image by ¢ of the point (—ay,b1) on C,,. We
also use the map ¢’ from C}, to E;, defined by ¢'(u,v) = (—v? uv), where
E is defined by % = 2% — ma. In case m = m3 for some positive integer
mo, let Ty = (—=2my,0), Ty = (2myg, 0) be the remaining 2-torsion points in
E. (Q), and denote by Ty = (—my,0), T5 = (my, 0) the corresponding points
on C,, respectively.

2. PRELIMINARY LEMMAS
Let K be a number field, E an elliptic curve defined by
y? = a3 — 4Ax
for some A € K and E the elliptic curve defined by
y? =23 + Az
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Then, there is an isogeny ¢ of degree two from E to E defined by

(P) <4%W) if P =(z,y) ¢ {0, T},
g =

@) if Pe {0, T},
and the dual isogeny g of g is
oy (L1554 it =) ¢ (0.7,

0 it P e {0,T},
where O, O are the identity elements on E, E, and T, T are the 2-torsion

points (0,0) on E, E, respectively.
In order to examine whether a rational point has a 2-division point or not
in E(K), we need the following lemma.

LEMMA 2.1. Let P # O be a point in E(K).

(1) P € g(E(K)) if and only if x(P) is a square. In this case, putting
P = (23,y) with xo positive, one can express P € E(K) with g(P) = P as

_ 1 Y _
j <5 (a;g + x—o),:lzxoa:(P)> ,
where the signs are taken simultaneously. -

~ (2) P €2E(K) if and only if both x(P) and z(P) are squares for some
P e E(K) with g(P) = P.

PROOF. The assertion in the case where K = Q follows immediately from
(iii) in [10, p. 83]. The same argument applies to the case where K is a general
number field (see [2, p. 342]). O

The following lemma is used in the proofs of Theorems 1.5 and 1.10, i.e.,
in determining integral points on C). and C;} in the rank two cases.

LEMMA 2.2. The map ® : E(K) — K*/(K*)?, defined by
x(K*)* if P=(x,y) {0, T},
O(P) =< —AK*)? if P=T,
(K*)? if P=20,
is a group homomorphism.

PROOF. The assertion is an immediate consequence of [1, Lemma 2 in
Chapter 14] if K = Q. The same argument applies to a general K, see [2,
Proposition 3.2.1 (a)]. O

Note that we use Lemmas 2.1 and 2.2 only for K = Q and K = Q(3).
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3. DIVISIBILITY AND INDEPENDENCE OF POINTS
Let us first examine the divisibility of integral points on C,.

LEMMA 3.1. Assume that C,, has an integral point P. Then P~, P~ +
T~ & 2E,,(Q). Moreover, if m = m3 for some positive integer mq, then
P~ +T7,P~+T5 ¢2E,(Q).

PROOF. Suppose that P = (u,v) € 2C,,(Q), which implies P~ = ¢(P) =
(2(u +v?),4v(u +v?)) € 2E,,(Q). From Lemma 2.1 we see that both x(P™)
and x(P~) are squares. Thus, we may write 2(P~) = 2(u + v?) = 4w? and
2(P~) = 2w(w £ v) with w a positive integer. Since u — v? must be even by
u 4+ v2 = 2w?, it holds that w is odd and square-free. If a prime p divides
ged(u,v), then p also divides w and hence p? divides u + v2. Therefore, p?
divides either of v? and u and thus u — v?, which shows that p* divides m,
a contradiction. It follows that ged(u,v) = ged(v,w) = 1. This implies that
any odd prime p dividing w does not divide w £ v, which contradicts the fact
that x(P~) is a square. Hence, we obtain P~ ¢ 2E, (Q).

Since P~+T~ = (2(—u+v?), —4v(—u+v?)), if we replace u, v by —u, —v
in the argument above, we see that P~ + T~ ¢ 2E, (Q).

Consider the case where m = m3. We may write u —v? = km3, u +v% =
km3 and mo = kmyms for some integers k, my, ms with ged(my,mg) = 1.
Then, we have

_ _ 2kmimso(mi —m _ _ 2kmimsa(mi +m
o(P 4 T7) = 2] ey - 2omamnal E )
1 2

—m1 + mo

Since mg = kmims is square-free and ged(my, me) = 1, we conclude that
neither (P~ + T ) nor (P~ + T, ) can be a square.

O

Consider the case where C;, has integral points P = (a1,b1) and P» =
(az,b2) with (|a1], [b1]) # ([az], [b2).

LEMMA 3.2. Let m be a square-free integer. Assume that C,,, has integral
points P = (a1,b1) and P» = (az,ba) with (Jai|, |b1]) # (Jazl, |b2|). Then,
PO, P +T Py, Py +T ,Pf +P; ,P[ +P; +T~ ¢2E,.(Q).

Proor. By Lemma 3.1 it suffices to show that P| +P, , P, +P;, +1T~ ¢
2E;(Q), which is obvious from
4(&1 + b%)(az + b%)(bl — b2)2

(CLl + b% —a — b%)Q ’
4(—ar + b%)(ag + b%)(bl + b2)2

(a1 +bf — az — b3)?

and the assumption that m = a? — b} = a3 — b3 is square-free. a

z(Py +Py) =

(Pl +Py +T77) =
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Second, examine the divisibility of integral points on Cf.

LEMMA 3.3. Let m be a non-square, fourth-power-free integer. If Ct has
an integral point Py = (ay,b1), then P;", P" + T+ & 2E}(Q). Moreover,
assume that there exists another integral point Po = (az, bz) with {|a1],|b1]} #
{laz|, |b2|}. Assume further that either of the following holds:

(i) m is square-free.

(ii) Neither (a; + a2)? + (b3 —b3)? nor (a1 —az)? + (b3 — b3)? is a square.
Then, P", By, P+ T, P+ T4, PP 4 Py, P+ P+ TF ¢ 2E1(Q).

PROOF. Noting that (a; 4 az)? + (b3 — b3)? = 2(m — b3b3 + ajaz), one
sees that this lemma follows, more or less, from [4, Lemma 3.2]. However, [4,
Lemma 3.2] examines the divisibility of points on an elliptic curve of the form
y? = o3 — ma, which is 2-isogenous to E;. Therefore, we give the proof of
this lemma.

It is clear that P;" +T% ¢ 2E(Q), since z(P;" + T+) = 4b?m/a? and
m is non-square. Moreover, since the point P;" satisfies §(—b?, a1b1) = P;",
where § : E}t — E is the dual isogeny of g defined by (2.1) with A = —m,
it follows from Lemma 2.1 that P;" ¢ 2E+(Q).

Consider next the point P;. Since

(a1 + a2)? + (b% — b3)?

(b1 + b2)? 7
the assumption and Lemma 2.1 together imply that P,” ¢ 2E}(Q). Since
(a1 — az)? + (b — b3)*

(b1 — b2)? ’
it also holds that Py"+ T ¢ 2E, (Q). Moreover, since g(P;") = 2(—b, a1by),
it is necessary for P;f + Py" € 2E;} (Q) that Py € g(E;}(Q)), which is impossi-

ble by the assumption and Lemma 2.1. Thus, P;" + Py~ € 2E;;(Q). Similarly,
it is easily checked that P;” + Py +TF ¢ 2E}}(Q). u|

o(Py) =

(P +T7%) =

REMARK 3.4. On the assumption of Lemma 3.2, it can be deduced that
P and P, are independent modulo E, (Q)iors- Indeed, suppose on the
contrary that P, and P, are dependent. Then, there exist integers ni, no
and ng with (n1,n2,n3) # (0,0,0) such that n1 P + n2Py + nsT~ = O.
Considering this equality modulo 2E,,(Q), we have 61 P + 62P; + 63T~ €
2E(Q) with 01,062,835 € {0,1}, which contradicts Lemma 3.2. Similarly, on
the assumption of Lemma 3.3, one sees that Pfr and P;r are independent
modulo E (Q)tors-

In order to prove Theorem 1.10, we have to consider the divisibility of
points on E} over the quadratic field Q(i) so that the points at infinity
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become rational. Let us now denote by cp;L the isomorphism over Q(7) from
Ct to Ef defined by

of (u,v) = (2(iu + v*), dv(iu + v?)) .

In view of the following lemma, the torsion subgroup of E;} (Q(i)) is isomor-
phic to Z/27Z.

LEMMA 3.5. Let A be a non-square, positive integer, and E the elliptic
curve defined by y*> = x® + Ax. Then, E(Q(i))tors = {(0,0)) ~ Z/2Z.

PROOF. Since the j-invariant of F is 1728, we know from [7, Theorem
7] that E(Q(7))tors has no element of odd order. If there is a 2-torsion point
(z,y) € E(Q(i)) with (z,y) # (0,0), then 2> + A = 0 has a solution in
Q(7). Hence, A or —A has to be a square in Q(7), which contradicts the
assumption. If the point (0, 0) has a 2-division point (z,y) in E; (Q(7)), then
the duplication formula implies that 2% — 2422 + A% = 0, that is, 22 = A,
which is again a contradiction. o

For a point P € C;}(Q), put P* := ¢, (P). With the help of Lemma 3.5,
an analogous result to Lemma 3.2 can be shown.

LEMMA 3.6. Let m be a square-free integer. Assume that C.}, has integral
points P1 = (a1,b1) and P> = (az,b2) with {|a1], |b1|} # {|az|, [b2[}. Then,
P, PL+T%, Py, Po+T%, Pl + Py, Pl + Py +T" ¢ 2E,(Q).

PROOF. If P} = (2(iay + b?),4b1(iay +b3)) € 2E;5(Q(4)), then Lemma
2.1 with K = Q(i) implies that 2(ia; + b?) is a square, which is equivalent to
that 2(—ia; +b?) is a square. Thus, 4m = 4(a? +b}) must be a square in Q(i),
i.e., in Q, which contradicts the assumption. Hence, P{ ¢ 2E; (Q(i)). Since
(P} +T%) = 2(—ia; +b?), we also have P} + T+ ¢ 2E}(Q(i)). Similarly, it
is easy to see that Pi, Pi+ T+ & 2E (Q(i)).

Assume that P} + Pi € 2E;}(Q(i)). Then,

4(ia1 + b%)(lag + b%)(bl — b2)2

o(Pr+ Py (iay + b —ias — b3)?

is a square by Lemma 2.1. Since m = a? + b} = a3 + b3 is square-free, we
have ia; + b3 = +(iaz + b3) and hence (ay,b?) = (ag,b3), which contradicts
the assumption. Therefore, P{ + Pj ¢ 2E;+(Q(4)). In the same way, it can be
shown that P} + Pi + T+ ¢ 2E}(Q(i)), since

4(—ia1 + b%)(ZQQ + b%)(bl + b2)2
(—ia1 + b% — iCLQ — b%)2 '

w(Pl+ Py +T%) =
n|

In the case of Q;,, we can replace the assumption “square-free” by “fourth-
power-free”.
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LEMMA 3.7. Let m be a fourth-power-free integer. Assume that Q) has
an integral point P = (a,b). Then, P{, Pj +T%, Pi, Pi+ T, P{+ Pi, Pi +
Pi+ Tt ¢ 2E+(Q).

PROOF. One can prove P, Pl + T*, Pi, Pi + T+ ¢ 2E(Q) in exactly
the same way as in Lemma 3.6. Moreover, we have

i 2m i i
I(P1+P;];):—m and x(Pl +P2+T+):—2(a+b)2
Since m = a* + b* cannot be twice a square and 2 = i(1 —4)2 is not a square,
none of the z-coordinates above can be a square in Q(¢). It follows from
Lemma 2.1 that P} + Pi, Pl + Pi+T% ¢ 2E}(Q(i)). u|

4. ESTIMATES ON CANONICAL HEIGHTS

Voutier and Yabuta ([11, Theorem 1.2]) showed a uniform lower bound,
which is best-possible, for the canonical height of a rational point on an elliptic
curve E of the form y? = 23 + Ax with A a fourth-power-free integer. For
P € E(Q), the canonical height h is defined by

. 1 .. h(2*P)
M= T

where h(Q) = logmax{|al, |b|} for @ = (a/b, *) € E(Q) with ged(a,b) = 1. In

view of

a®—b*=0,1,3,4,8,9,15 (mod 16)
and
a®+b*=1,2,4,5,9,10 (mod 16)

for integers a and b, the following are immediate consequences of [11, Theorem
1.2].

LEMMA 4.1. Let a and b be integers and let m = a® — b* be fourth-
power-free. Let E,. be the elliptic curve defined by y*> = 2° —4maz and P~ a
non-torsion point in E, (Q). Then,

S 1
h(P~) > 1—610g|m| +C,
where in case m # 0 (mod 4), we have

log2 ifm<0andm=1 (mod 8),
ifm<0andm=15 (mod 16),

Llog2 ifm>0andm=1 (mod8),

=log2 if m>0and m=15 (mod 16),
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and in case m =0 (mod 4), we have

%10g2 if m <0 and m = 8,24,40,56 (mod 64),

O =
1% log2 ifm >0 and m = 8,24,40,56 (mod 64).

LEMMA 4.2. Let a and b be integers and let m = a? +b* be fourth-power-
free. Let E;g be the elliptic curve defined by y> = x> —max and P’ a non-torsion
point in Bt (Q). Then

s 1
h(P") > % log |m| + C,
where
B 2log2 ifm=1,9 (mod 16),
Zlog2 ifm=24,10 (mod 16).

Next we should compute upper bounds for E(P’), where P is an integral
point on C,., and for h(P'), where P’ = (—v?,uv) and P = (u,v) is an
integral point on C,}.

Note that on computing the canonical heights we can assume u,v > 1 for
integral points ¢~ (u,v) = (2(u + v?),4v(u + v?)) € E,,(Q), since

(e~ (u,=v)) = h(=¢™ (u,v)) = h(p™ (u,v)),
(™ (—u,0)) = h(=¢™ (u,0) + T7) = h(p™ (u,v)).

LEMMA 4.3. Let m be a nonzero fourth-power-free integer and P an in-
tegral point on C,,. Then

1 1 :
R zlog(lm|+ 1) + 5log2 if m > 0,
oy < [ sl £ 1)+ s>
1 log|m| + 1log2 if m < 0.
LEMMA 4.4. Let m be a nonzero fourth-power-free integer and P an in-
tegral point on C)f, (hence m > 0). Then

~ 1 1
hP") < 1 logm + 3 log 2.

To prove the lemmas we can use the decomposition of the canonical height
into local heights:

MQ) = hoo(Q) + Z hp(Q) = hoo(Q) + sin(Q).

If A <0, then E(R) has two connected components and

(4.1) 2(28Q) > V—A
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holds for & > 1. Hence by Tate’s series, on the curve of the form F : y? =
23 + Ax, we have

N 1 1 o 1
heo(Q) = §log|x(Q)| +3 ZW
k=0

(4.2 = Log e (@0(Q) + £ Y BRI
k=1

1 1 <= log|z
= Tlogla2(Q) — Al + ¢ 3 2]
k=1

where 2;(Q) = 2(2*Q), 2(Q) = (1 — A/z(Q)?)?, which are generally defined
by

2(Q) =1 — byz(Q) % + 2b6z(Q) * — bsz(Q)™*

with the usual quantities associated with the Weierstrass equation. Note that
we omit the term (log|A(E)])/12 in heo(Q) and (log |A(E)|,)/12 in h,(Q),
since they are canceled out in summing up the local heights. Now inequality
(4.1) implies for k£ > 1

A N2
(@) = (1+ x@kQ)Q) e [1,4],
and so
(4.3) éz W e o, f—2 log2].
k=1

If A >0, then F(R) has only one connected component and z(2¥Q) may
be close to 0, which causes difficulties with estimates of z;(Q). So as in [11,
Lemma 3.3] we use the shifted model

E - (y/)z _ (xl)S _ 3A1/2($')2 +4A$I _ 2A3/2

over R of 42 = 2% + Az (A > 0) via 2/ = z + AY/2. Concerning the model,
2'(Q) > AY2 for Q € E'(R) and

2(Q)=1—-8A2"(Q) 2 +164% %2/ (Q)™> — 84%/(Q)~*



GENERATORS AND INTEGRAL POINTS ON CERTAIN QUARTIC CURVES 333

and 2, (Q) = 2'(2"Q). By the definition of the local height, hu, is invariant
under such shifting and so again by Tate’s series

el @ = 2 1og 2/ (@)] + £ 30 B L

4k
k=0

1 / 10g|2k( )l
= ~log[/(Q)*2(Q)| + —
(4.4) s 8; 4

= élog |2/ (Q)* — 8A:17’(Q)2 + 164322/ (Q) — 8A?|

41 Z 10g|zk

By a bit of calculus we can see

)

d2' _ 16A(e — AY2)(2' — 2AY/2)
dz’ (/)5

which gives the estimate of 2'(Q) under the condition z’(Q) > A'/?:

#(Q) € [1/2,1],

(4.5) - Z log |Zk <.

PROOF OF LEMMA 4.3. Write P = (u,v) and P~ = (2(u + v?),4v(u +
v?)) with integers u, v.

First to compute hgy(P~) we use [11, Lemmas 4.1 and 5.1]. Note that
we omit the contribution of the terms (log|A(FE)|,)/12, as explained above.
So we have

S o1 1 1
(4.6) hn (P )_—Zlog#l_I[U D5 —510g2§ —Zlog|U|—§1og2,
pi|U,m

where U = u + v? and e; = vy, (4m).
Now assume m > 0. Then by (4.2) and (4.3) with A = —4m we have

A 1 1
hoo (P™) = = log [4U? + 4m| + = ZM
1 8 4F
(4.7) k=1
<110(U2+| |)—|—1lo 2—1—1102
- m - — .
=18 g 0BT g8
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Hence we have
B(P*)<110(U2+| |)+110 2—|—1102 Lo U L log 2
=7 g m D) g 2 g 1 g B g

1 || 1
Zoe(|U] + 20y 4 —

A

log 2

1 1
< 1 log(|m| +1) + 2 log 2,

where we use the fact that f(z) =z +k/x < f(1) =k+1 for 1 <z <k with
k> 1.

Next assume m < 0. Then we use (4.4) with (4.5). By substituting
2(Q) = 2/(P~) = 2(u + v?) + AY? with A = —4m = —4(u? — v*), we find

2'(Q)* — 84 (Q)? + 1643/ (Q) — 8 A2
= 64(1)2 + u)2 (202 vi—u? + u2)
= 64U2(20%|m|"? + u?).

2

Since v* = U — u < |m| — u, we have u < |m| and

2
20 m|!*+u? < 2(|m| —u)|m|"*+u? = (u — m|/?)"~|m|+2lm > = F(u).
Then it is not difficult to see, for 1 < u < |m|,
F(u) < F(Jm]) = |m|?.

Consequently we have

and so

1 1 1 1
h(P™) < = log(64 - U?|lm|*) — 1 log |U| — 3 log2 = 1 log |m| + 1 log 2.

ol —

O

Proor oF LEMMA 4.4. We can prove this by the same manner as above.
Write P = (u,v) and P’ = (—v?,uv) with integers u,v. By [11, Lemmas
4.1 and 5.1] we have

. 1
hiin(P') = =7 log II »+o<o.
2#pi|v,m

Also by (4.2) with (4.3)

. 1 1 <= log |z, (P’
hoo(P') = Zlog|v4 +m| + 3 Z log |z ()] 4k( )
k=1

1 1 1
< —log(m +m) + ElogQ = —logm + glog2,

4

=
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where we note v* < u2 + v* = m. Hence we have

- 1 1
h(P") < 1 logm + 3 log 2.

5. PROOFS OF THE THEOREMS

PROOF OF THEOREM 1.1. We claim that if uv # 0, then P = (u,v) is a
non-torsion point. Indeed, by [6, Theorem 5.2] we have E, (Q)tors >~ Z/27Z or
(Z/27)? unless m # —1. So any rational torsion point is a 2-torsion point and
thus v(u+v?) = 0. If u+v? = 0, then m = 0, a contradiction and so v = 0. In
the case m = —1 we have E, (Q)iors = ((2,4)) ~ Z/4Z and ¥((2,4)) = (0,1).

Suppose either ¢~ (P) = P, = kQor ¢ (PL+T) =P +T~ = kQ
for some rational point @ € E, (Q) with a positive integer k. Note that

h(P] +T~) = h(P{). If m| > 2, then by Lemmas 4.1 and 4.3 we have
12— ]AlA(Pf) 1 log [2m| -
hQ)  tgloglm| ~
since 1 log [2m| > L log(|m|+ 1) + 15 log2 for |m| > 2, which means k = 1,2.
But the latter is impossible by Lemma 3.1. Now the proof for |m| > 2 is
complete.
On the other hand, the only integral points on C,, are (u,v) = (£1,0) if
m =1 and (u,v) = (0,+£1) if m = —1, in each case of which there is no points
satisfying uv # 0. O

PROOF OF COROLLARY 1.2. Let P; be an integral point on C,,. (If there
exists no integral point, then we have nothing to prove.) Recall that if Q €
C,,(Q) is an integral point, then Q~ € E, (Q) is also an integral point.

If m is not a square, then E, (Q) = (P, ,T~) by Theorem 1.1. So for
any rational non-torsion point @ € C,.(Q), we have Q~ = kP; +1T, k €
Z,l € Z/27Z. Further if @ is an integral point, then |k| < 1 by Theorem
1.1. The four relevant points are actually integral as P, = (a1,b1), —P; =
(a1,=b1), PL+T = (—a1,—b1) and —P; + T = (—ay,b1). Recall that the
torsion point 7~ = (0, 0) corresponds to one of the points at infinity on C,_,
which is not integral.

If m is a square, say m = m3, then E,,(Q) = (P, ,T,T, ) by Theorem
1.1. So if a non-torsion point Q= = kP~ + (T~ + [1T| € E,,(Q) for some
integers k, lo, l1 is an integral point, then |k| = 1. The points +P;, P +
T—, T = (—mo,0) and T~ + 1] = (mo,0) are always integral points on
E.. . and the corresponding points £P;, £P, + 1, Ty, T + T} on C,, are also
integral. We now claim that none of the points +P, + Ty, =P, + T + Ty (=
+P) + T5) is integral on C,,, which shows that C,, has exactly six integral

m?

points +Py, + P, + T, Ty, T + Ty. It suffices to show that neither P, + T =
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Y (P +T7) nor P +Ty = ¢~ (P + 715 ) is integral on C,,. Indeed, let
d = ged(ag,b1), @i = a1/d and b} = by/d. Then, m = m% = a? — b} =
d?((ah)? — d?(b})*). Putting m{, = mo/d, we have

(m)* = (ah)* — d*(b))™.

Since mg is square-free and ged(af,db}) = 1, we see that b is even and we
may write

ay = A* + B, m{ = A*> — B?, d(b})* = 2AB
for some coprime integers A and B with A £ B (mod 2). We then have

2042 _ 2 2042 _ 22
by (AP B 8B )
(61)? ()
It follows from (1.2) that
A2 _B2

v(Pr+Th) (: (Y~ (P + Tf))) = b,

However, since 2AB = 0 (mod b}), ged(2AB, A? — B?) = 1 and b} is even
(hence b} > 1), v(P1 + T1) cannot be an integer. Therefore, we conclude
that P; + T is not an integral point on C,,. It can be similarly shown that
P, +1T5 = P, + T +T; cannot be integral by noting that

44X (A2 — B2 BA(A - B2)2>
YL (b7)?

Pl_+T2__(
0

PROOF OF THEOREM 1.3. Let v be the group index of the sublattice
generated by {Py, P>} in the full lattice of rank 2 in C, (Q)/C,. (Q)tors and
A a positive number such that A(P~) > X for any non-torsion point P~ in
E.(Q). We know from Lemma 3.2 (see also Remark 3.4) that P, and P,
are independent modulo E,, (Q)tors- Then by Siksek’s theorem ([9, Theorem
3.1]) with Lemmas 4.1 and 4.3 we have, for |m| > 5000,

L < 2 h(P)h(Py) < l%log|2m| <5,
B V3 Llog|ml
which means v = 1,2,3,4. But we have 2 { v by Lemma 3.2. Further by
Theorem 1.1, we have P, , Py ¢ 3E,.(Q). So with the assumption P £ P, &
3E,.(Q) we conclude 3 t v, which means v = 1.

For |m| < 5000 we have v < 10, so it suffices to see that any linear
combination of P, P, and T~ (and further 7 in case m is a square) does
not have a p-division point in E, (Q) for p € {5,7} as long as m is fourth-
power-free. We checked this using a program written in Sage ([8]). O
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PROOF OF COROLLARY 1.4. Note s,t are nonzero for m to be square-
free. Since

m = 3(s* + s%? + t1) = (25% + st + 2t%)% — (s + t)*

= (257 — st +2t%)% — (s — )%,
we see that P; and P, defined by (1.4) are integral points on C,,. So to use
Theorem 1.3 it suffices to show that both P~ + P, are indivisible by 3 in

E..(Q). We do this by height estimation.
By the formula in the proof of Lemma 3.2 with

ay = st +2(s> +1%), by = s + 1,
ag = st —2(s* + %), by = 5 —t,
we have
x(P; + Py ) =3t x(P] —Py)=—3s

(Note if P = (u,v), then —P = (u,—v) on C,..) Now by (4.2) and (4.3) we
have
. 1 1

hoo (P + Py7) < 7 log 9t* + dm| + 5 log2
and also we have

“ 1

han(P + Py ) < ~1 log 3
by [11, Lemmas 4.1 and 5.1], which may not be the best. Summing them up,
we have

7 1 1 1
h(P; + Py ) < —log |9t* 4+ 4m| + — log2 — ~ log 3
4 12 4
1 1 1
< il _ -
_410g|9m+4m|+1210g2 410g3
1 1 1 1
= Zlogm—i— 110g13+510g2— Zlog3
1
< Zlogm—i— 0.425.

Similarly

1
hP —Py) < 1 logm + 0.425.

Now any non-torsion rational point Q € 3E;, (Q) satisfies h(Q) > 32 -

% logm by Lemma 4.1. But
1
4

holds for m > 4, which contradicts s, ¢ > 1. So we have P; + P, ¢ 3E, (Q)
and by Theorem 1.3 the proof is complete. O

logm + 0.425 < 19_6 logm
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PROOF OF THEOREM 1.5. Assume that C,, has integral points P, =
(a1,b1) and Py = (ag,b2) with (Jai|, |b1]) # (Jaz|, |b2|) (otherwise, there is
nothing to prove). Then, Lemma 3.2 implies that P, P, and T~ are inde-
pendent in E, (Q). Now, let P = (u,v) be an integral point on C,,. Since
the rank of E, (Q) is two and E, (Q)ors = (T ) ~ Z/27Z, there exist integers
ko, kl, kg, kg such that

koP™ = k1P — kQP; + k3T .

We may assume that ged(ko, k1, ko, k3) = 1, and hence we see from Lemma
3.2 that kg is odd. Therefore, we have

PT=Fy  (mod 2E,(Q)),
where
Py e{O",T",P ,Pf +T ,Py , Py +T ,P +P,,Pf +P, +T }.

We examine each case using Lemma 2.2 with A = m and K = Q. Note that
®(P~) = 2(u + v?)0, where [ denotes the square of a rational number.

If Py = O, then 2(u + v?*) = O, which cannot happen, since m =
(u + v?)(u — v?) is square-free and odd.

If Py = P, then 2(u + v?) = —4m[, that is, u + v? = —2m0, which is
impossible, since m is odd.

If Py € {P], P/ +T"}, then u+ v* = (£a; + b3)0. Since m = (u +
v3)(u —v?) = (£ay + b?)(+a; — b?) is square-free, u + v? = +a; + b?, which
is equivalent to u — v? = +a; — b}. Hence, u = +a; and v? = b3. It follows
that P € {(al, :tbl), (—al, :tbl)}

Similarly, it Py € m{P; ,P, + T}, then P € {(a2, £b2), (—a2, £b2)}.

Finally, if Py € {P[ + Py . P + P; +T~}, then

2(u +v?) = (£ay + b3)(ay + b2)0,

which again contradicts the assumption that m is odd. O
Now we proceed to proofs for C;F.

PROOF OF THEOREM 1.6. It suffices to show that the point P/ := (—b?,
a1by) can be extended to a basis for E,(Q) modulo E}(Q)iors. Indeed, since
g(P;") = 2P{, we then see that the point g(P;") with the torsion point Tf, =
(0,0) generates a rank one subgroup of E;.(Q). Thus, for any point PT €
E(Q), we have 2g(P1) = l1g(P;") + 12T}, with some integers l1, l2, and hence
4P+ =20, P, which yields 2P* = 41, P, + 14T+ with I} € {0,1}. It follows
from Lemma 3.3 that [y, I5 are even and {P;", T*} can be extended to a basis
for E(Q).
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Suppose P; = kQ' + [T} for some rational point Q' € E;(Q) with a
positive integer k and [ € {0,1}. By Lemmas 4.2 and 4.4 we have

2 h(P] +1Ty)  h(P)) - 1 logm + $log2

MQ)  M@Q) T fglogm+gglog2 7
which means k = 1. Hence we can conclude that Py can be extended to a
basis for £, (Q) modulo E; (Q)tors- u|

PROOF OF COROLLARY 1.7. Let P; = (a1,b1) be an integral point in
C;H(Q). Then by the proof of Theorem 1.6, for any integral point P on C,}
we can write

P =k P +1LT,
where ki is an integer, I; € {0,1} and 77 € E}(Q)iors- Then, the proof of
Theorem 1.6 implies that k1| < 1.
It is obvious that +£P] = (—b%,4a1b1) correspond to the integral points

(a1,£b1), (—a1,£b1)
on C;h. Let Tj, = (0,0). Since

m o aim
+P + T} = <Ei;—:{)> ,
the x-coordinates of points & P{ + T, are positive (note that m = a? +b} > 0).
On the other hand, the x-coordinate of the image P’ = (—b% ab) of any
integral point P = (a,b) on C} is always negative. Thus, neither of the
points £P; + T{ corresponds to an integral point on C;f. This shows the
assertion in the case where m is non-square.

Suppose now that m = m2 for a square-free positive integer mg. In
this case, we have additional integral points (£mqg,0) on C,, which map to
T4 = (0,0) in B} (Q). Let T{ = (—mq,0) and T3 = (mo,0) be the remaining
2-torsion points in £ (Q). We have

+b?) moa?
T :l:P/+T/ — mo(mo 1 — 1
(+h 1) mo — b3 (mo — b})?
and

mo(mo — b?) moas

Since myg is square-free, we see that any integral point on C, does not map
to a point @Q via ¢, where

Qe {T, T3, £P{ + T{, £ P + Tp}.

This shows that C;}, has at most six integral points, expressed as (ay, +b1),
(—a1, £b1), (£mo,0). a
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PROOF OF THEOREM 1.8. It suffices to show that the points P| := (—b?,
aiby) and P} := (—b3,azbs) can be extended to a basis for £ (Q) modulo
EF(Q)iors. Indeed, since g(P;") = 2P] and g(P5") = Pj + Pj, we then see
that the points g(P;") and g(P,") with the torsion point T+ = (0,0) generate
a rank two subgroup of E;(Q). Thus, for any point P+ € E(Q), we have
29(P*) = lig(P{") + l2g(P) + 13T+ with some integers Iq, l2, I3, and hence
4Pt = 21, P;" + 20yP,", which yields 2PT = +I;P" £ loPyF + I5TF with
14 € {0,1}. It follows from Lemma 3.3 that [y, lo, I; are even and P, Py, T
can be extended to a basis for E (Q).

Let v be the lattice index of {P], P5}. Combining Siksek’s theorem with
Lemmas 4.2 and 4.4 shows that

2\ hM(P)h(P;) 2 flogm+ 1log2
VST A S ALlemt g |
ig logm + 15 log 2

which means v = 1,2,3,4. But we have 2 { v by Lemma 3.3. Further in the
proof of Theorem 1.6, we have showed P{, Py ¢ 3E;(Q). Now the assumption
P, ¢ 3C;H(Q) implies P + Py € 3E;5(Q), since otherwise g(Py") = P| + Py =
3Q for some @ in Ef(Q), which leads to 2P," = 3§(Q), a contradiction.

Similarly P; — P, ¢ 3C;}(Q) implies P — Py ¢ 3E}(Q).
So we conclude 3 t v, which means v = 1. O

PrOOF OF COROLLARY 1.9. Since
m = 5(s* + 3522 + 1) = (252 + st + 2422 + (s — t)*
= (2% — st +2t%)2 + (s + )%,
the points P; and P, defined by (1.8) are integral points on C;\. Thus, it

suffices to show that P{ + Py is indivisible by 3 in E;f, (Q).
By the addition formula on £, : y? = 2® — ma we have

p_pl_ (352 4 2t%)2 (352 4 2t%)(s* — 12522 — 4t*)
oo (2s)2 (2s)3 ’
3t24+25%)2 (32 +28%)(t1 — 121%s% — 4s)
pap = (!
P ( ez " @ ,

from which we can see that if we write P| — Py = (a/d?,b/d?) with ged(a, d) =
ged(b,d) =1 and d > 0, then d < |2s|. So we have

hin(P] — P3) < log 2]
by [11, Lemmas 4.1 and 5.1]. Further by (4.2) and (4.3) we have

) 1 |(3s% + 262)
hoo(Pl— P) < L1og| B 200

1
1 29)" +m +E10g2.
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Summing them up, we have
~ 1 1
h(P{ — P;) < 1 log [(3s* + 2t%)* + (25)*m| + 1 log 2
1 9 1
< - _
< 410g|(161/25)m | + 15 log 2

1 1 1 1
=3 log m + 1 log(161/25) + e log2 < 3 logm + 0.5234,

where the second inequality comes from a direct estimate of (161/25)m? —
(352 + 2t2)* — (25)*m, to be positive. By almost the same computation we
have

- 1
h(P + P;) < 5 logm + 0.5234.
Now any non-torsion rational point Q € 3E; (Q) satisfies
. 1 5
2 —_ —_
h(Q) >3 (16 logm + 16 log 2)
by Lemma 4.2. But clearly

1 1
3 logm + 0.5234 < 32 (E logm + 1_56 10g2) .

So we have P| + Py ¢ 3E;}(Q) and by Theorem 1.8 the proof is complete. O

PROOF OF THEOREM 1.10. The proof proceeds along similar lines to
that of Theorem 1.5, except that we have to replace E,, (Q) by E;(Q(7)).

Assume that CF has integral points P; = (a1, b1) and Py = (ag,b2) with
(la],v3) # (|az|,b3). Let P = (u,v) be an integral point on C;\,. Then, by
the same argument as in the proof of Theorem 1.5, we see from Lemma 3.6
that

PT =P (mod 2E,,(Q(1))),
where

Pfe{ot, T, P, Pi4+T", Py, Py+T", Pl +Pi, Pl +Ps+T"}.
We apply Lemma 2.2 with A = —m and K = Q(i).

If Py" = O%, then 2(iu+v?) = 0, since 2 = —i(1+i)?, we have u—iv? = [,
where O denotes the square of an element in Q(z). Since this also implies
u +4v? = O, we have m = u? + v* = [0, which contradicts the assumption.

If Py" =TT, then iu + v? = 2m[J, that is u + iv? = 0. In the same way
as the previous case, we obtain a contradiction.

If Py € {P}, Pl + T*}, then iu + v> = (diay + b3)0. Since m
is square-free, we have iu + v? € {ia; + b3, —ia; + b3}, and therefore,
Pe {(al, :tbl), (—al, :tbl)}

If Py” € {P§, Pi+T™}, then similarly we have P € {(az2, £b2), (—az, +b2)}.

If Py € {P{+ Pj, P} + Pi+T%"}, then

2(iu 4+ v?) = (Fia; + b3)(iay + b3)0,
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that is,

(u — iv?)(£ia; + b?)(iay + b3) = 0.
Since this is equivalent to

(u + iv?)(Fiar + b3)(—iag + b3) = 0.

we obtain m = 0, which is a contradiction. O

PrOOF OF THEOREM 1.11. By Lemma 3.7 and the argument given in
the proof of Theorem 1.8, it suffices to show that the points P := (b2, ab)

and P! := (—a?, ab?) can be extended to a basis for £}, (Q) modulo E;f, (Q)cors,
which is nothing but the assertion of [5, Theorem 1.5 (1)]. O

PROOF OF THEOREM 1.12. Assume that Q! has an integral point P =
(a,b). Let R = (u,v) be an integral point on Q;;,. Then, R’ = (—v?,u?v) is
an integral point on ;.. Since v? < vu2 +v? = /m, we may examine the
integral points (z,y) on E with —/m < z < 0. However, [5, Theorem 1.5
(2)] and its proof imply that if rank £}, (Q) = 2, then such points are

75 = (0,0), £P, = (—b* £a®b), £P, = (—a®, ab?).

Note that since

z(£P)+T}) =

" . )) _ (a? — ab + b?)?

and z (j:(P’ .y TEroa

a q
none of the points £ P, + Tj and +(P; — f’;) corresponds to an integral point
on Qf  even if b = 1 or |a — b| = 1, because each z-coordinate is positive.
Moreover, Tj) also does not correspond to an integral point on Q! since if
it does, then it would correspond to a point (u,0) on @ and m = u?, a
contradiction. Therefore, we obtain eight integral points on Q! displayed in

the theorem. O
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